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ABSTRACT. With the recent developments on nonlinear SPDE’s, where smoothing of
rough noises is needed, one is naturally led to study interacting particle systems whose
macroscopic evolution is described by these equations and which possess an in-built
smoothing. In this article, our main results are to derive regularized versions of the
ill-posed one dimensional SPDE

Oup = 3AB(p) — 29 (W'2(p)),

where the spatial white noise W’ is replaced by a regularization W/, as quenched and
annealed hydrodynamic limits of zero-range interacting particle systems in e-regularized
Sinai-type random environments. Some computations are also made about annealed
mean hydrodynamic limits in unregularized Sinai-type random environments with re-
spect to independent particles.

1. INTRODUCTION

Given recent developments in paracontrolled and regularity structures analysis of nonlin-
ear SPDE’s; where smoothing of noises is involved, it is natural to investigate microscopic
interacting particle systems whose macroscopic hydrodynamic limit already captures the
smoothing of the noise. In this article, we are interested in interacting particle systems
whose hydrodynamic evolution is given by a smoothing of the ill-posed one dimensional
nonlinear SPDE

O = AB(p) — 29 (W'2(p)) (L1)

where the spatial white noise W' is replaced by a regularization W/, and ® € C*'. Such an
equation might be considered a ‘mass conserved’ generalized parabolic Anderson equation,
noting that the parabolic Anderson equation is when ®(v) = v and V is not present.

More specifically, with respect to a zero-range particle system in a common Sinai-type -
regularized random environment on a one dimensional discrete lattice, we derive ‘quenched’
and ‘annealed’ hydrodynamic limits, which feature a regularized noise W/, emerging from
a scaling of the random environment. Some computations are also made on the annealed
mean hydrodynamic limit in unregularized Sinai-type random environments with respect to
independent particles. We remark, as part of a two-scale approach, these results connect to
the work Funaki et. al. [13], where the limit of the hydrodynamic density as € | 0 is shown
to satisfy a paracontrolled version of the SPDE (1.1).

In the next subsections, we introduce the random environments studied, summarize the
main results and their proofs, review some previous literature, and discuss directions for
future work.
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1.1. ‘Sinai’ random environments. To introduce elements of the environments studied
in the article, we recall that a ‘Sinai’ random environment on Z is a sequence of independent
and identically distributed (i.i.d.) random variables {u;};cz, indexed over vertices, with the
property that ¢ < ug < 1 — ¢ for some constant 0 < ¢ < 1/2 and E[log(ug/(1 — ug))] = 0.
Define 02 = E[(log(uo/(1 — ug)))?]. Let U, be the position of a discrete-time random walk
in this random environment (RWRE):

P(Un+1 = Un + 1|Un, {’LLZ}) = ]. — P(Un+1 = Un — 1|Un, {uz}) = UUn

for n > 1 and Uy = 0. When o2 > 0, Sinai [32] showed that 02U, /(log(n))? converges in
the annealed sense weakly to a non-trivial random variable U,,, whose law was identified
in Kesten [22] and Golosov [14]. A functional limit theorem to a non-trivial process is
problematic however as 02U Int]/ (log(n))? = U, the limit process here being constant in
time ¢.

However, a continuous analog X; of the Sinai RWRE on R was introduced in Brox [4]:
Formally,

1
dX; = dB; — §W’(Xt)dt
and Xy = 0 or that the generator g, takes form

_ 1w 4 wa 4
Lroz = 2¢ dx (e dsr:).
Here, B is a standard Brownian motion and W is a two-sided Brownian motion on R:
W(0) =0, W(z) = cWy(x) for x > 0, and W(z) = cW_(—z) for z < 0, where Wy are
independent standard Brownian motions. This description is only short hand, as W is not
differentiable a.s. More carefully, this ‘c—Brox’ diffusion is defined in terms of speed and
scale measures:

Yy t
Xi = A (Bpoigy) where A(y)= [ €V(®)dz and T(t) = / e 2WATHEB)) g
0 0
for y € R and ¢t > 0. Brox [4] showed that X;/(logt)? = U, the same limit as for the
discrete Sinai RWRE convergence.

To connect the two models, related random environments {ul };cz, in terms of a scaling
parameter N, were introduced in Seignourel [31]. An example is where u)¥ = 1/2+7;/V 02N
where {r;};ez is an i.i.d. sequence of bounded random variables which are mean-zero and
with positive variance o2. Let U be the corresponding RWRE with respect to the scaled
environment {ul¥}. Seignourel [31] showed that {N~1U ﬁ\ﬂt |+t >0} converges weakly in
the annealed sense to the standard 1—Brox diffusion {X; : ¢ > 0}. See also Andriopolous [2]
and Pacheco [28] for extensions and variations of this convergence, and Hu, Le and Mytnik
[16], Matzavinos, Roitershtein and Seol [26] and references therein in this context.

1.2. Sketch of results. To specify the ‘regularized’ Sinai-type environment that we con-
sider and the associated hydrodynamic limits of the zero-range process in this environment,
we discuss first what might hold with respect to an ‘unregularized” Seignourel environment
{ulN = 1/2 4+ r;/Vo2N} on a discrete torus Ty := Z/NZ. Informally, in the zero-range
process, a particle at site i, with k particles, will jump with rate g(k)/k and move to a
neighbor j = i = 1 with probability p(i,j). We point out the case g(k) = k is when the
random walks are all independent. When a random environment is imposed, p(i,j) = ul¥
when j = i+1 and = 1 —uY when j =i— 1. Since a random walker in such an environment
experiences many traps and moves slowly, one expects the hydrodynamic limit to involve
‘drift’ terms reflecting the environment.
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In principle, since infinitesimally the rate of change of the number of particles 7;(t) at
site 7 at time t varies according to the generator action,

Ln; = %{g(mm +9(mi—1) —29(nm)}
+{9(mi—1)(ric1/Vo2N) = g(niy1)(rig1/Vo?N)},

and r;/Vo2N = [S(i)—S(i—1)]/v/N where S(-) is the partial sum of {r;}, one might expect,
scaling space and time diffusively, that the hydrodynamic evolution of the mass satisfies the
SPDE (1.1), where ® is a homogenized version of the jump rate g. Of course, since W is
not differentiable, the spatial white noise W’ in (1.1) has to be interpreted as a distribution,
and the equation is ill-posed. But, in a sense, an equation like this should represent the
hydrodynamic equation, the term W' reflecting the random environment, even after some
averaging in the scaling limit has been taken.

As a way to obtain the singular hydrodynamic equation (1.1), we consider a two-scale
approach: We show here a hydrodynamic limit with respect to more regular random envi-
ronments, those which average {u} in small macroscopic blocks of width &, in which the
noise W' is replaced by an e-smoothing W/. Then, later we connect to work on the € | 0
limit of the associated hydrodynamic densities.

Let ¢ : [-1,1] = R be a continuously differentiable function such that f_ll Y(x)de = 1.
Define {aN = 1/24rY /v/N} where rN = (¢Ne)~! D lj—il<|Ne ri((j—i)/(Ne)) and e > 0
is fixed. In this formula, |a| stands for the integer part of @ € R. Summing by parts,

|[Ne]—1

1 ] +1
=N X S [0(57) v (57 )]
j=—[Ne]
1 N 1 N
+ oSt () = St (- )

In part (I) of Theorem 3.5, under a fixed random environment with the same distribution
as {u}, that is in a ‘quenched’ environment afforded by Skorokhod representation, we
obtain the hydrodynamic equation

009 (t,2) = SAD () (1,2)) — 29 (WL (o) (1, 2))) (1.2)
where
W (v) = — %/_ Wo+wo'(2) du + % {Ww+ew) - wew-ew-1)}

is a form of e-smoothing of W’. Observe that W/ € My<c<1/2C/?>~¢ when either ¢(1) or
1(—1) does not vanish. If ¥(£1) = 0 and ¢’ € C7 for some v > 1/2, then W/ € C7.
In contrast, if ¢/ € C7 for some vy < 1/2, then W/ € ﬁo<€<1/201/2*5. A natural case is
Y(r) = (1/2)1_1 1)(x) where Wi(z) = (25)71{W(x +e)—W(x - 8)} € ﬂ0<5<1/201/276.

In part (II) of Theorem 3.5, with respect to the random environments {@ }, we obtain
that the annealed hydrodynamic limit of the space-time mass distributions is given by the
distribution of p(*) satisfying (1.2).

At this point, we see that the quenched versions of {u}} fit into the general form
{aN =1/2+al /N} where {al¥ : i € Tn}ny>1 is a deterministic array such that piecewise
continuous interpolations of {al¥ : i € Ty} converge uniformly, as N 1 oo, to a (necessarily)
continuous function a(-) on the unit torus T: Indeed, we may take ¥ = v/Nr¥ and note
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that aN — a(z) = W/(x) when i/N — . In Theorem 3.3, of its own interest, we state that
a hydrodynamic limit holds for this spatially inhomogeneous weakly asymmetric system
with hydrodynamic equation

Oup = 5 AB(p) 2V (a2(p)). (13)

Via Theorem 3.3 and its proof, we deduce parts (I) and (II) of Theorem 3.5.

We comment, as the regularization vanishes in the SPDE (1.2), that one might expect
some form of (1.1) should emerge. Indeed, as noted earlier, in the companion work Fu-
naki et. al. [13], the limit of p(*) as ¢ | 0 is considered and shown to solve (1.1) in the
‘paracontrolled’ sense.

In this respect, we discuss a computation, Theorem 3.6, later in the context of subsec-
tion 1.5, on the form of the annealed mean hydrodynamic limit in unregularized random
environments for independent particles.

1.3. Idea of the proofs. The proof of Theorem 3.3 broadly employs the ‘entropy’ method
of Guo-Papanicoloau-Varadhan (GPV) (cf. Kipnis and Landim [23]), by applying an Ito’s
formula to the empirical measure of particle mass with respect to the zero-range evolution.
However, the weak asymmetry is not homogeneous and in particular is not translation-
invariant, a key feature of the ‘GPV’ technique to homogenize resulting nonlinear terms
of the process in a replacement scheme. The main technical work is to introduce ‘local’
averages to piece together the ‘global’ average in the hydrodynamic limit.

To derive the homogenization, we make use of some averaging in time, afforded by spec-
tral gap or mixing estimates of localized processes, to perform ‘local’ 1 and 2-block replace-
ments, leading to more ‘global’ replacements. These ‘local’ replacements are not so broadly
known although related notions were used in Jara, Landim, and Sethuraman [18], [19], and
Fatkullin, Sethuraman, and Xue [12] to analyze tagged particle motion and Young diagram
evolutions. However, differently, in our context, estimates on the random environment play
a significant role in making the ‘local’ replacements work in the context of the spatial inho-
mogeneity. We remark that in this work we do not assume the process rate g is an increasing
function, as it is in [19], [12], that is that the process is ‘attractive’, a technical condition
which would allow the use of ‘basic’ particle couplings.

The limiting equation (1.2), a case of equation (1.3), is not a standard one as the factor
W! may not be smooth. To finish the proof of the hydrodynamic limit in Theorem 3.3,
we need to show uniqueness of weak solutions of (1.3). We can derive a certain continuum
energy estimate by considering the microscopic particle system, namely that 9,P(p(t, z))
can be defined in a weak sense. Uniqueness of weak solutions to (1.3) in an appropriate class,
with respect to bounded, measurable «(-), is then shown in Theorem 10.1 by a self-contained
argument, perhaps of separate interest.

1.4. Hydrodynamics in random environments. To put our results in context, we re-
mark that, with respect to systems of continuous-time random walks in a common random
environment of different types, a ‘quenched’ deterministic hydrodynamic limit for the bulk
space time mass density of the walks has been shown in some models when there is enough
‘averaging’ with respect to the random environment. For exclusion process with random
conductances, see Faggionato [8], [9], Jara and Landim [17], and Nagy [27], and with site
disorder, see Quastel [30]. For independent random walks in a ballistic random environment,
see Peterson [29]. For zero-range process, see Faggionato [10] and Gongalves and Jara [15].
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When the random environment does not allow sufficient ‘averaging’, a ‘quenched’ hydro-
dynamic may involve random terms. In Jara, Landim, and Teixera [20], the hydrodynamic
limit is shown for a system of symmetric independent random walks in a common scaled
‘trap’ environment on a torus, that one of the particles at a site i jumps at rate ¢V to a
nearest neighbor, where ¢V is random and heavy-tailed; here the limit equation involves a
heavy-tailed subordinator arising from the random environment. In Faggionato, Jara, and
Landim [11], the hydrodynamic limit is shown for symmetric simple exclusion processes on
a torus, with heavy-tailed random conductances on the bonds, which also involves a heavy-
tailed subordinator coming from the random environment. In Jara and Peterson [21], the
hydrodynamic limit is shown for independent random walks in a random environment on
Z, where a single particle is transient but not ballistic, which incorporates a random term
arising from the environment.

1.5. Discussion and open problems. Finally, given the development with respect to
the regularized environments, we comment on two natural directions for future work with
respect to the unregularized Seignourel environments. First, instead of using the ‘two-scale’
approach, one might expect directly, say in a ‘diagonal’ argument as both N 1 co and € | 0,
that the equation (1.1), interpreted now in the ‘paracontrolled’ sense, would govern the
annealed hydrodynamic limit of the zero-range process with respect to the unregularized
Seignourel environment {ul¥ =1/2+7;/v/62N} as N 1 co.

Indeed, one can make some computations, which give a form, at least with respect to
the annealed mean hydrodynamics, when the zero-range process consists of independent
motions on say Z, that is when g(k) = k and so ®(p) = p, and the initial distribution of
particles on Z is a product measure with Poisson marginals with parameters {3(i/N)} where
B :R —[0,1] is a bounded, continuous function. In part (I) of Theorem 3.6, we state that
the law of the configuration {n(i) : i € Z} at time N2t is a product of Poisson marginals
with quenched mean parameters {3, _, (x/N)Pg(RNs = i) : i € Z} where RY3, is
the position at time N2t of a single particle, starting at ¢, moving in a fixed Seignourel
environment {u¥ (w) : i € Z}. In part (II), we show that the annealed mean with respect to
{ulN'} of the hydrodynamic limit mass density equals &[3(u — X;)] where X is the standard
1—Brox diffusion starting from the origin and say & is the associated annealed expectation.

Moreover, by the proof of Theorem 3.6, one can also compute the annealed hydrodynamic
limit mean density with respect to the regularized environments {a"} on Ty with & >
0. Note that the quenched diffusively scaled path of a single particle R%ft /N, starting
at 0, in the regularized environment converges weakly to a diffusion X; with generator
(1/2)A 4+ 2W!V (cf. Ch. 7 of Ethier and Kurtz [5]). Then, the annealed hydrodynamic
limit mean density equals &[B(u — X§)] which by our Theorem 3.5, equals the annealed
mean of p(E)(t, u). Since we expect, in the annealed sense, that X° = X. as ¢ | 0, one can
link formally the annealed mean limit &[3(u — X;)] to the € | 0 limit of p(*).

For the second direction, one might follow a tagged particle in the interacting system to
understand relations with Brox diffusion. Let 27V (t) be the position at time ¢ of a tagged
particle initially at the origin. Then, from Ito’s formula,

t $N S
N (t) = % /0 o PIAEA00) (nzs((x < (i)))))ds + MY .

One can compute that the quadratic variation of M (t) equals fot %st. Formally,

given the hydrodynamic limit (1.2) and following the scheme in [18], one might expect the
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quenched limit points v; of v)¥ = x%zt /N to satisfy the equation

(9 (s,v5)))
=2 [ W/ ——————"ds + M(t
Ve = / )(s V) +M(1),
where M is a time-changed Brownian motion B(T~1(t)) and T'(t) = Ot %ds. Again,

considering independent motions, when g(k) = k and so ®(u) = v and M = B, one would
recover the diffusion discussed earlier with the drift 21/, Of course, it would be of interest,
in this direction also, to understand the limits as ¢ | 0.

Organization of the paper. We define the microscopic model precisely in section 2,
before stating results, Theorems 3.3, 3.5 and Theorem 3.6, in section 3. After preliminaries
on basic martingales in section 4, we give the main proof outline in section 5. In sections
6 and 7, hydrodynamic 1 and 2-block replacement estimates are proved. Tightness and
useful properties of limit measures are given in sections 8 and 9. Finally, uniqueness of weak
solutions to the limit equations in a certain class, Theorem 10.1, is shown in section 10.

2. MODEL DESCRIPTION

We first introduce the random environments considered, before specifying the zero-range
process in this random environment. Let {r,} be a sequence of i.i.d. random variables
with mean 0 and variance 0 < 02 < oo.

Let so=0and forn >1, s, = >} rg. For 0 <u <1, let

1 Nu— | Nu|
XY= WSLNuJ + WTLN“J+1 )
where, recall, |a|, a € R, stands for the integer part of a. It is standard that the random
functions {Xff 0<u< 1} converge in distribution as N 1 oo to the Brownian motion on

[0,1]. By Skorokhod’s Representation Theorem, we may find a probability space (2, &)
and {W2 :0<wu <1}, N €N, mappings from Q to C[0,1], such that, for all N € N,

zeN

(2.1)

(XN:o<u<1}={WY:0<u<1}

in distribution and moreover, {quv 0<u< 1} converges uniformly almost surely to the
standard Brownian motion {W,,,0 < u < 1}.

Quenched formulation. We will now fix an w € Q such that
{Wh(w):0 <u<1} converges (uniformly) to a Brownian path {W,(w) : 0 <u < 1}.

Recall the discrete torus Ty := Z/NZ for N € N. Throughout this article, we will
identify T with {1,2,..., N} and also identify the unit torus T with (0, 1].

It will be convenient to extend W/ as well as W, to t € [~1,2]: with W, representing
either WY or W, define

W — Wyr1 — Wi we[-1,0),
YA Wa £ W we (1,2).
Here, in the time intervals [-1,0) and (1,2], the trajectory W starts respectively from

—W; and W4, then displacing according to the trajectory W in [0,1]. Importantly, the
increments of W are periodic in T. Throughout, to simplify notation, we will drop the tilde
in the notation for W.
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Let e > 0 be a parameter, fixed throughout the paper. Let also ¢ : [-1,1] — R be a
continuously differentiable function with fil Y(x)dx = 1. For each N € N and k € Ty,
consider an e-regularization of local environments such that

1 1, -k
Ly X n|otE)]

li—k|<[Ne]
where
k+|Ne|—-1 . .
1 j—k j—k+1
N N
== > WY () el )
Ne j=h—|Ne| |: Ne Ne :|
1 | Ne| | Ne|
— W — Wl - : 2.2
+ \/NE k+Ne ¢( Ne ) \/NE kflstw( Ne ) ( )
In particular, when k/N — z € T as N 1 co, we have v/ qugv converges to
—f/ W(u )du+ {W z4e)p(l) = Wiz —e)p(=1)} :== Wi(z). (2.3)

As W converges uniformly to W., by the continuity of W, and the properties of v, in view
of (2.2), there exists a constant C' = C'(w) < oo such that

hmsup max {\ﬁ|qk |} <C. (2.4)
N—o0

As remarked in the introduction, Wé is a smoothing of W’. In particular, W/ € C7 when

' € C7 for v > 1/2 and ¢ (£1) = 0. When one of ¢(1) or 1(—1) does not vanish, then

W! e OO<€<1/2C1/2*6. Also, when ¢’ € C7 for v < 1/2, then W/ € ﬂ0<6<1/201/2’6. A

natural case is when 9 (x) = (1/2)1[_1,1)(2) for which W/(z) = (2¢) " '[W (z+e) - W (z—¢)].

Zero-range process in an abstract inhomogeneous environment. We now introduce the zero-
range process in an abstract deterministic environment {af : k € Ty} where the linear
interpolations for u € T,

YLfV = a{VNuJ + (N’U;- I.NuJ)af_VNuj-i-l?

converge uniformly to a(u) where a(-) is a continuous function on T. In the above quenched
setting, an example is o =+v/Ng¥ and a(u) = W.(u).

Set Ng ={0,1,2,...}, and let Xy = Ng” be the configuration space. Elements of Xy are
represented by the Greek letter £&. Thus, £(k), k € Ty, stands for the number of particles
at site k for the configuration &.

Fix a function g : Ny — R. Denote by (& : t > 0) the continuous-time Markov chain
whose evolution can be informally described as follows. Since maxi<i<n \a{cv | is uniformly
bounded in N, take N sufficiently large so that |ad [/N < 1/2 for all k € Ty. At rate
g(&(k)) [(1/2) £ (oY /N)] a particle jumps from k to k £ 1.

More precisely, the process {£; : t > 0} is the Markov process, well defined on the
countable space ¥, with generator L given by

L) = S otk (5 + %) (7 - £(€)
k=1 (2.5)
1 ajkv

o) (5 - T ) (€ = 1) |-
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Here, £7°F is the configuration obtained from ¢ by moving a particle from j to k, that is,

€U)—-1 =3,

Ek)+1 L=k,

£(0) CF k.
(

To avoid degeneracies, we suppose that g(0) = 0 and g(k) > 0 for k > 1. We assume,
further, that g satisfies

(1) supgenlg(k+1) — g(k)| < g* < oo;

(2) There exists kg € N and ¢; > 0 such that g(k) — g(j) > ¢q for all k > j + ko.
These properties guarantee that the zero-range process has good mixing properties, useful
in the proof of the ‘Replacement Lemma’, stated in Lemma 5.1. This specification also
implies that g.k < g(k) < g*k for some g, > 0, more than enough to satisfy the technical
condition ‘FEM’ (cf. [23][p.69]) used for particle truncation in the 1 and 2-blocks estimates
presented in Lemmas 6.3 and 7.2.

We note that the case g(k) = k is when all the particles in the system are independent,
and construction of the process even on Z is immediate.

gh) =

2.1. Invariant measure. The building block for the invariant measures are {Py}, a family
of Poisson-like distributions indexed by ‘fugacities’ ¢ > 0. For each ¢, Py is defined by

1 4n
Po) = 206) gt

Here, ¢(0)! :=1 and g(n)! := H;'L:1 g(y) for n > 1; Z(-) is the partition function:

for n > 0.

Z(¢) == Zog((él)'

Since g(k) > g+ k, Z(¢) < oo for all 0 < ¢ < 0.

Let R(¢) = Ep,[X], where X(n) = n, be the mean of the distribution Py. A direct
computation yields that R'(¢) > 0, R(0) = 0, limy_,oo R(¢) = oo. Since R is strictly
increasing, it has an inverse, denoted by ® : Ry — R, and we may parametrize the family
of distributions Py by its mean. For p > 0, let Q, = Py, so that Eg, [X]| = Ep,  [X] =
R(®(p)) = p.

A straightforward computation yields that Ep,[g(X)] = ¢ for ¢ > 0. Thus,

®(p) = Ep,,,[9(X)] = Eg,[9(X)] , p>0. (2.6)

As gk < g(k) < g*k, we have that g.p < ®(p) < g*p. Moreover, a simple computation
yields that ®'(p) = ®(p)/0?(p) where o?(p) is the variance of X under Q,. Under our
assumptions on g, there exist constants 0 < C; < Cy < oo such that 0 < C; < '(p) <
Cy < oo for all p > 0 (cf. [24][equation (5.2)]). In particular, ® € C1[0,00) is a strictly
increasing function of p.

We note, in the case g(k) = k, that ®(p) = p and Py is a Poisson measure with mean ¢.

Fix a vector (¢ n : k € Tn) of non-negative real numbers. Denote by Zn the product
measure on NEN whose marginals are given by

ZN(E(k) =n) =Py, y(n), forkeTyn,n>0. (2.7)
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It is straightforward (cf. [1], [7]) to check that Zy is invariant with respect to the generator
L in (2.5) as long as the fugacities {dx n }rer, satisfy:

(1+a’“N*1)¢ + (5 O"]“V“)¢> — i, k=12 N (28)
2 N k—1,N 2 N k+1,N — Pk,N, — Ly ey 4V .

Notice that {cow, N }rety, ¢ € R, is a solution of (2.8) if {¢x n}rery IS & solution. In
particular, any solution gives rise to a one-parameter family of solutions. Although standard,
to introduce useful notation, we show that (2.8) admits a solution.

Lemma 2.1. The equation (2.8) admits a solution, unique up to a multiplicative constant.
Moreover, the solution is either strictly positive or strictly negative or identically equal to 0.

Proof. Let v, = (1/2) + (af /N), I, = (1/2) — (oY /N), k € Tn. With this notation,
equation (2.8) becomes

-1 Pk—1,N + lkt1 Pkr1,N = Pk N-
Since tj + [, = 1, we have that

e 10k—1,N — Pk, N = tPp,N — kt10r+1,8, K E€TN.
Denote by v be the common value of ty¢r, v — lg+10k+1,n, to get the recursive equation

Pr,N —

(2.9)
lkt1

Pht1,N =

With the convention that ty1 =1t and [y = 1[4, let

k k
Riw = [[ui, S =6, 1<i<k<N+1.
=i i=j
We extend the definition to indices j > k by setting R;, = £, = 1 if j > k. Solving the
recursive equation yields that
Ry k1 Sk

- —v, 2<EkEZSN+1.
Cor ¢1,N 22kV = =

3 )

duN =

In this formula,
k

S, = ZSQ,jfl Rjr—1,
j=2
with the convention, adopted above, that £o1 =Ry -1 = 1.
Since ¢n1,8 = ¢1,~§, We have that

Rinv — Lo Nyt "

= Gnit 1,N (2.10)
Reporting this value in the equation for ¢  yields that
Ry ke G, Rn-—£L
R e e R I (2.11)
Lok SNt Lok

Therefore, for each ¢1 5 € R, the solution of the difference equation (2.8) is given by
(2.11). This proves existence and uniqueness up to a multiplicative constant. Moreover, it
is not difficult to check that & R v < G411 k—1. Therefore, as each variable tv;, |; is
strictly positive for sufficiently large IV, the solution is strictly positive if ¢1,5 > 0. O

Let @max, v = Mmaxi<p<n {¢x v} and ¢min v = mini<p<n {Px N}
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Lemma 2.2. Let ¢p y be a solution of (2.8). Then, there exist constants Cq,Ca < 00 such
that for all N € N

(bmax N 02
1< =2 < and max _ < 2 .
- ¢min,N =1 1<k<N ‘¢k’N ¢k+1’N| = N (bmax,N

Proof. By the definition of o, there is a finite constant C' such that maxj<p<y ol <

C. Therefore, for each j, k € Ty, using the notation of Lemma 2.1 |(t;/l) — 1| and
| (I/t;) — 1| are bounded from above by

maxy |al 1 8C
< X for N > 4C. 9.12
N 1 max o] = N = (2.12)

2 N

Without loss of generality, we may assume that ¢1 Ny = @min,N, Pm,N = Pmax,n. Hence,
by (2.11) and since all terms are positive and £o v1+1 = £2.m Lmt1,N+1; Pmax,N/Pmin,N 1S
bounded by

2

Ri,m—1 S Lnt1,N+1

22,m 6N+1

By (2.12), the first term is bounded by [1 + (8C/N)]¥. We further show that the second
term is also bounded by [1 4 (8C/N)]Y by rewriting Lmt1,N+1 88 R N [Lrmt1,N+1/Rm, V]
and using &,,, Ry, v < Sny41. This proves the first assertion of the lemma.

We turn to the second assertion. By (2.9),

Um,
¢77L+1,N - ¢m,N = ( - 1>¢7n,N - 7
[erl [m+1

By (2.12), the absolute value of the first term on the right-hand side is bounded by
(8C'/N) maxy, ¢x, n. By (2.10), and since £ v+1 = £1,n, the second one is equal to

N-1

> {1 RNy — L Ripan b
=0

o1y 1
[m+1 6N—0—1

where we used the convention that £; ; =1 and %R, ; = 1 if ¢ > j. Changing variables this
expression becomes
N+1

[ i
1 ¢1,N Z 22,j71%j,N ( T _ 1) 7
j=2

Ittt GNg1 o i1

There is Cy > 0 such that [y /1,41 < Cp. Also by (2.12), the absolute value of the expression
inside the parenthesis is bounded by 8C'/N, uniformly over j. The remaining sum is bounded
by Gn41. This expression is, therefore, bounded by Cy(8C/N) ¢1 n. To complete the proof
of the second assertion of the lemma, it remains to recollect all previous estimates. O

3. REsSuULTS

We first specify the initial measures for the zero-range processes. These include the usual
‘local equilibrium’ measures as well as others. We then state the main results of this work.

In the following, with respect to a given probability measure p, we denote by £, and
Var,, its expectation and variance.



SPDE HYDRODYNAMIC LIMIT IN A RANDOM ENVIRONMENT 11

3.1. Initial measures. We consider an initial macroscopic density profile po(-) € L!(T),
and an initial microscopic measure satisfying the following condition. Denote by Zx (cf.
(2.7)) the invariant measure chosen so that maxger, {¢x,n} = 1.

Condition 3.1. Let {uN}yen be a sequence of probability measures on NE)TN such that
(a) {uN}nen is associated with profile py in the sense that for any G € C(T) and § > 0

Jm (|5 650 - [ Gomerin|>a] =

(b) The relative entropy of u™N with respect to Zy is of order N. That is, there exists
a finite constant Co such that H(uN|%ZN) = [ foln fod%n < CoN for all N > 1,
where fo = du® /dZy .

A useful consequence of the relative entropy bound in part (b) of Condition 3.1 and the
bounds on the fugacities of the invariant measure Zy in Lemma 2.2 is that the expected
number of particles under u? is of order N. Indeed, by the entropy inequality (cf. [23]),

1
VDD &) < H( N|%n) + —log Egy [¢7 =eem 8] (3.1)
keTn v

for all v > 0. By Condition 3.1.b and by definition of Zy, this expression is bounded by

67@1\/) .
N * Zl Z(pr,N)

Since maxy ¢,y = 1, ming ¢y N > co > 0 and Z is an increasing function defined on R,
choosing, say, v = 1, yields that the previous expression is bounded by CyN for some finite
constant Cj.

Condition 3.1 is satisfied, for example, by ‘local equilibrium’ measures { Hia associ-

e e
ated to macroscopic profiles pg in L>(T). For each N € N, let ule be the product measure

on NOTN with marginals given by
M{g(f(k) =n) = 'Pm N(n), forke Ty, n>0,

where the parameters {¢y n : 1 <k < N} are such that E,~[§(k)] = pr,n for

k/N

pe.N =N po(z)d.
(k—1)/N

To prove Condition 3.1 (a), for uiY, approximate the integral by a Riemann sum and apply
Chebyshev and Schwarz inequality, keeping in mind that the measure ,ufg is product. The
next lemma asserts that Condition 3.1 (b) holds.

Lemma 3.2. There exists Cy > 0 such that H(u|%Nn) < CoN for all N € N.
Proof. Write

TN

I N

N ~ &(k)
Z
H (il |%n) Z N <¢k’N> + lnm

P”ﬂz 1§

PN 1
kN o Z(kN

=
Il
—
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Then, the lemma follows as (a) b N < g pk n is uniformly bounded by the fugacity bounds
after (2.6) as ||pofleo < 00, (b) Z(0) =1, and (¢) 0 < c < gy <1lforalll <k <N by
Lemma 2.2. ([

3.2. Main results. For each N, we will observe the evolution of the zero-range process
speeded up by N2, and consider in the sequel the process 1; := n2,, generated by N2L (cf.
(2.5)), for times 0 < ¢t < T, where T > 0 refers to a fixed time horizon. We will access the
space-time structure of the process through the scaled mass empirical measure:

Y (dz) : =~ Z n¢(k)dr/n(d)
where ., z € T, stands for the Dirac mass at .

Let M be the space of finite nonnegative measures on T, and observe that 7Y € M. We
will place a metric d(-,-) on M which realizes the dual topology of C(T) (see [23][p. 49] for
a definitive choice). Here, the trajectories {m}¥ : 0 <t < T} are elements of the Skorokhod
space D([0,T], M), endowed with the associated Skorokhod topology

In the following, for G € C(T) and ©# € M, denote ( fo m(du). Also, the
process measure and associated expectation governing n startlng from u Wlll be denoted
by P, and E,. When the process starts from {u"}nen, in the class satisfying Condition
3.1, we will denote by Py := P,~ and Ey := E,~, the associated process measure and
expectation.

We first state a hydrodynamic limit (HDL) with respect to the abstract environments
{a}. The proof of Theorem 3.3 is outlined in Section 5.

Theorem 3.3. For initial distributions ¥ satisfying Condition 3.1, consider the speeded
up process 1y as above with generator N2L. Then, for any t > 0, test function G € C°(T),
and § > 0,

hmIE”N th /G txdx’>5]

where p(t,x) is the unique weak solution of

Quplt, ) = 50 (plt, 7)) — 20, (alw)2(p(t, )
p(0,2) = po(),
in the class of ‘good’ weak solutions given in Definition 3.4 below with ¥V = & and K = «.
Consider the PDE
{(%p(t,x) = 002U (p(t, ) + 0, (K (2) U(p(t,x))), z€T,t>0

(3.2)

(3.3)
p(o,ﬂf) = P0(1'>
where W(-) € C'0,00) satisfies 0 < ¥/(-) < Cy, the function K(-) is measurable and in
L°°(T), and po € L*(T) is nonnegative.
In the context of Theorem 3.3, ® is certainly continuously differentiable with ®’ positive
and bounded above (cf. below (2.6)), and « is a continuous function.

Definition 3.4. We say p(t,z) = p(t,x; ¥, K) : [0,T] x T +— [0,00) is a good weak solution
to (3.3) if
1) [pp(t,x)de = [, po(x)dx for all t € [0,T].

(2) pl(t, ) is weakly contmuous that is, for all G € C(T), [, G(x)p(t,z)dx is a contin-
uous function in t.
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(3) There exists an L'([0,T] x T) function denoted by 0,¥(p(s,x)) such that for all
G(s,z) € COL([0,T] x T), it holds

[ [o.6tsmms.mis= [ [ cenomipmas 6

(4) For all G(s,z) € C* ([0,T) x T)
/ /85G(s,x)p(s,:r)dacds + / G(0,z)po(x)dx
o Jr T

T
:/0 A[—8xxG(s,x)W(p(s,x))+GJG(s,x)[K(x)\I/(p(S’x))]] duds.

Later, in Theorem 10.1 in Section 10, we show that the PDE (3.3) has at most one good
weak solution.

As a consequence of Theorem 3.3 and its proof, we observe that both quenched and
annealed hydrodynamic limits follow with respect to random environment

1 j—k
N ._ , .
T = Ve g 1"]1/)< . >.k€TN

|7 —k|<[Ne]

Let EpP% be the annealed probability measure, where P(dw) governs the random environ-
ment w = {r; }zen and PY = Py is the process measure of the speeded up zero-range process
7, with single particle jump rates (1/2) £} /v/N to the left and right from location k € Ty,

conditioned on the environment. Recall that {¢} < {rN} and that as. vVNgY — W/(z)
when k/N — z (cf. (2.2), (2.3)).

Theorem 3.5. With respect to the random environments, we have the hydrodynamic limits:
(I) (Quenched HDL) For almost all realizations w, the statement of Theorem 3.8 holds
with respect to aN = V/NqV and o = w!.
(II) (Annealed HDL) The law of 7V, under EpP%;, converges weakly to the law of
p(, x)dx = p(-,x; @, W/)dx with respect to the distribution of Brownian motion W.

Proof. Part (I) follows directly from Theorem 3.3. For part (II), let QY be the distribu-
tion of 7 € D([0,7T], M) conditioned on the environment realization w. Then, averag-
ing over the environment, the distribution of 7V is [ Q) P(dw). From part (I), we ob-
serve that p(-,z; ®, W/(w))dx, noting the dependence on w, is the quenched hydrodynamic
limit conditioned on the environment. Averaging over the environment, the distribution
of p(-,x)dz is [ 0p(. dww, W (w))daP(dw). Here, the law of W/(w) under P(dw) is that of
W' (=2 du+ L{W (z +e)v(1) = W(z —e)p(—1)} (cf. (2.3)).

Let f be a bounded continuous function on D([0,7T],M). By the proof of Theorem
3.3 (see Step 5 in the proof outline Section 5), applied to the quenched environments, we
have that QY converges weakly to Op(-2:®,W!(w))dz for almost all environments w. Hence,
J f(m)QY (dr) converges for almost all environments w to [ f(7)8,(. 2:0,w(w))dz (d7). Then,
by bounded convergence, as N 1 oo,

[ [ 1m@ampae) » [ [ #08,0w o actin) P,

and Part (II) follows. O
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Finally, we focus on a system of independent particles, seen in diffusive scale and starting
from a local equilibrium measure, in a common unregularized Seignourel environment on
Z, that is when g(k) = k, and a single particle has rates of moving from k to k £+ 1 are
{1/2 £ r/Vo2N : k € Z}, where w = {r;} are i.i.d. bounded, mean 0 random variables
with variance o2 > 0. Let P% and EY; refer to the quenched process measure and expectation
with respect to a random walk moving in this environment.

Theorem 3.6. Consider a system of independent particles on Z moving in a common
Seignourel environment, with initial product Poisson distribution I/l]g = [lsez Poek/n) asso-
ciated to a bounded, continuous profile 8 : R — R.

(I) (Quenched law at time t) For fized w, the law of the configuration {n,(t) : k € Z} is a
product Poisson measure [[,.c; Ps,k,n) where By(k, N) = erzﬂ(x/N)P]"\’,(Rf\;é\i = k) for
k € Z, and RN is the position at time s of a random walk starting at k in this environment.

(II) (Annealed mean HDL) Let G € C*(R) be a compactly supported test function. Then,

Jim_BpB5 [(6,7)] = [ Glusla— Xoldu,

where & is the annealed expectation with respect to the standard 1— Brox diffusion X..

Proof. We show part (I) by computing explicitly the moment generating function of the law
of the configuration {n,(z) : € Z} via the method of Chapter 1 [23]. Let {A\(i) : ¢ € Z}
be real parameters, where A(7) # 0 only for a finite number of ¢ € Z. With respect to a

fixed random environment w, decompose n:(z) = > .4 Z?OZ(IZ ) ]I(Rf\}g’tN = z) in terms of

the initial configuration and the positions Rf\}g’tN of the jth particle at time N2t which is

initially at z. Here, we use the convention that empty sums vanish.
Hence, Y Mx)me(2) = 3, s Z;’“:(f) AMREY). Since, for each z, {RYZ)Y 11 <j <
no(2)} are ii.d., and 7 is distributed according to v}y, we have

E% [exp {Z )\(x)nt(m)}] = H eﬁ(z/N){E?G [eA(R;’éVt)]*l},

€L ZEZ
Since ER}[ I:e)‘ (Rj\févt)} = ZIGZ €A($)P]L§)7<R7VJ2\; — m)7 the la.St dlSplay equals, as desired7
[Tew { [ BN PR (RS, = )] () - 1>} |
TEZL 2EZ

To show part (II), as a consequence of part (I), we find that the quenched mean of
N1 ez G(k/N)n.(k) equals
1 w z
S S G/N) D BN PR(RRS, = k).
kEZ 2€7

By translation-invariance of w under P(dw), Ep [P} (Rfvé\; =k)| =Ep|Pg (R?\}szt +2z=k)].
Hence, the annealed mean of N=' %", G(k/N)nn2(k), equals

[ 5 3 G/ S B/ M) PR, + = = B)P(d)

keZ Z€EZL

_ / % S G(k/N)EZ [B(k/N — RGN /N)| P(dw).

kEZ
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Now, from Seignourel’s annealed limit, we have R?\}évt /N = X;. Since 8 is bounded and

continuous and G € C*°(R) has compact support, we conclude that the previous display
converges, as N 1 0o, to [, G(u)&[B(u — X¢)|du as desired. O

4. STOCHASTIC DIFFERENTIALS AND MARTINGALES

To analyze (G, 7)), we compute its stochastic differential in terms of certain martingales.
Let G be a smooth function on [0,7] x T, and let us write G¢(x) := G(¢, ). Then,

t
MtN,G — <Gtaﬂ-t1v> _ <G077rév> —/O { <85Gs,ﬂ';v> +N2L <G577T£V> }ds

is a mean zero martingale. Denote the discrete Laplacian Ay and discrete gradient V y by
k 9 k+1 k-1 k
an6(7) =826 () + 6(F5) - 26(5)):

Tao(E) =3 (o) - ()

and write
NGy =~ Y (LanG (ﬁ) (s (k) + 2V N G (5) (ns(k))aly
y T N 2N5N977s NsNgns k] (4.1)
1<k<N
We will define
D% = Lana (B 1 ovna. (E)ay 4.2
Nk = 5AN S(N)+ N s(ﬁ)ak' (4.2)

As |adY| is uniformly bounded from above by a constant C, given uniform convergence to «
on the torus T, we have

G,s
‘DN,k

< |022G]| 00 + 2C|02 G| so- (4.3)

The quadratic variation of MtN s given by

ey, = | VL (G - 2(Gu ) NL (G ) ds.

Standard calculation shows that

This variation may be bounded as follows.
Lemma 4.1. For smooth functions G on [0,T] x T, there is a constant Cg such that for
large N,

sup IEN<MN’G>t < g*CeTN~L
0<t<T
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Proof. For N large, we may assume that 1/2 + |af /N| < 1. Also since G is smooth and
g(+) grows at most linearly, we obtain

IN

tq N
En(MNC), 2g*||azG||ooN—1EN{/ Nzns(k)ds}
0 k=1

N
20" 0. Gl N By [ S k).
k=1

We have used that total number of particles is conserved in the last equality. By (3.1), we
have that supy En [N~} E,JCVZI no(k)] < oo, and the result follows. O

5. PROOF OUTLINE

We now outline the proof of Theorem 3.3. Let Q" be the probability measure on the
trajectory space D([0,7T], M) governing 7V when the process starts from p”¥. By Lemma
8.1, the family of measures {QN } Nen 18 tight with respect to the uniform topology, stronger
than the Skorokhod topology.

Let now @ be any limit measure. We will show that @ is supported on a class of weak
solutions to the nonlinear PDE (3.2).

Step 1. Let G be smooth on [0,7] x T. Recall the martingale MtN"G and its quadratic
variation (M™-@); in the last section. By Lemma 4.1, we have Ey (M;Y’G)z =Enx(MN-C)p
vanishes as N — oco. By Doob’s inequality, for each ¢ > 0,

t
Py sup |<Gt,7rfv>—<G0,7réV>—/ (9G¥ ) + NI, ¥ ) ds| > o]
0<t<T 0

4
< 6—2EN<MN’G>T — 0 as N — <.

Recall the evaluation of N2L (G4, 72) in (4.1). Then,

A}EHOOPN [oiltlgT’ <Gt,7rtN> — <G0,7rév> — /Ot { <65G377rév> (5.1)
4 (;ANGS(]’\“,)g(nSw)) +2Vn G () gk ) bas| > 6] =0.
1<k<N

Step 2. We now replace the nonlinear term g(ns(k)) by a function of the empirical density

of particles. To be precise, let n'(x) = ST Z|y—z|§l n(y), that is the average density of

particles in the box centered at x with length 2] + 1.
Recall the coefficient Df,i in (4.2). By the triangle inequality, the 1 and 2-block estimates
(Lemmas 6.3 and 7.2) imply the following replacement lemma.

Lemma 5.1 (Replacement Lemma). For each 6 > 0, we have

. . 1 T _a
hr;l:‘(l)lp hfvnffopPN HN IS;N/O DY (9 (me(K)) — @ (n¢™ (k) )dt‘ > 6} =0.
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Step 3. For each 6 > 0, take 1y = (20) '1(_g¢. The average density n{" (k) is written

as a function of the empirical measure 7"
20N
ON N
k)= ————=(o(- — kE/N .
ne - (k) 29N—|—1<L9( /N), 7 )

Then, noting the form of Dgz and the uniform convergence of oV to &, we may replace

VN, Ay, and o by 0y, Oz, and a(%) respectively, and also the sum by an integral.
Hence, we get from (5.1) in terms of the induced distribution Q" that

T
lim sup lim sup Q™ H (Gp,7mr) — (Go, o) — / { (0sGs,Ts)
0—0 N—o0 0

(5.2)
+/T (;amcs (z) + 20,G,4 (x)a(x)) P ((eo(- —x),wsN>)dx}ds

Taking N — oo, along a subsequence, as the set of trajectories in (5.2) is open with
respect to the uniform topology, we obtain

>5}:0.

limsupQH (Gr,m7) — (Go, m0) — /OT { (0sGs,Ts)

6—0
i /T (;amas (2) + 20,6, (x)a(x)) @ ((to(- — @), m,))da }ds| > 6| = 0.

Step 4. We show in Lemma 9.1 that @ is supported on trajectories 7s(dz) = p(s,z)dx
where p € L*([0,T] x T). To replace {t9(- — x),7s) by p(s,x), it is enough to show, for all
6 > 0, that

limsupQH /OT/EDG’S (@ ((Lo(- — x),ms)) — ®(p(s,))) dxds’ > 5} =0

6—0

1
where D¢, = iamGs (x) + 20,G;5 (z) a(x). By, considering the Lebesgue points of p,
almost surely with respect to @ (cf. [23]), we have
T T
lim/ /DG’S(I)<L9(~—LL'),7T5>d,’EdS:/ /DG’S@(p(s,x))dxds.
9=0Jo Jr o Jr

Now, we have

Q[(Gr.p(T.2)) = Ga. pl0.0) ~ | {06 pt5,2)

1
+/ (2%@8 (z) + 20,G, () a(x)) @(p(s,x))dz}ds - o} — 1.
T
Step 5. Now, each p(t, z) solves weakly the equation

01 = 5000(p) — 20, (o) B(p)).

As a consequence of the weak formulation, p satisfies conservation of mass (cf. Lemma 9.1):
Jpp(t,x)de = [ po(z)dz. Moreover, the initial condition p(0, ) = po(x) holds by Condition
3.1. From convergence of QV to @ with respect to the uniform topology, p is weakly
continuous in time: Namely, for each test function G € C(T), the map t — [, G(z)p(t, z)dx
is continuous. In addition, in Proposition 9.2, we show an energy estimate which defines a
weak spatial derivative of ®(p(t,x)). Therefore, p is a good weak solution to (3.2).
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As mentioned after Theorem 3.3, in Subsection 10, we show that there is at most one
good weak solution p to (3.2) (cf. Definition 3.4). We conclude then that the sequence of
QYN converges weakly to the Dirac measure on p(-, z)dz. Finally, as QN converges to @) with
respect to the uniform topology, we have for each 0 < ¢t < T that (G, 7}) weakly converges to
the constant fT x)p(t, x)dz, and therefore convergence in probability as stated in Theorem
3.3. |

6. 1-BLOCK ESTIMATE

The ‘1-block’ estimate is obtained by using a Rayleigh-type estimation of a variational
eigenvalue expression derived from a Feynman-Kac bound. A spectral gap bound plays an
important role in this step. There are differences here, with the scheme of [12] and [18], in
the context of the inhomogeneous environment, that we detail.

Recall the generator L, cf. (2.5), and the invariant measure Zy (cf. (2.7), where ¢y n is
taken so that maxy ¢r v = 1). As #Zn is not reversible with respect to L, we will work with
S, the symmetric part of L:

% Z { e (FO™™Y) = F ) + g((R))pid— (F(™F 1) = f(n))}

where

v ool e 1 oy vl oo dean 1 oy
Pi,+ = (2+ N) ¢k,N ( N )’ k,— ‘_( - ) ¢k,N (2+ N ) <6'1)

2 N
Then, Zy is reversible under the generator S. The Dirichlet form is

Eaay [f(=SP)] = Eay [f( ZE@N[ BDPR (P = fm)*]. (6:2)

B

6.1. Spectral gap bound for 1-block estimate. For kK € Ty and [ > 1, define the set
Agg={k—0,k—1+1,...,k+1} C Ty. Consider the process restricted to Ag; generated
by Sk, where

Sefm=y5 S o)l (o) ~ fm)

z,x+1€AL,; (63)

g+ )R - (P07 H) = ) .

Let Qp; = Né\k’l be the state space of configurations restricted on sites Ay ;. For each
n € Q,, define kii1(n) = [l,en, , Poon(n()), that is, ki, is the product measure Zy
restricted to €25 ;. Define the state space of configurations with exactly j particles on the
sites Ag
Qperj={ne€u: Y, nlz)=j}
€M 1

Let ky,1,; be the associated reversible canonical measure obtained by conditioning xj; on
Q1. The corresponding Dirichlet form is

B, VS0l =5 3 Ba [s0@pls (P — s)]. (6.4

z,x+1€My
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We will obtain the spectral gap estimate corresponding to the localized inhomogeneous
process by comparison with the spectral gap for the standard translation-invariant localized
process. Consider the generator L; on Q) ; given by

L= Y 5 a@) [F () — )] + gl + ) [F () — F)}

z,o+1€AL

For any p > 0, let v, be the product measure on 2 = NOTN with common marginal P, = Pg(g)
on each site k € N with mean p, and let v/ be its restriction to Q.

Consider v ;, the associated canonical measure on €2 ; ;, with respect to j particles in
Ag,. Notice that v, ; does not depend on p. It is well-known that both le and v, ; are
invariant measures with respect to the localized generator L; (cf. [1]). The corresponding
Dirichlet form is given by

1
Ew,j [f(_Llf)] :i Z Euz,j [Q(ﬂ(f)) (f (ﬂw’Hl) - f(TI))Z} . (65)

z,x+1€AL
We are now ready to state the lemma for the spectral gap bounds. Recall pfx 4 from (6.1).
Let Tl:,ll,N = Mingea,, {pi\{+}.
Lemma 6.1. We have the following estimates:

1) Uniform bound: For alln € Q.. 5, we have
g
. J A J
<¢mm,k,l> < Rk,1,j (77) < ((bmax,k,l) (66)
¢H1ax,k,l Vi (77) ¢min,k,l

where Gmin kg = Min ¢z N and Gmax .k, = MaX Qg N.
xeAk,l ZEAk,l

(2) Poincaré inequality: We have
Varg, () < Crj By, ; [f(=Sk1f)]

(bmax,k,l

Drmin, k1
of =Sk, on Q15 and C is a universal constant.

(3) For each l fized, we have

25
where C ;== C (21 + 1)27“;6’1,1\7 ( ) bounds the inverse of the spectral gap

. ax,k,l .
lim sup MZL lim sup 7 v =1

N1oo 1<k<N Pmin,k,l N1too 1<k<N

and hence, for fized | and j, sup sup Cj;; < oo.
N>11<k<N

Proof. Fix an arbitrary p > 0. By the definitions of conditioned measures sy ; and v j, we
have, for n € Q1 5,

Kt (M) Kka(n) v (D)
== . (6.7)
viim) v () Eka(Qe,5)
The product structure of s ; and le allows a direct computation
n(z)
k() leeap, {(an)”/Z2(¢0,n)}

A " Tleea,, {(007®/Z(00)} (6:8)
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where ¢y is the common fugacity for (the marginals of) v,. Recalling that ¢mink; =
mingea, , ¢z,n ad Pmax ki = MaXgzen, , Go,N, for n € Qi j, we can estimate sy 1 (n)/v] (1)

by
Guminpt \’ Z(ban) _ Eri(n) (cémax,k,l)j Z(6un)
< %o > eleI Z(6o) ~ ) ~\ o 61;[ Z(¢o) (6.9)

Note that k(1) = Xyeq,,, (kg (n) /vl (m)]vf (m). Then, Kii(Qi ;) /v Q) is es-
timated by the same bounds as in (6.9). Then, rearranging these estimates, (6.6) follows
from (6.7).

Turning now to the Poincaré inequality, the proof relies on the well known spectral gap
estimate for one dimensional localized symmetric zero range process (cf. [24]): For all j,
with respect to a universal constant C,

Var,, () < CQ2L+1)2Ey, ; [f(=Lif)]. (6.10)
To get an estimate with respect to —Sk;, from (6.5) and (6.4), using (6.6), we have
d)max,k,l I
By FL)] < rian | =20 ) B F(=Ska ] (6.11)

Now, since

Varﬁk,z,j (f)= i%f E“k,l,j [(f - a)z]

< (qw)j inf B, , [(f — a)?] = <¢Inam)] Vary,; (f),

Qsmin,k,l (bmin,k:,l
the desired Poincaré inequality follows from (6.10) and (6.11).

The last item (3) follows from Lemma 2.2 and that supy sup;<,<y ah < C. g

6.2. Relative entropy. For t > 0, let ¥ be the distribution of 7;. As the entropy produc-
tion is negative, cf.p. 340, [23], we have H(u) |%n) < H(u™|%Nn) < CoN. Furthermore,
the relative entropy of u¥ with respect to the homogeneous invariant measures v, is also of
order O(N) which will be useful in the sequel.

Lemma 6.2. For any fized p > 0, there is a constant C = C(w) such that H(u |v,) < CN.

Proof. Write

dulN duN d#
) = [ (%Y = [ () i+ [ ()
p o

The first term on the right-hand side is exactly H(u¥ |%n) = O(N) by part (2) of Condition
3.1. The integrand in the second term equals,

N

AR N Ann) o Pk, N Z(¢o)
1 =1 = k)1 2 In ————.
el mEp SLU vk P B T

The desired estimate now follows these observations: 0 < ¢ < ¢ v < 1 by Lemma 2.2, and
the mean expected number of particles, [ 37, o n(k)dul = O(N) by (3.1). O
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6.3. 1-block estimate. We prove the 1-block estimate:

Lemma 6.3 (1-block estimate). For every T > 0,

1 T
lim sup lim sup E {N Z ‘/ Vk,l(s,ns)dsH =0
0

l—o0 N—o0 1<k<N
where Vi (s, n) := D]C\;,Z (9(n(k)) — @(n'(k))) and Dgz is as in (4.2).
Proof. We first introduce a cutoff of large densities. Fix A > 0, and let

Vier,a(s,m) = Via(s,m) Ly < ay-

Notice that g(-) considered here satisfies the ‘FEM’ assumption in [23]. By Lemma 6.2, one
can replace Vi, by Vi 4, following exactly the argument in Lemma 4.2 in p.90, [23].
It now remains to prove that for every A > 0, T > 0,

T

limsuplimsup sup Epn H/ Vk,l,A(Sans)dSH =0.
lsco  N—soo 1<k<N 0

Define Ay ;(n) as the number of particles in Ay, that is Ag (1) := (20 + 1)n'(k). As in
[12], we will replace Vi ; 4(s,n) by its ‘centering’:

Vk,l,A(& 77) = ngZ{ g(n(k’)) - Eﬁk,z,/\k_ﬁl(f,) [9(77(]“))} } ]l{nl(k)gA}-

Note that Ey, , Vi1 =0 for all k,1,j which will be used in the Rayleigh-type estimation.
The error introduced by such a replacement, noting (4.3), is less than or equal to

C(G)Ex | / " Loniren)|Bowon o i) - 0@ GD|ds]. (012

Note that ®(n'(k)) = E,,nl(k)[g]. By the triangle inequality, the expectation in (6.12) is
bounded by ’

T
EN |:\/0 ]]'{0<7]i(k)§A} ‘Emkvh/\k,l(ns) [g(n(k))] - EVk,l,Ak,l(ns) [g(n(k))} ‘ds:|

T
HEN{/O ]1{0<ng(k)§A}‘Euk,z,Aw(ns)[g(n(k))] —Eu [9]‘d8} = + b.

Using (6.6) and then g(k) < g*k, the term I; is bounded by
! Ag,1(ns)
¢max,k,l ’
EN[/O ]l{o<né(k)<A}Euk,,,Ak,,(ns)[g(n(k))][( _ 1} ds}

¢min,k,l

8 (21+1)A

< Tg*(20 + 1)A[ (“”“’”) - 1]
¢min,k,l

¢max,k,l
d)min,k,l
SUp; <<y 11 vanishes as N 1 oo.

Now, we turn to estimate the term I,. By the equivalence of ensembles (cf. p.355, [23]),
the absolute value in Is vanishes as [ T oo, uniformly in k. Therefore, the term I, vanishes
as soon as we take N 1 oo, [ 1 co in order.

Notice that sup; <<y — 1 by Lemma 6.1. Then, for each fixed [ and A, the term
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To prove the lemma, it now remains to show

T
limsuplimsup sup ]ENH/ Vk,l,A(Sﬂk)dSH =0.
lsco N—oo 0<KSN 0

By the entropy inequality (cf.p.338 [23]) and the assumption H(u™|Zyn) < CoN, we
have, for any v > 0

ENH/OT Vies,a(s,75)ds|| < % + WLNlnE%N[exp {VN‘/OT Virals.nds|}]. (613)

By the Feynman-Kac formula (cf. Lemma 7.20 [23]), since el®l < e® 4+ e7®, to estimate
(6.13), it will be enough to bound

Co 1 [T
7—'_’}/7]\[/0 )\N,l(s)ds (614)

where Ay (s) is the largest eigenvalue of N2S + yNVy; a(s,n), and a similar expression
where Vi ; 4 is replaced by —Vj ;. 4. As the argument to bound (6.14) will also hold for the
expression with respect to —Vj; 4, we concentrate in the following on the display (6.14).

Now, fix s € [0,7] and omit the argument s to simplify notation. To estimate the
eigenvalue Ay ;(s), we make use of the variational formula:

(YN)"*An, = sup {E%N Vigaf]l — v 'NEg, [\/?(—S\/?)”
f

where the supremum is over all f which are densities with respect to Zy.
Recall that kj; is the restriction of Zn to Ay, and that Sy is the localized generator.
For any density f, we consider its restriction with respect to configurations sites Ay, i.e. we

define fk,l = Egy [f‘Qk,l]. Notice that Eg, [ﬁ(_sk,l\/?)] < Egy [\/T(—S\/f)} By

convexity of the Dirichlet form, we have
(YN) Ay, < Sfup {Em,,l Vi afedl =7 'NEy, [\/ Jra(=Skiv fk,l)] } .
k,l

We now write fi ;dri,; with respect to sets €y ; of configurations with total particle
number j on Ay ;:

Bt Vg afrd] = ch,l,j(f)/Vk,l,Afk,l,jdﬁk,l,jv (6.15)

320

where ci15(f) = [o, o, Tradrk s and fi 5 = htg (F) 7 Rkt (et g) fra- Here, 350 g ey =
1 and fi, ; is a density with respect to sy ;.

Sk fr _ Sk frj B

Ey.., {\/fT,l(*Sk,z\/fT,l)} = ch,l,j(f)Eﬁk,L,j {\/M(*Sk,z\/M)} .

720

Then, on Q4 ;, we have y (6.15), we write

Then, we have

(YN)""Any < sup  sup {Emk,l,j Vigafl =y 'NE,,,, [\/f(—Sm\/f)} }

0<i<A(21+1) f

where the inside supremum is on densities f with respect to ki ;.
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By Lemma 6.1, we have C},; ; as the inverse spectral gap estimate of Sy ;. Note also that
Vi allo < C(A,G). Using the Rayleigh estimate (cf. p. 377, [23]), we have

E'%,L,j [Vk,l,A.ﬂ - FyilNEK/k,l,j [\/}(*Sk,l\/?)}
< ’YN_l
—1- 2C(A, G)CkJJ yN-1
As remarked in the beginning of the proof, Ey, , . Vi,i,.a = 0. Observe that the spectral gap
estimate of Sy in Lemma 6.1 also implies that ||Sk_l1||2, the L?(ky, ;) norm of the operator

By [Vira(=Skt)” Vi al -

Sk ll on mean zero functions, is less than or equal to Cj; ;. Thus, by Cauchy-Schwarz, we
have

By [Viaa(=Sk) ™ Viga] < CrajBry i, [Vidial -
Retracing the steps, we obtain

T “1
Co TYN~Ch.;
E H/V Sdsug—+ su oL B, [V ]
N o k,l,A(n ) ’Y OSjSAgl_A,_l) 1 _ 20(14’ G)CkJ,j "YN_l k,l,j [ k‘,l,A]

The second term in the last expression vanishes uniformly as N — oo for 1 < k < N and
j < A(2141). The lemma now is proved by letting v — oo. O

7. 2-BLOCK ESTIMATE

We now detail the 2-block estimate, in the context of the inhomogeneous environment,
following the outline of the 1-block estimate.

Recall the notation Ay ; from the 1-block estimate. For [ > 1 and k, k" such that |[k—k'| >
20and k+1 <k —1,let Ag i = Mg UAp ;. We introduce the following localized generator
Sk,kr,1 governing a process on U, pr; = Né\k’k/". Inside each block, the process moves as
before, but we add an extra bond interaction between sites k + 1 and k' — I:

S 1 f(n) = Siaf () +Swk i f(n) + %g(n(k F D) (F@FTER Y — F ()

500 = D)BY e (FF ) = £ )

where

N N

o 1 n apyp QN1 gy
R 2

ket1,k? —1 5T N

_ ), P :}_@gfl Pr+i,N (1 akN+l)
2 N Drti,N 2 N 7 PRELEHT N Ok —1,N

As before, consider the localized product measure rp 1 = ] ¢ A Py, n» namely
k = X limited to sites in Ay ;. Define as well as the canonical measure Kk’ 1,j ON
Qi =N € Qg EzeAM/,, n(xz) = j}, that is Ky x/; is conditioned so that there are
exactly j particles counted in Qy, 5 ;. With the choice of extra rates pﬁg_l’k/_l and p{c\f_hk_i_l,
both measures are invariant and reversible for the dynamics with Markov generator S ;.
The corresponding Dirichlet form, with measure & given by Ky i/ Or kg k1 5, is given by

Bl (-Sewall =5 S0 Bxlotn(k) ol (F) — )]

I7I+1€Akyklyl (71)

+ 5B [gnlh + P (TR - )],
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Recall also the generator of symmetric zero-range L; with respect to Ay (cf. below (6.4)).
Let L] be the corresponding generator with respect to Ay ;. Define the generator L;; with
respect to Ay ik by

1 i
Luaf(n) = Lif(n) + Lif () + 5 [ (") = g )] g(n(k + 1)
1 i
5 [ — f )] gk — ).
When |k —k'| is large, the process governed by L;; is the same as if the blocks were adjacent,
with a connecting bond, and so no longer depends on k, k' but only on the width .

Corresponding to the set-up of the gap bound Lemma 6.1, let uﬁl be the product of
41 + 2 distributions with common marginal p. One may inspect that uﬁ ; is invariant to the
dynamics generated by L;;. Let now v ; be 1/£ ; conditioned on that the total number of

particles in the 4/ + 2 sites is j. Note that v ; is independent of p. This canonical measure
vy,1,; is also invariant to the dynamics. The corresponding Dirichlet form is given by

B UCLufl = Y By, [300@)r (7) — 1))
T, 2+1€M, 4,
+ By, [0 = 0) [ (04 = gn)] ).

-1 i N ; N
Let 7}y v += min {pk-‘rl,k'—l’mlnm»1+1€Ak,k’,l {pX )
Lemma 7.1. We have the following estimates:

(1) Uniform bound: For all n € Qy k1.5, we have

(¢min,k,k’7l)j < Rk k1,5 (1) < <¢max7k7k’xl>j (7.2)

Omax ke k! | via,5(n) Drmin, kb1
where Gmin ki = MmN Qg N aNd Pmax k,k’) = MaX Py N.
TEA k1 ey 1
(2) Poincaré inequality: For fized j > 0 and k, k' such that |k — k'| > 21 + 1, we have
Vary, ., (f) < Crp1iEn, 0, [f (=S f)] (7.3)

2
where Cy 15 = C(41 + 2)%rp 1N <2maxm> for a universal constant C'.
min,k,k’,l
(3) For eachl fized, there exists a constant Cqy such that

¢max,k,k’,l < CO

sup limsupsup ry x 1,8 < Co.
k' ,N Pmin,k,k 1 Ntoo k'.k
Hence, for fized j and I, we have lim sup lim sup sup Chkr 1,5 < 00.

010  Nfoo 20+1<|k/—k|<ON

Proof. We will compare xpx1,; with v;; and make use of the known Poincaré bound, as
in the proof of Lemma 6.1:

Va'r’/l,l,j (f) < C(4l + 2)2EV1,1,J‘ [f(_Ll,lf)L (74)
where C' is some universal constant.

For n € Qp 11,5, we have

frwti (M) Rewa(m) Vi (Qr1)

v ) Rk Q)
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Since K ks, and ulpl are product measures, that is,

Kk 1 () = H (%,N)n(z)/[Z(%,N)g(ﬁ(x))!]

TEN 11

7.5
vim =TT 60"/ [Z(¢0)g(n(x))!], i
TEA 1
we have for n € Q; ; that
<¢min,k,k',l)j 11 Z(¢z,n) < Kk,:f',l(ﬁ) < (¢max,k,k',z)j 11 Z(daN)
bo e b Z(¢o) v (n) bo .y Z(co)
Consequently,
<¢min,k,k',l>j 11 Z(¢a,N) < Hk,ll)c’,l(Qk,k/,l,j) < (¢>max,k,k/,l>j 11 Z(dN)
bo sehy s Z(¢o) Vi (e 1,5) b0 Sy Z (o)
Therefore, with respect to the conditioned measures, we obtain (7.2).
Then, as in the proof of Lemma 6.1, we have
Pmasce 1)’
By [f(=Ligf)] < rpran (dm]m) Eryoriy [ (=Skaraf)]- (7.6)

Also, in turn,
. 2 ¢max,k,k’,l J . 2
Var”k,k’,z,j (f) = u;l(fE"@k,k/Tl,j [(f _a) ] < (b - H;fEVl,l,j [(f_ Cl) ]

_ ¢max,k,k’,l !
= ——=—| Var,,, .(f).
Pmin, kK’ 1 7

The spectral gap estimate (7.3) now follows from (7.4) and (7.6).
Finally, as in the proof of Lemma 6.1, item (3) follows from Lemma 2.2 and that
sup n SupleSN Ol_iv < C. |

We now state a 2-block estimate.
Lemma 7.2 (2-block estimate) We have
lim sup lim sup lim sup EN — Z / nt(k)) — @ (n?N (k) )ds} =0. (7.7

l—o0 6—0 N —oc0 1<k<N

Proof. We separate the argument into steps.
Step 1. Since ®(-) is Lipschitz on Rt and D](\;,k is bounded (cf. (4.3)), it is enough to
show

hmsuphmsuphmsupIEN — Z / |77 ni(k)|ds} =0.
l—o0 0—0 N—oo 1<k<N

By the triangle inequality, it will be enough to show that, as N 1 0o, 8 | 0, and [ 1 oo,

E Tl 0N 1 l
[ & X gy X e

1<k<N |z —k|<ON

/T 1 2 ‘20N+1 ﬁé(x)—ni(k)’ds} — 0.

1<k<N —k|<ON

ds} — 0 and
(7.8)
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Step 2. Note that

1 1
oON !
- - < -
(k) = SoN > "(x)’ = 20N +1 > @
|e—K|<ON le—k—ON|<I

or |[z—k+6N|<I
2041

Then, the first limit in (7.8), as >, n'(k £ 0ON) = 3", no(k), vanishes as N — oo for fixed
[, by the estimate (3.1)). By a similar argument, we can restrain the z in the summation of
the second limit in (7.8) to &’ such that 21 +1 < |k’ — k| < ON. Then, the second limit will
follow if we show that

T

1 1

limsuplimsuplimsupEN{/ — E ‘7 E nk(z) —né(k)’ds} =0.
l—o00 6—0 N—oo 0 N 1<E<N 20N +1 2+ 1<|z—k|<ON

Step 3. We will apply a cutoff of large densities first. Let
s (k, k') = ni (k) + ni(k").
The same argument as for the cutoff in Lemma 6.3 (cf. p. 92, [23]) gives, as A 1 oo,

T
1
lim sup lim sup lim sup sup ]EN[/ — E né(k,k+y)]lnz_(k7k+y)>,4ds} — 0.
oo 610 Ntoo 2141<|y|<ON 0 N1<k<N °

Hence, it remains to show that, for any fixed A,

T
sup EN[/ |k (k) = nk(K)] l{ng(k,k’)gA}dS}
1<k<k'<N 0
2+1<|k'—k|<ON
vanishes as we take N — oo, 8 — 0, and then [ — co.
Step 4. Let
Viewa,a(n) = |n' (k) —n' (k)] Lt pry<ay-
Following the proof of Lemma 6.3, for fixed [,60, N, k, k', in order to estimate

En [/OT Vk,k’,l,A(ns)ds}
it suffices to bound
oA ks {Baw Wiwaafl =7 NEay [VI(-SVD] }. (7.9)

where the supremum is over all f which are densities with respect to Zy.

Step 5. Recall the generator Sy, i/ and its Dirichlet form defined in the beginning of this
subsection. Recall also kg g/ is the restriction of K = Zn to Aj ;. The Dirichlet form
with respect to the full generator S under Zy is given by

By [F(-SF)
O[N 1 aN 1
= Y B sz 1(G + 5o) + G - T (1)~ sw)’].
1<k<N ’

We now argue the following Dirichlet form inequality, for some C,

Eyp oy [VI(=Seaa /)] < CO+ON)Ex, ., [VI-SVD]. (7.10)
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First, writing out the Dirichlet form in (7.1), in terms of the product measure Zy, we have
By [F(=Sk k0 f)]
ay

aly 1 2
= Y Bafuegl(g + Gy ¢ N Sy e ()]

:v,erlEAk’k/)l (b:r,N

+ Eay [g(n(k + l))% [(% + k) 4 i’;:jvv (% = D (S0~ pw)?].

Next, by adding and subtracting at most § N terms, we have

[ (41 — )]
k' —k—21—1

<(k' —k—2I) Z [f (nk+l,k+l+q+1) —f (nk+l,k+l+q)]2 '
q=0

By the change of variables & = n**T0F++4 which takes away a particle at k + [ and adds
one at k41 + ¢, we have (cf. (7.5)) that

RN (1) = PriN gk +1+q) +1)
Ortirgn 9k +1))

EN ().
d)max,N

min, N
we may find a constant C' such that

is uniformly bounded from above and below, and sup y sup; <, <y ol < oo,

1 ol bw_in, 1 AN
Prosw—t = (5 + =) (biﬂl’]]:(g_ I_;Vl)

2 N
1 ap 1 oV
SC’{(f—k ktitay 4 PhAitq+1,N 7_w)}.
2 N PhtivqN 2 N

Then, taking into account the above observations, we have

1
Ezy [Q(U(k + l))gpilyﬂ,kul [f (77k+l’k+l+q+1> - f (”k+l’k+l+q)}2}

= 3" gl + 1) gl [F (€4FTF0Re o) — p ()]
3

1 1 ak]yl ¢k l 1 1 Oéi:vl 1
< CBay [glnlh+ 1 +0)5 (5 + =) + G (G - 5
q

% [f (nk+l+q,k+l+q+1) _ f(")ﬁ'

From these observations, (7.10) follows.

Step 6. Inputting (7.10) into (7.9), and considering the conditional expectation of f with
respect to €y x/; as in the 1-block estimate proof, for IV large, we have

(YN) " An
1
< fSUP {Enkﬁk,ﬁl Wikt 1,4 fre i 1] — %Enkwk/)l [\/ Jregr 1 (=Sk.kr 10/ fk,k’,l)} } ;
k.k/ 1

where the supremum is over densities fy ;/; with respect to xx i 1.
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Again, as in the proof of the 1-block estimate, decomposing fj x’1dp k.1 along configu-
rations with common total number j, we need only to bound

1
sup  sup {Enml,l_j Wi 1,af) — TERM/ . [\/}(*Sk,k/,l\/?)} } ;
0<j<A(20+1) f ’ 20~ ’
where the supremum is over densities f with respect to Ky 1 ;.
Step 7. Consider the centered object
View .4 = Vw4 — Ex o View ,a] -

Using the Rayleigh expansion (cf. p.375, [23]) where the inverse spectral gap is bounded by
Ck,k/,l,j of Sk,k’,l (Lemma 71), and ||Vk,k/,l,A||oo < A, we have

By, [Vk,k/,l,Af] - %Enk,k,,,‘j [\/?(_Sk,k’,l\/?)]

20~ ~ ~
< Bty Ve (=St ) Vi)
ST AACy gy Oy Dt ko 1A (=S 1) Vikr a
207Cl,k 1,5

12
T1—4ACk g5 0y "ML {Vk’k/’l’A} 2 0as0=0.

Step 8. To finish, we still need to estimate the centering term By, (Vi 1,4)- By
Lemma 7.1,
By i Wepr 1,4l S Co’ By [Viewr 1,4] -
Note that this bound of Ey, ., [Vi, i’ 1,4] does not depend on N or 6. By adding and subtract-
ing j/(2(20 4 1)), we need only bound E,, , , [|n'(k) — j/(2(20 + 1))|]. By exchangeability
and an equivalence of ensemble estimate (cf. p. 355 [23]), the canonical variance

By, (1) — /2@ 4 )] = 007y, (k) - 3/(2(21+ 1))
+OM)Ey,,, [(n(k) —j/(221+ 1)) (n(k+1) = j/(2(20 + 1)))]
and further bounded by C(A)Var ;i) (n'(k)) (recall v, defined before Lemma 7.1).
This variance is of order O(I™1), séﬁlce the single site variance Var ;/ci+) ((k)) is uni-
formly bounded for j/(2(2/ + 1)) < A. Hence, limsupn1 90 El,l)l’l]il[Vk,k/’l,A] is of order
O(1=1/?), vanishing as [ 1 co. This finishes the proof. O

8. TIGHTNESS OF LIMIT MEASURES

In this section, we obtain tightness of the family of probability measures {Q"'} . on

the trajectory space D([0,T], M). We show that {Q"} is tight with respect to the uniform
topology, stronger than the Skorokhod topology on D([0,T], M).

Lemma 8.1. {QN}NeN is relatively compact with respect to the uniform topology. As a
consequence, all limit points QQ are supported on weakly continuous trajectories m, that is for
G € C°°(T) we have t € [0,T] — (G, m) is continuous.

Proof. To deduce that {Q™} is relatively compact with respect to uniform topology, we
show the following items (cf. Theorem 15.5 in [3]).

(1) For each t € [0,T7], € > 0, there exists a compact set K; . C M such that
sup QN [7N Y ¢ Ky ] <e (8.1)
N
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(2) For every € > 0,

lim lim sup Q™ [71',N: sup d(m), 7)) > e} =0. (8.2)
70 N [t—s|<v

We now consider (8.1). Notice that, for any A > 0, the set {u e M: (1, u) <A} is
compact in M. Since the total number of particles is conserved, we have Q™ [(1,7]¥) > A] =
QN [(1, 7Yy > A] < IEN[ SN no(k)]. By (3.1), we have Ey [N SN no(k )] < C for
some constant C' < oo 1ndependent of N and A. Then, the first condition (8.1) is checked
by taking A large.

To verify the second condition (8.2), it is enough to show a counterpart of the condition
for the distributions of (G,7) where G is any smooth test function on T (cf.p. 54, [23]).
In other words, we need to show, for every € > 0,

lim lim QN[ N sup ’<G,7TtN> — <G,7T;V>‘ > e} = 0. (8.3)
~—0 N—o0 |tfs|<'y
To this end, notice that (G, 7}’ ) = <G )+ fot N?L (G, 7rN>d8 + MtN’G7 then we only
need to consider the oscillations of fo N2L <G T >ds and M; N.G respectively.
Recall the generator computation (4.1) and the notation D N i (4.2). As g grows at

most linearly and Dy, ’S is bounded (cf. (4.3)), we have

sup ’/tN2L<G,7TiV>dT’= sup ’/ Z Dng 7 ( ))dr‘

[t—s| <~ [t—s|<vy 1<k<N

< g*Cqg sup / Z n-(k }dr—g CG’Y* Z Mo (k).

[t—sl<vy 1<k<N 1<k§N
1
Recall that Ey [N Z;le no(k)} is uniformly bounded in N. Then, by Markov inequality,
we conclude that QN [sup|t_s|<7 fst N2L <G, 7T.,1_V> dT‘ > e] vanishes as N 1 oo and v | 0.
We turn to the martingale M;"“. By |MtN’G - MNC| < ‘MtNG‘ + |MN-C|, we have

]P)N[SUP\FSKA, |MtNG — MSNG} > e} < 2]P’N[sup0§tST ‘MtNG‘ > 6/2]. Using Chebyshev
and Doob’s inequality, we further bound it by

N (L R

By Lemma 4.1, Ex (M™% = O(N~1). Then, we conclude

lim lim IP’N{ sup ’MtN’G—MSMG’ >e} —=0. 0

y—0 N—oo \t—s\<v

9. PROPERTIES OF LIMIT MEASURES.

By Lemma 8.1, the sequence {QN } is relatively compact with respect to the uniform
topology. Consider any convergent subsequence of QY and relabel so that QY = Q. We
now consider absolute continuity and an energy estimate for trajectories under Q.
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9.1. Absolute continuity. We now address absolute continuity and conservation of mass
properties under Q.

Lemma 9.1. Q is supported on absolutely continuous trajectories: We have Q-a.s., for
all 0 <t < T, that m(dz) = p(t,z)dx where [ p(t,x)dx = [ p(0,z)dx with respect to a
measurable, nonnegative p.

Proof. A standard proof, namely that of Lemma 1.6, p. 73, [23], shows the first statement.
The second follows directly from the weak convergence of Q% to @ and the conservation of

mass > _,ery M(2) = Xzery M0(2)- O

9.2. Energy estimate. We now state an important ‘energy estimate’ for the paths on
which @ is supported. We follow the framework presented in Section 5.7 of [23], however,
there are major differences due to the inhomogeneous random environment. Previous bounds
on the random environment developed in Section 2.1 will be useful in the argument.

Proposition 9.2. Q is supported on paths p(t,x)dx with the property that there exists an
LY([0,T) x T) function denoted by d.®(p(s,x)) such that

/OTAﬁxG(S,x)Q(P(S,x))dxds: _/OTAG(va)axé(p(s,x))dxds

for all G smooth on [0,T] x T.

A main ingredient for the proof of Proposition 9.2 is the following lemma. For ¢ > 0,
§>0, H(-) € CYT) and N € N, we define

Wi (e, 8, H,n) = Z H{x/N) (@ (n°N(z)) — @ (°N(z + eN))]

eN
1<z<N
4 H?*(z/N CH(z/N
oy X TS apeen) - Y e ).
1<z<N 0<k<eN 1<z<N

Here, the constants ¢ and C, as we recall from Lemma 2.2, come from the inequalities

0<e< mkind%N < mkaxgth <1, and m]?x|gz5k7N — Prr1.n]| < N

Lemma 9.3. Let {H;}jen be a dense sequence in C*1([0,T] x T). Then, there exists a
constant Ky such that for any m > 1, and € > 0,

T
limsuplimsupEN{ max {/ WN(e,(S,Hj(s7~),775)dsH < Kp.
0

650 N—oo 1<j<m

Before going to the proof of the lemma, we turn to Proposition 9.2.

Proof of Proposition 9.2. It follows from Lemma 9.3 that

EQ[ sup / /8 H(s,z)®(p(s,x))dzds
HeC1([0,T]xT)

7—/ /H2sx p(s,x dxdsf—/ /st ))dxdsHSKOa
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cf. p. 103, Lemma 7.2 in [23]. As a result, for Q-a.e. path p(s,u)du, there exists B = B(p)
such that, for all H € C%1([0,T] x T),

/OT/TaIH(s,x) (o(s, ))dxds——/ /H2 5, 2)®(p(s, ))dads

——/ /st ,x))dxds < B,
Notice that

T
/ /H(s,x)@( x))dxds <= / /H2 s, 2)P(p(s,x))dxds + = / / ))dxds
o Jr

//H2sx p(s,x dxder—// (s, z)dzds

1
== H?(
2/ / (s,x) , ) 2 i p(0, z)dx.
We obtain

/OT/T&H(S,x)fb(p(s,x))dxdsC” /OTAHQ(M)@(p(s,x))dxds -

Cyg*T [ p(0,z)dx

WhereC”———i—g nd B’ =

2 c
proof of Theorem 7.1, p. 105, [23]. O
We now return to the proof of Lemma 9.3.

+ B. Now, the proof follows exactly from

Proof of Lemma 9.3. By the replacement lemma (Lemma 5.1, and notice that D]C\;, , can be
replaced by any bounded function), it suffices to show that there exists constant K, such
that for any m > 1 and € > 0

li]{[njllopEN ax / Wi (e, Hj(s ),ns)dsHSKO (9.1)
where
Wt 1O = Y PO (400) — gt +en)
1<z<N
2x X
e > B S ey - Y T ),
1<z<N 0<k<eN 1<z<N

Let 14 n(n) :== Iy~ pky<an- Define Wan(e, H(-),n) = Wn (e, H(-),n)1an(n).
As in the beginning of proof of the 1-block estimate, stated in Lemma 6.3, where we cut
off high densities, assertion (9.1) holds provided we prove that

limsupEN max / Wa,n (e, Hj( ),ns)dsH < K. (9.2)
N—oo 1<js<m
To this end, by the entropy inequality, the expectation in (9.2) is bounded from above by
1. 1
NH(/J |ZnN) + N InEgz, {exp max WA ~ (e Hj( ),ns)ds}H.

j<m
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Since the relative entropy H(u"™|%Zx) < CoN, we obtain the left hand side of (9.2) is
bounded from above by

1 T
Co + max limsup—lnE%N{exp{N/ Wa N(E,Hj(s,-),ns)ds}]
15j<m Noyoo N o "

By Feynman-Kac formula, for any fixed index j, the limsup term in previous expression is
bounded from above by

1ij{fnj;;10p /OT Sl;p {E{@N (Wa,n(e, Hj(57 )smfm)] — NEgzy [\/f(,g\/f)} } ds

where the supremum is over all f which are densities with respect to Zn. As ¢ < ming, ¢y N
and o is bounded, the Dirichlet form Eg, [\/f(fS\/f)} (cf. (6.2)) is estimated as

1 1 oy 1 a;]cv+1 2
> a5 (00 (G + 55) + berin (5 — =) ) (VI +02) = VIO + 0041))’]

2
1<z<N
> 3 B[S (VIG+ 0 — V0 + 80)°]- (9.3)
1<z<N

Here, we used, for each z, Eg, [g(n(z))f(n)] = Ezy ¢z~ f(n+d,)], where d, stands for the
configuration with the only particle at x; n + J, is the configuration obtaining from adding
one particle at x to 7.

It now remains to show, for all H in C%!([0,T] x T), that

Bzt [Wax (e, H(s,),m)f ()] = NEsey [F(=SVF)] <o0. (9.4)
We first compute that Eg, [Wa n(e, H(s,-),n)f(n)] equals
Egy {KZ;N %(g(n(ﬂf)) — g(nz + eN)Lan () f ()]
24NE@N [K;N HQEQJ:\{N) OSkZS:eNg(n(x + k))ﬂA,N(W)} (9.5)
| 3 S et an )

Notice that Eg, [g(n(x))1a,n(n)f(n)] may be written as
B¢z NLa N+ 02)f(n+ 02)] = Egy (e nTa—1/n5 () f (1 + 62)].

Then, the first expectation in (9.5) is written as

N

3 %E@N [(¢1,Nf(77 +02) = Paren, NS (N + Ozten)) llA—l/N,N(n)}
N
< Z %E@N [(f(n + 02) (P2, N — PateN,N)) 11A_1/N7N(n)} (9.6)
N, H(z/N)

TE%N {((bx-&-eN,N(f(n +62) — f(n+ 5x+eN)>)]lA—1/N,N(77)} .

r=1
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Using that 0 < ¢ < minlngN (bk,N < maxy ¢k,N < 1 and maxji<ig<N |¢k,N - ¢k:+1,N| <
CN~!, the first sum in the right hand side of the inequality (9.6) is bounded from above by

H(z/N)
N

CHEN) b 111+ ) Laca v ()]

] =

By [l +0,) 2 = ozl )] 0.7

8
Il
—

8
Il
-

H(z/N)
N¢CE,N

Now, we proceed to the second sum in the right hand side of (9.6). Using 0 < ¢ < mkin dr,N <

=
Q

o a:/N
Ezy [9(n(2))La,n(n) Z Egy [9(n(x))La,n(n)f(n)]-

r=1

max ok, N < 1, the sum is bounded from above by

ol x/N
Z ———FEg, {(f(ﬁ +0,) — f(n+ 5z+sN))]1A—1/N,N(77)]

x=1

which is rewritten as

N N1y
Ezy [ N+ 6z+k) — f(n+ 5z+k+1))1A—1/N,N(77)]
r=1 k=0
N eN-1
N [Z Z H(z/N) Ta—/nn(m) (\/f(ﬁ + 0ptk) + \/f(77 + 5ac+k+1)) (9.8)
=1 k=0
< (VI +b0r0) = VI + 0rini) |-
Using 2ab < a® + b2, for any B > 0, (9.8) is bounded from above by
eN—1 H2 J?/N )
Eazy [Z Z 2N B 1A—1/N,N(77)(\/f(77 +6uyk) +V F(n+ Oztht1)) }
z=1 k=
° N 09
+E=@N|:Z Z ﬁ (VI + 00ik) = V0 + 6orntn)) }
r=1 k=0
The first expectation in (9.9) is bounded from above by
eN— 1 (E/N
Eazx [Z Z 5N G (f(n+ burr) + fln+ 5m+k+1))1A—1/N,N(77):|
z=1 k=0
- H@/N) = gz +k)  ge+k+1)
“X N X e oy o )l s )] (9.10)
N 212 (2/N)
< Z T NG Z Ezy {9(13 + k)]lA,N(W)f(W)} -
r=1 k=0

The second expectation in (9.9) is rewritten and bounded, noting (9.3), as

al B 2 2/
Egzy [Z 5(\/f(77 + 5.76) - \/f(n + 63:+1)) } < ?E%'N [\/7(75\/?)}

z=1
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Now, we set § = ¢N/2. Putting together (9.5), (9.7), and (9.10), we obtain (9.4). O

10. UNIQUENESS OF WEAK SOLUTIONS

In this section, we present results on uniqueness of good weak solutions to the PDE (3.3).
Recall Definition 3.4 of a ‘good’ weak solution to (3.3).

Theorem 10.1. There exists at most one good weak solution to (3.3).
Proof. Let p be a good weak solution to (3.3). Since 9, (p(s,x)) exists, for all G(s,z) €
C ((0,T) x T), we have

T T
/ /33G(s,x)p(s,x)dmds = / /azG(s, x) [0:¥(p(s,x)) + K(z)¥(p(s, x))] dads.
o Jr o Jr
(10.1)
Define ¢(s, ) fo s,u)du. For any G(s,x) € C° ((0,T) x T), let

F(s,x) /Gsxdm—x/Gsx

Note that F(s,z) is also in the space C2° ((0,T) x T). Therefore we may apply (10.1) for
F(s,z). The left hand side, after integration by parts, becomes

T T 1 1
/ [0:F (s, 2)p(s, x)] féds —/ / 0s (G(sw) —/ G(s,x)dm)@(s,x)dmds. (10.2)
0 o Jo 0

The term fOT [0sF (s, 2)¢(s, z)] |(1)ds vanishes as the total mass [} p(s,2)dz is conserved.
Then, (10.2) can be rewritten as

/ / G(s,x) / G(s,z dm) (s,z)dzds
/ / 8,G(s, ) ( (s, x) — /Olcp(s,x)dx)dxds.

Define ¢(s,z) = ¢(s,x) — fo (s, u)du. We now have

/ / 0sG(s,2)p(s,x)dxds. = / / G(s,x)h(s, x)dxds (10.3)

h(s,x) = 0, ¥ (p(s,x)) + K(z)¥(p(s, ) / K(z ,x))dx.

By straightforward approximation, we obtain from (10.3), for any G(-) € C°(0,T) and
q(-) € L*[0,1],

/ 8,G(s / a(z )gb(s,ac)dm}ds. - —/OT G(s)[/olq(x)h(sgr)dx ds (10.4)

where

As ¢(s,-) and h(s,-) are both in L*([0,T]; L*(T)), (10.4) implies that di(b(s, -), the weak
s

d

derivative of ¢(s, -), exists and d—qb(& -) = h(s,-). Moreover, in terms of the Bochner integral
s

(ct. [6][p. 302]),

o) = [ G0l s +0(0.) (10.5)
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Now, assume there are two good weak solutions p1, p2 and corresponding quantities ¢1, ¢s.
If we show that ¢1 = ¢o, then it follows @1 (s, z) — @a(s,x) = fol w1(s,u) — @a(s,u)du for all
s,x. By conservation of mass, it holds ¢1(s,1) — p2(s,1) = 0 for all s. Then, we conclude
1 = 2, hence, p1 = p2 a.e. o

To this end, let ¢ = ¢1 — ¢p2 and ¥, , = U(p1(s,x)) — U(pa(s, x)). Therefore, by Lemma
10.2, we obtain

1

[ @) dw—§/1(¢<0w>>2dw

//(bsx 8\PI+K( dxdsf//gﬁssc [/K \Ilsudu}dxds

(10.6)
Notice, from Lemma 10.3, that

t pl t el t pl
/ / &(8,2)0, Vs pdzds = f/ / 0:0(s, )V pdxds = —/ / (8z$(s,x))2quvzdxds.
0o Jo o Jo 0o Jo

Here, we have applied the mean value theorem so that W, , = W),  0,¢(s, z).
Let A be such that |K(z)] < A < co. Note that ¥(-) is an increasing function and
0 <V¥'(-) < Cy. We have,

//¢sx \I’sxdxd8<//A‘¢staz¢sx|\I/ duds
/ / 7 %(816(5,3:)) \I/;J}dxds
A2 // (s, x) dxds—i— // \I’ Ldxds.

We also have

- /01¢>(s,x> Ji IK(U)\I’S,udu} deds
<A@/t(/l\¢<s,x>|dw) ([ [/ westnits.n] ) as
_AQC‘P/ (/ {¢sx|da:> ds + = /(/‘ 3x¢sx)‘dx>2ds
AQCW// 3(s,7))° dads + - // (0.0(s,))” dads.

Putting together the above, from equation (10.6), we get

/O (@t 2) do - /0 L300, 2)) dw < 24%Cy /0 t /0 " @(s,2))" duds.

Notice that ¢(0,z) = 0. The desired result now follows from Gronwall’s inequality. O

Lemma 10.2. Let h(s,-) := %g(s, -). We have

;/01 (@(t,x))Qdag — ;/01 (E(O,x))de = /Ot /01 (s, 2)h(s, x)dwds.



36 CLAUDIO LANDIM, CARLOS G. PACHECO, SUNDER SETHURAMAN, AND JIANFEI XUE

kt
Proof. For each n € N, let t;, = —, k=0,1,...,n — 1. Then
n

;/1 [(5(1% x))’ — (5(0,x))2}dx = ;/01:2:; {(i(tkﬂ,n,x)f — ($(tk,n,m))2]da¢

n—1 7
/1 O(thg1n, @ ) + ¢tk 7) /tHl h(s x)ds} dx
0

— tet QS tk—i—l ny L +¢(tk ny L )
= h(s, z)dzd

) t ns @ t n»y . .
Olth1, a:)2—|— O(th.n, ) if s € [tkm,tk+1,n)- Then, by weak continu-

ity of p(t,z), we have that ¢, (s,x) converges a.e.to 6(5 x) on [0,7] x T. By dominated
convergence, noting that h(s,z) belongs to L([0,T], L*(T)), we have, as n 1 oo,

;/01[@)( 2)° = (3(0,2)) dx—// R(s, x)dads
—>//¢sx (s, x)dxds.

Since the left hand side of (10.7) is independent of n, the lemma is proved. ]

Define ¢,,(s,z) :=
(10.7)

t ol t el
Lemma 10.3. We have / / &(8,2)0, Vs pdrds = —/ / 0:9(s, )V pdxds.
0o Jo o Jo

Proof. We first extend the class of test functions in (3.4). Assume that F': [0,T] x [0,1] —
R satisfies the following: (1) F is measurable; (2) for any fixed s, F(s,-) is absolutely
continuous; (3) there is a constant C' < oo such that |0, F (s, z)| < C for almost all s, z; (4)
fol 0, F(s,z)dxr = 0 for all s.

Let 7.(x) be the standard mollifier supported on [—e, €]. Define

Fs.o) = | ' [ Fswrta = wrs = a)duds

with F' extended to be 0 for s ¢ [0,7]. By (3.4),

T T
/ /Fe(s,x)azﬁ&wdajds: —/ /8$F€(s,x)ﬁs7xdxds.
0o JT o Jr

Taking € — 0, as 9, F (and therefore F') is bounded and VU, is integrable, dominated
convergence gives

T T
/ /F(s,x)axﬁs’xdxds = —/ /azF(s,x)@s’xdxds. (10.8)
0o JT o Jr

We now extend the admissible test functions further from F to ¢ as claimed in the lemma.
Introduce a truncation on 0,¢:

B Opp(s,u) AL xqzﬁ(s u) < A
(aaﬂé)A,sq,u =<(¢A 0 5( )
—-A L d(s,u) <
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Apply (10 8) with F 5 I [fO ’L‘¢ A,s,u xfo 'p¢ A,s,udu} [O,t](s) to get

1
/ / / z¢ A,s,udu - .’E/ (ama)A,s,udu} ax@s,mdxds
0
1 — —
/ / A 8, / (8x¢)A,s,'udu:| \I[s,wdxd&
0

As |(0.0) (s, 2)| = |p1(s, @) — pa(s, x)|, by conservation of mass, and that 9, Vs ,
is integrable, we have by dominated convergence that

1
i [ [ 070t [ i
A—o0

// /8x¢su u—:v/ 81¢sudu}8\11”dxds_//¢8x6\1,sxdxd8

Here, we used fo 0,0(s,u)du = fo p1(s,u) — pa(s,u))du = 0. Similarly,

lim// / $¢Asudu}\1’”dxds—o
A— o0

Finally, notice that (0,0)a 5. Vs = (8$¢)A75,18$$(3,x)111;7w increases in A since W . >0
(cf. (2.6)). By monotone convergence, we have

t el t ol
lim / / (6x$)A,‘g7mﬁ&xdxds:/ / ama(s,x)ﬁsyxdxds,
A=oo Jo Jo 0o Jo

finishing the proof. |
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