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Abstract

We consider a Markovian growth process on a partially ordered set A, equivalent to last passage percolation (LPP)
with independent (not necessarily identical) exponentially distributed weights on the elements of A. Such a process
includes inhomogeneous exponential LPP on the Euclidean lattice N3. We give non-asymptotic bounds on the mean
and variance, as well as higher, central, and exponential moments of the passage time 74 to grow any set A C A in
terms of characteristics of A. We also give a limit shape theorem when A is equipped with a monoid structure. Methods
involve making use of the backward equation associated to the Markovian evolution and comparison inequalities with
respect to the time-reversed generator.

Keywords— last passage percolation, partially ordered set, monoid, shape, corner growth, variance, moment, passage time
MSC— 60K35, 06A06

1 Introduction

We study a ‘crystal growth’ process on locally finite partially ordered sets (posets), which includes Euclidean lattices. From a
broader viewpoint, as is well-known, such growths are of interest in material science and other applications. The model we consider
maps to a ‘last passage percolation’ model with independent (inhomogeneous) exponential weights on the poset.

Our aim in this article is to give non-asymptotic bounds on the moments and variances of the passage times 74 for the formation
of sets A, in terms of characteristics of A. We also consider a law of large numbers (LLN) shape limit theorem for 74~ /n when the
poset is a monoid (see below for definitions), allowing one to define the iterates A™. In the Euclidean lattice context, even when
d = 2 and the weights are independent and exponential with homogeneous rates, in which case, there is a wealth of celebrated
results, our bounds on the mean, variance, higher moments, and moment generating function of 74, for arbitrary A, appear new.

Although we describe our results for an arbitrary poset A, one may like to keep in mind the standard d-dimensional lattice
context where A = N§ C Z¢ (where No = {0,1,...}) and for all o, 8 € N¢ with o = (e, ...,aq) and 8 = (B4, ..., Ba),

a < B if and only if «a; < B; forall 1 <i<d.

We will consider a Markov process X; that describes a crystal growth in A. In this process, more carefully defined and generalized
to locally finite posets in Section 2, we require that all of the sites ‘below’ @ € A must already be present before the process can
add « to its growth with a certain rate Aq.

For any subset S C A, we say S is a lower set when for all § € S, if « € A with a < 8 then o € S (see Figure 3 for an example).
We denote by L(A) the set of finite lower sets in A. Note that L(A) is also a poset under inclusion C. For any 8 € A and B € L(A),
we say

By ={a€eA:a<p}teL(A) and (B):={A€L(A): ACB}CL(A).
Because of the specifications of the growth, for all ¢ > 0, we have X; € L(A). Since L(A) is a poset, we may define the stopping
times of X;: For any A € L(A), we say

74 :=inf{t € [0,00) : AC X;} =sup{t € [0,00) : AL X:} (1)

and by abuse of notation, 7o = 7o) for a € A. Because X; is increasing with respect to the partial order, for any ¢ € [0,00) and
A € L(A), the following two events are equivalent:

{AC X} ={ra <1}. (2)
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Importantly, such a set equivalence will allow us later to use the backward equation of the process X; to characterize the distribution
function P (14 < t).

When A is a general poset, the associated process X, is a natural generalization of the crystal growth model on A = N¢. Note,
when A = N¢, the group structure of Z? allows us to define A + B for any A, B € L(Z%). Then, for any integer n > 0, we have
n-A={aa+...+an : ai,...,an € A} and a limiting shape function g(a) = limp— 00 Tn.<a>/n can be formulated. In a general
poset A, one needs a way to generalize the operation + in Z¢ to A. A natural way to do this is to assume there exists a monoid
structure on A. More specifically, there is an associative binary operation (z,y) — zy : A X A — A along with an identity 1a € A.
These notions are developed and stated in Section 3.5. General references to posets and monoids include [36] and [47].

We mention a couple of examples to keep in mind, beyond the Euclidean case A = Ng.

Example 1.1. A large class of partially ordered monoids that directly generalize N¢ are the positive cones C of finite dimensional
vector spaces intersected with lattices A. Suppose <¢ is a partial order on R? defined by a cone C' C R? (i.e. z <¢ y when
y—x € C) and let A C R? be a discrete subgroup. Then, we define A = AN C which is the non-negative cone of >¢ when restricted

to A. When C'is the non-negative octant in d-dimensions and A = Z%, we recover the simple lattice model Ng.

C

Figure 1: The positive cone C in A = Z?

To give another example, we can take A to be the free group on d generators S. Define
A:={a1---an €A : ai,...,a, €S}

so that A are the elements in A corresponding to words not containing inverses of any of the generators. Then, one may think of A
as a directed tree where each element has exactly d elements directly above it, and ordering is defined by the existence of directed
paths in the tree.
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Figure 2: A is a tree order with two elements immediately above each element
1.1 Discussion of Previous Literature

When A = N¢ and d = 2, the process X; is the well-known ‘corner growth’ model with independent exponential weights {Ga}taea
with rates {Aa}aca (cf. [24], [40], [46]). One may also view the times 74 as passage times in an inhomogeneous ‘last passage



percolation’ (LPP) model. That is, 74 corresponds to the maximal cost maxn Zf(;l) G, over ‘maximal increasing’ paths 7, where
{(m) is the length of the path, m; is the i-th element in the path. See Section 2.2 which makes this correspondence precise on a
general poset A.

With respect to A = N&, for independent, identically distributed (i.i.d.) exponential weights with parameter A (i.e. Ao = A
is constant), the process in d = 2 is part of an ‘exactly solvable’ class. There are many connections with combinatorics, random
matrices, polymer models, and totally asymmetric exclusion interacting particle systems through which the limiting scaled, centered
statistics of 7¢, have been found, among other limits. In particular, when &, = (n, |[yn]) € N for v € (0, 1), the exact orders of the
mean and variance of 7¢,, are n and n?/3, respectively, the latter corresponding to the well-known ‘KPZ’ relation. A survey of these
and other celebrated results and their histories can be seen for instance in [2], [3], [4], [5], [15], [18], [38], [41], and [46].

Further, in d > 2, when the distribution of {Ga}aea is more arbitrary, there are several results with respect to the law of ¢,
although not as complete as when the LPP model is ‘exactly solvable’. In d > 2, for a general class of i.i.d. ‘weights’ {Ga}aca
satisfying a moment condition, the a.s. convergence of an abstract LLN limit shape g(x) = limy, ;o0 T(¢,,)/n is known (cf. [22], [34],
[43]). In d = 2, close to an axis, when &, = (n, [yn]), the shape has ‘universal’ asymptotics g(1,7) = p+20,/7+0(,/7), as v — 0T,
where p and o are the mean and variance of G (cf. [40], [43], and [41]). Moreover, when &, = (n, |n®]), the time ¢, , centered
by nu+ 20n =" and scaled by onl/?27%/  converges to Fa, the GUE Tracy-Widom distribution (cf. [16]). For heavy-tailed weights,
convergence of the scaled passage times to those in a continuum last passage model has been shown (cf. [33], [31]).

In d = 2, for types of inhomogeneous independent exponential weights, the limit shape g(-) may also be computed (cf. [24],
[25], [28], or [40]). Also, with respect to types of inhomogeneous independent exponential weights, among other results, variance
and central moment bounds of 7¢, with orders matching those in the i.i.d. ‘exactly solvable’ model are shown (cf. [29], [26], [27]).
We comment also with respect to the homogeneous growth process X; in d = 3 (or LPP with i.i.d. exponential weights), there are
conjectures for the explicit form of the limit shape g(-) in [44]; see also [48] for a mapping of the growth process to coupled totally
asymmetric exclusions, a ‘zigzag’ process.

Also, in d > 2, for a class of i.i.d. weights, including gamma distributions (and so exponential distributions), the variance of 7¢,,,
where &, = n(e1 +...+eq) and {e;}{_, are the standard basis vectors of Z%, is bounded Var (7¢,,) < Cn/log(n) (cf. [32]). See also
[9] and [8] in the ‘first-passage percolation’ (FPP) context as well as [50] for related variance bounds in a dependent FPP model.

In d = 2, the bound C/log(n) < Var (¢, ) has been proven for a general class of i.i.d. weights {Ga}aca (cf. [7] and, for the
FPP context, [20]). Given that a positive constant lower bound C < Var (7¢,) in d > 3 in FPP is known (cf. [37]), one might
formulate a similar bound in LPP for a class of i.i.d. weights, although it seems such a statement is not extant.

In d > 2, these upper and lower bounds for the variance Var (7¢,) in non-exactly solvable i.i.d. weights {Ga}aca LPP models
are the best known, the conjectured order being n?? when d = 2 and the weights have sufficient moments as in exactly solvable
models. However, in d > 3, the order n® (if a power 3 exists) of the variance is unresolved, although there are numerical simulations,
including [49].

Although LPP models have been studied mostly in the A = N¢ setting, the work [1] formulates the process on posets and
discusses a geometrical perspective of passage times. Also, a few other settings with different schemes have been considered. The
work [30] considers Barak-Erdds graphs on Z and related ‘slabs’ on posets, while the work [51] features the complete graph with N
vertices. Also, the work [13] considers a continuous space model. In the first two works, weights are put on the edges of the graphs
and last passage times are defined via maximal length of (directed or self-avoiding) paths. The third work considers a generalization
of Hammersley’s last passage percolation problem on [0, 1]%. We note also in passing that there are several works on FPP in settings
beyond the standard Z* model, including [2], [6], [10], [11], [12], [14], [17], [21], [23], [35], and [39)].

1.2 Sketch of Results and Methods

In view of the previous discussion, our results are summarized as follows. In a general poset A, including the i.i.d. exponential
weights Euclidean LPP model A = N¢, we provide several non-asymptotic bounds in Section 3 with respect to the passage times 74
when A € L(A) is an arbitrary set. These include bounds for Var (74), the moments E [7}], the central moments E [(7a — E [74])"],
and also the moment generating function u — E [¢*™*]. These estimates are specified in terms of characteristics of the set A € L(A)
and the inhomogeneous rates {Aa }aca. We also give a LLN shape limit theorem when the poset A is a monoid (Theorem 3.18).

More concretely, we show that for each A € L(A) that A_(A)Var (7a) < E [ra] (see Theorem 3.1) where A_(A) is the minimal
rate Ao for @ € A. We also bound A_(A)E [T4] by (\/Z(A) +v/K(A) + 77(A))2 (see Theorem 3.10) where £(A) is a ‘length’, kK(A) is
a ‘width’, and n(A) measures a ‘spread of the rates’ for A.

In the Euclidean context A = N&, one can show that x(A) < log(d)¢(A) (Lemma 3.11). Further, refinements of the upper bound
when A = (&,) in terms of the ‘entropies’ of &, are given in Theorem 3.12. Then, Var (74) is of linear order in £(A), which gives a
‘diffusive’ variance bound. This is sharp in that it holds for each A € L(A), including when A = (£,,) and &, lies on an axis. Recall
in this case, Var (74) is the variance of a sum of /(A) independent exponential random variables.

We also give a lower bound for Var (74) in terms of the structure of A (see Proposition 3.4). In the Euclidean context, the
bound for A = (&,) reduces to a log(n) lower bound in d = 2 (see [7]). Additionally, in d > 3, this estimate gives a positive constant




lower bound which, although understood in the FPP context [37], seems not to be written in the LPP literature (see Corollary 3.5
and Corollary 3.6). We also give an example of a poset A where Var (74) is bounded below in order by |A| (Example 3.8).

As previously commented, in the setting of independent exponential weights LPP models in d > 2, when A € L(A) is an arbitrary
set, not necessarily in the form (&,), the non-asymptotic estimates for the mean E [r4], variance Var (74), and other statistics in
terms of properties of A seem novel. Of course, as noted earlier, there are better results when A is of the form (&,) and d = 2. Also,
the LLN shape limit theorem given in a class of monoids seems to be one of the first generalizations of the shape theorem beyond
the Euclidean setting. In particular, its application to inhomogeneous independent exponential weight Euclidean LPP models in
d > 3 seems new.

In terms of proofs, the bounds follow from analyzing the backward equation of the increasing process X; in terms of a time-
reversed generator A. In Lemma 4.1, a useful identity is derived by applying the backward equation to indicator functions of sets
1[A C X,]. We show an important comparison inequality Proposition 4.3 which allows one to bound functions of sets g(A) by f(A)
when (Ag)(4) < (Af)(A) and g(0) < /(0).

Accordingly, we obtain our estimates by choosing appropriate functions g and f. For example, for the variance upper bound
in Theorem 3.1, we will consider functions g(A) = Var (74) and f(A) = E [ra]. To bound E [r4], we use a bound on the moment
generating function E [¢“74] (see Proposition 3.14). We obtain this bound by considering types of ‘path functions’, which are discrete
surrogates of the exponential function (cf. [19] and [42] on bounding ‘greedy lattice animals’ for related objects). The structure of
the poset A also plays a role.

Our bounding techniques seem quite different from previous methods. They in a sense allow the ‘worst’ case of A € L(A), and so
are agnostic to the size of M(A) which could be as small as 1 or as large as |A|. However, our techniques require that X; is a Markov
process. That is, the weights {Ga }aca are exponentially distributed, although we allow their rates {\o} to be inhomogeneous and
the sets A € L(A) to be arbitrary.

For the monoid LLN shape limit result, as in the known Euclidean context, we make use of the superadditivity of E [Tan] /n.

2
However, to show the limit is finite in the general setting, we analyze an effective mean upper bound (\/E(A") + \/H(A”) + 17(A"))
via estimates on x(A™)/¢(A™) and a natural ‘steadiness’ assumption £(A") < C¢,.(A™), where £, (A"™) is a ‘minimal length’ that we
show is a subadditive sequence.

In part, our results extend to non-exponential independent weights {G.}. When the weights are all stochastically less or
all stochastically more than an exponential, the bounds for the mean and moment-generating function extend in a natural way.
Similarly, some of the results with respect to the shape limit theorem may be extended as well (see Section 3.6).

1.3 Plan of the Article

We begin with a formal definition of the process X in Section 2, followed by statements of the results in Section 3. After introducing
preliminary results for the time-reversed generator of X; in Section 4, we prove our results in Section 5.
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2 Crystal Growth Markov Process

We define now the class of partial ordered sets A considered in the article. This class includes the Euclidean model where A = Ng.
For any elements «, 8 € A with a < 8, we say 3 is an upper neighbor of « or, reciprocally, « is a lower neighbor of § if there
does not exist © € A with a < z < . We may write this relationship as o — .
Definition 2.1. We say A is locally finite if

1. for any a € A, {z € A : z < a} is a finite set,

2. A has finitely many minimal elements,

3. for any a € A, the element « has finitely many upper neighbors.

© M(4) [e] M*(A)

Figure 3: The maximal elements, M(A), and the growth elements, M*(A), for a lower set A C A = N3.

Throughout the article, unless otherwise stated, we will take A to be a locally finite poset. For example, A = N¢ is locally finite
since 0 € N¢ is the only minimal element and every element has d upper neighbors. Also, a rooted tree where the degree of a node
is finite but increases, say with its depth, is locally finite. On the other hand, a tree, where every vertex has an infinite number of
vertices below it, is not locally finite.

As before, let L(A) be the set of finite lower sets in A. Let M(A) be the set of maximal elements in A and let M*(A) be the
set of minimal elements in A\ A. Note that every element of M*(A) will be a minimal element of A or an upper neighbor of an
element in A. Note also, when A = N3, that M*(A4) = M(A) + 1 (as in Figure 3); such a relation does not hold for general A.

Since A is finite, M(A) is finite. Further, since A is locally finite, M*(A) is finite. Observe that M™((}) consists of the minimal
elements of A. Also, [M(0)| = 0, but for non-empty A, we have |[M(A)| > 1 (where |- | denotes the cardinality). Also, if A € L(A)
and A # A, we have |[M*(A)| > 1. If A is finite then M*(A) = 0.

We define a Markov process X; on L(A), with respect to rates {Aa}aca, with Ao € (0,00), so that for any A € L(A) and
a € M™(A), the process X; transitions from A to AU « with rate Ao. Here, we may think of M*(X;) as the set of ‘available cells’
for X; to grow into. Throughout, we assume Xo = ), though one may consider other initial conditions Xy € L(A).
For non-empty A C A, let A+ (A) := maxzea Az and A—(A) := minzea Az be the upper and lower bounds of {\o} in A. When
A = ), our convention is that A_(A) = Ay (A) = 0. To avoid pathologies, it will be convenient to assume throughout that the rates
satisfy
0<A_(A) <AL (A) < 0.

Hence, for non-empty A C A, we have 0 < A_(A) < A (A) < co. When the set A is clear from context, we may write A = A} (A)
and A = A_(A4).



The process X; is a continuous time, countable state Markov process with infinitesimal generator
(LHA) = > Aalf(AUa) = f(A)) ®3)
aEM*(A)

for functions f : L(A) — R. Given A (A) < oo, the process is non-explosive and well-defined for all ¢ > 0.

The time-reversed Markov process X_; is a ‘crystal etching’ process with ‘backward’ generator £* =: —A. For real functions f
whose domain includes A € L(A) and A\ « for all o € M(A),
ANEA) = > X (f(4) - f(A\ ) ()
aEM(A)

with convention (Af)(f)) = 0.

We will denote by P and [E the probability measure and expectation when X = 0.
Recall the stopping time 74 defined in eq. (1) for X; and A € L(A).
Lemma 2.2. For any A € L(A) and t >0,

—dP(m <t)= iIP’(AQXt) = > XalP(rava <t) —P(ra <t)] = —AP (ra < 1),

dt d¢
aeM(A)
where A — P (14 <'t) is treated as a function on L(A).
Proof. For A =0, as Xo = (), we have P (74 < t) =1 and the statement holds. Otherwise, we fix non-empty A € L(A) and use 1[]
as the indicator of a condition. We define sa : L(A) — R as sa(B) := 1[A C B]. Then, we can write
d

E(AC X)) = LB [54(X)] = E[(£54)(X0)

El Y da(saXiUa)—sa(Xy))| =E| Y AI[ACX,UaA¢Z X
aEM*(X¢) aeM*(Xy)

Notice that {A C Xt Ua, A Z X¢} = {A\a C X¢, A€ Xi}. Also, AC X¢Ua and A € X, implies @ € M(A). Conversely, when
ae M(A),if AC Xy Ua and A ¢ X; then oo € M*(X¢). Thus,

> ONIACKX U AL X )= DY AI[A\aCX AL X= D da(saa(Xi) —sa(X)).

aEM*(Xy) acEM(A) aceM(A)
Then,
d
GPACX)=E D da(savaX) —sa(X)) [ = D A (P(A\aC X)) -P(AC X)), O
aEM(A) aEM(A)

We now demonstrate the integrability of f(74) when f has at most exponential growth, using the tail probabilities of 74.
Corollary 2.3. For any A € L(A) and all t > 0, we have the bound
B (4 > ) < (At + DAlem (), (5)

where |A| is the cardinality of A. Further, let f : R>o — R be such that there exist C,to > 0 and u < A_(A) with |f(t)| < Ce"* for
all t > to. Then, E[|f(Ta)]] < co.

Proof. We will prove the result by induction on |A] > 0. For A = (), P (74 >t) = 0 for all ¢ > 0, and so the inequality holds.
When |A| > 1, we consider the derivative of e~ (P (14 > 1) = e~ (1 — P (74 < t)). Using Lemma 2.2 and the fact that
1 < |M(A)| < |A|, we have

e VB (> ) = AR (4 > 1) e LB (74 > 1)
=AM R a0+ S NalP (Taa > ) <P (14> 0)
aEM(A)
SANB(ma> ) =AM P> ket 3 AP (raa > 1)
aEM(A)
AN (AN )+ AT ()
aeM(A)

|A]-1
< Ap(A)eP DAL (A ()t + DA X AL (gt 4 1)1A = A 4] ('f " %) '
+



Integrating both sides from 0, we obtain

PP (ra > 1) — 1 < A

t+ L o =(ut+ 1) -1
At /\Lf” o
proving eq. (5).

Next, let f : R>o — R fulfill the given conditions. If A = @ then E[|f(ra)]] = E[|f(0)]] < oo. Otherwise, set K =
20 |f(#)] dP (74 <t) < oo and note that P(74 =0) = 0 as A # @ and Xo = . Then, from Lemma 2.2 and eq. (5), we
obtain

oo

E[lf(ra)l] = [f(0)IP (4 = 0) —/t IF@O)] dP (74 > 1)

=0

— K- / |—IP>TA>t)dt
- 3 / P (rava >t) —P (14 > t)} at
aeM((A)
<K+ Y )\/ O] P (ra > 1) dt
aeM(A) to

< K—|—)\+|A|/ Ce - (At + DAl at
to

K+ A‘;"+10|A|/ (t+1/30) A2 Gt < oo, 0
to

2.1 Well-definedness of Functions on L(A)

Because of the inhomogeneity of {Aa}aca, we remark that many functions A — E [f(7a)] of interest (e.g. those where f: R>o — R
grows exponentially) may only be defined on a subset of A. For instance, for f(t) = e**, the expectation E [f(74)] is well defined
when g < A_(A), but if A_(A) — 0 as A grows then E [f(74)] will cease to be defined for sufficiently large A. On the other hand,
if 4 < A_(B) then we can say E [f(74)] is well defined for all A € (B).

So, sometimes our results are stated for restricted-domain functions g : (Dy) — R where Dy, C A and g(A) is defined for
A € (Dy). Of course, the unrestricted case g : L(A) — R, when g is well-defined, can be recovered using Dy = A. These notions are
used in Lemma 4.1 and its applications as well as in the proofs of Proposition 3.14 and Proposition 3.16.

2.2 Relationship to Last Passage Percolation

We now observe the connection between the crystal growth model and last passage percolation on the locally finite poset A. Such
a correspondence is well known when A = Ng.

To this end, we define a path in A to be a (possibly empty) sequence m = (71,...,m,) where 71,...,7, € A, 71 is minimal,
and for all 1 <4 < n, m; < w41 and there exists no element 8 € A such that m; < 8 < mi41 (i.e. mi4+1 is an upper neighbor of
m;). Alternatively, for any a € A, a path to « is simply a chain maximal among those bounded by «. The length of the path
m = (m1,...,m) will be denoted ¢(7) := n. For each A € L(A), we take II(A) to be the set of paths m with m; € A for all 4.
Similarly, we take II,,,(A) C II(A) to be the set of maximal paths in A. When A = (), we have II(A) = II,,(A) = {0} where 0 is
the empty path. Also, by convention, empty summations vanish.

Figure 4: Three maximal paths in the lower set A C A = N2



Proposition 2.4. Suppose {Ga}aen is a collection of independent exponential random variables with rates {Aa taeca and for any
A € L(A), define

XA = max Gr,. (6)

Then, the stochastic process Yy = |J{A € L(A) : xa <t} is a Markov process with generator L from eq. (3). In particular, Y; and
XA have the same distributions as X¢ and Ta.

We give two proofs of the proposition in Section 5.5, for the convenience and interest of the reader.

3 Results

In the following, we begin with bounds on the variance Var (74), higher moments E [7}], and central moments E [(74 — E [74])"]
written in terms of E [74]. Bounds on the mean E [T4] and moment generating function E [¢*74] are supplied later. Then, we state a
LLN shape limit in a general monoid setting. Finally, in Section 3.6, we state some extensions to non-exponential weights {Gq }aen.-

3.1 Upper Bounds on Var (74) and Higher Moments in Terms of E [74]

First, we state a sublinear upper bound for the variance of 74 in terms of its mean. Estimates of the mean E [74] are provided in
Section 3.3.

Theorem 3.1. For any A € L(A), we have E [73] < 0o and A_(A) - Var (t4) < E [ra].

Because of Theorem 3.1, we have Var (74) < CE [ra]? for p = 1. However, it is known that this inequality holds for p < 1 in
certain cases. Namely, as remarked in the introduction, in the homogeneous two dimensional Euclidean model, with A = N2 and
Aa = A, the model is exactly solvable. One obtains for sets A = (n(e1 + e2)) that Var (74) ~ n? ~ E [r4]” with p = 2/3 (see [3]).
Since Theorem 3.1 implies 74 /E [74] — 1 in probability and L?, by Fatou’s lemma, we have liminf E [r4] /E [r4]” > 1. So, for large
n, one may verify the inequality Var (74) < KE [74].

We now assert that if Var (14) < KE [74]” for some p < 1 then one can obtain similar bounds on the higher moments of 74.
Related bounds are obtained for the higher central moments, giving a measure of concentration.

Proposition 3.2. Suppose that there exist real numbers K > 0 and 0 < p < 1 such that, for all A € L(A), we have Var (14) <
KE [74]. For each integer n > 0 and every A € L(A), we have

(n—1)?

E[r%] —E[ra]” < K2 E [r5+"2]. (7)

Corollary 3.3. Suppose there exists K > 0 and 0 < p < 1 such that Var (74) < KE [74] for all A € L(A). Then, for every n and
every A € L(A), the central moment is bounded by

n(n —1)32

B [(ra — Era))"]] < K5

E [Ti7 (ta+E [TA])”72] .

Also, for any sequence A1, As, ... € L(A) with p; :==E [’TA].] — 00 as j — 0o, we have E [(TAJ. — ,uj)"] = O(,ug-ﬂr”&) as j — oo.

Note that for p = 1, the assumption Var (74) < KE [r]] with K = 1/A_(A) follows from Theorem 3.1 and so is unnecessary.

3.2 Lower Bound on Var (74)

We can also obtain lower bounds for the variance as long as one can limit the growth rate of the lower sets. In particular, if we
know that the number of maximal elements of A does not grow too quickly then we can ensure that the variance of 74 does not
grow too slowly.

Proposition 3.4. Suppose there exists an increasing function f : R>o — Rxq such that for all A € L(A), we have ZQEM(A) Aa <
f(A]). Then, for all A € L(A),
AL gy
Var (14) > /
1

f@)?
Corollary 3.5. There exists C > 0 such that Var (1a) > C for all non-empty A € L(A).




Proof. Because A is locally finite, every element x € A has finitely many upper neighbors. Hence, for any n € Ny, there are finitely
many sets A € L(A) with |A| < n. So we can define a positive increasing function

We take C = fl f( )2 > 0. Then, by Proposition 3.4, when A is non-empty, so that |A| > 1, we have

Var (74) /w+1 dr o> O
ar (74) > >C >
Y= f@2

Corollary 3.6. When A = Ng and Ao = ) for all @ € A then Var (14) > 53z log(|A| + 1) for all A € L(A).
Proof. First, we show that |M(A)| < 1/2|A| for all A € L(A). Suppose A € L(A) = L(N3) and {(z1,%1), - -, (Tm, Ym)} = M(A) are
its maximal elements ordered such that x1, ...,z is an ascending sequence. For any ¢ < j, we observe z; < z;, but by maximality

(z4,y:) cannot be less than (x;,y;) and so y; > y;. Because {y;} are integers, we have y;_1 > 1+ y;. Since y,, > 0, by induction,
we have y; > m — j. Note that for every 0 < b < y;, the element (x;,b) € A since A is a lower set. Thus, taking k =m — i+ 1,

mo Y4 m m
m(m+1 1 1
1A] > UU{x“b)}’ Zyz+1 Sm—i+1) :Zk:%zgm%gww?
i=1b=0 i=1 i=1 k=1
implying that |M(A)|?> < 2|A| proving the result. Thus, the result follows by Proposition 3.4. O

Corollary 3.7. Suppose there exists b > 0 such that |M(A)| < b for all A € L(A). Then, Var (74) >

diverges linearly in |A| as |A| — co.

%, and so Var (T4)

Proof. We define f(|A[) := A4 (A)b > 3" crqa) Aa- Then, by Proposition 3.4,

N I |A|
> = .
Va2 [ i = -

Example 3.8. A toy poset A satisfying the assumptions of Corollary 3.7 is A = Ny x S where S is a finite set and for any
(n1,s1), (n2,s2) € Ng x S, (n1,s1) < (n2,s2) if and only if n1 < na. This ordering forces the growth process to fill each layer (e.g.
{n} x S) sequentially so one always has |[M(A)| < |S].

Figure 5: The lower set A in the poset Ng x {1,...,5} where the ordering is determined by Ny (up is greater) and (n,a)
is incomparable to (n,b) whenever a # b

3.3 Bounds on E [74]
For any A € L(A), we define the length, ¢(A), of A as the maximum length of a path in A:

(A) = 0(r) = ().
(4) = max bm) = max, Hm)

Here, we take £(()) = 0. Naturally, one expects that the stopping time 74 would be bounded below in terms of £(A), since every
path in A must be filled in order for A to be occupied.



Proposition 3.9. For any B € L(A), we have Ay (B)E [t5] > ¢(B).

Although simple, this bound is sharp when considering arbitrary A. In particular, one can take A = Ng and 79 ,,—1] is the sum
of n exponential random variables with rate A\. Hence, E [T[Oyn,lﬂ = An = M([0,n — 1]). One can also consider any model where
the poset Ny arises as a lower set of A, such as when A = N¢.

If we know something about the size of the set A (i.e. the number of paths in A), then we can also upper bound the mean
E [7a]. To express this bound, define the width x(A) for any A € L(A) as the logarithm of the number of maximal paths in A and
the rate spread n(A) for any non-empty A C A as the logarithm of the ratio of the maximum and minimum rates A in A:

k(A) :=log|lIn(A)| and n(A):=log (ijgﬁ;) . (8)

We specify that (@) = n(0) = 0. Note the width will typically grow as |A| — oo, while since 0 < A_(A) < A4 (A) < oo, we have
n(A) < n(A) < oo.

Theorem 3.10. For any A € L(A),

A (AE [ra] < (V) + V/w(@) +0(A)

One can think of x(A)/£(A) as describing a ‘shape’ or ‘aspect ratio’ of A independent of its size. Naturally, one may want to
bound k(A) in terms of £(A) to ensure at most linear growth of the mean E [r4] in terms of £(A). In general, this may not be
possible. Consider a tree poset where the number of branches for each element increases as one moves up the tree.

Lemma 3.11. Let A € L(A) and suppose that there exists d € No such that A has at most d minimal elements and for every x € A,
there are at most d upper neighbors of x in A. Then, k(A) < log(d) £(A).

If we restrict Theorem 3.10 to the case of the d-dimensional lattice where A = N¢ then we can explicitly calculate k(A) in
terms of £(A) using Stirling’s approximation. In particular, the bounds in Theorem 3.12 give information on the shape function
g(a) = limy 00 T(na)y /7, known to exist in the homogeneous rate A, = A setting (cf. [43]), but non-explicit in d > 3. We comment,
the limit below extends the known limit in d > 3 for homogeneous weights to an inhomogeneous setting.

Theorem 3.12. Suppose A = N& for d > 1. For any a = (o, ...,aq) # (0,...,0), define p; := é?ﬁi) for each i. Then,

K

d
lim ((<ZS>>)) _ Zpi log(ps), (9)

2

hﬂsipErEZZ?] S/\,l(/\) 1+ /—zi:pilog(pi) : (10)

Moreover, suppose in addition that Ay > Ay for x,y € A with x < y. Then, by the later Theorem 3.18, the limit of % exists.

That is, one can replace limsup’ with lim’ in eq. (10). Also, the limit of T(nay/n converges in L2

3.4 Bounds on the Moment Generating Function of 74

We introduce types of ‘path functions’ that will allow us to estimate the moment generating function of 74, tight up to first order
expansion as u — 07. Part of the rationale, as will be seen in the proofs, is that they behave nicely under the operator A.

Definition 3.13. For any f: Ng — R, we define the greater path function I'. f : L(A) — R as

A= 3 ()

TETI(A)
where II(A) is the set of paths in A.
We can apply I'. to the geometric function f(n) =r" for a real r > 1.
Proposition 3.14. For any B € L(A) and real 0 < u < 1,

> et mo (0t b 1) 2R [ @]

well(B)
T#0
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We now construct a lower bound for the moment generating functions. To do this, though, we must use information about how
quickly A branches.

Definition 3.15. We define a branching allocation i to be a collection of non-negative real numbers
{assp ER>0 : @, € A, is a lower neighbor of 3} U {t, : u € A is minimal}

such that for each «, ZB Yasp < 1and Eu s minimal Yu
with respect to a branching allocation v is

< 1. Given a branching allocation 1, we say the weight of a path = € II(A)

£(m)

W%D(ﬂ—) = Py H Yy
i=2
and wp = 1. Then, for any f : Ng — R, we define the lesser path function I'Y f : L(A) - R as

(f) ()= 3 FEm)ws(m).

TETI(A)

when clear from context, we may omit v and simply write I'- f.

As with the greater path function, we can consider the lesser path functions for f(n) =r".

Proposition 3.16. Let ¢ be a branching allocation. Then, for non-empty B € L(A) and 0 < u < A—(B)/A+(B),

u (F;" {ﬁ} (B) — 1) <E [e“(B)“TB} ~1

We remark that the upper bound Proposition 3.14 is used to make the upper bounds of E [r4] in Theorem 3.10. On the other
hand, the companion lower bound Proposition 3.16 can be used to give an alternate proof of Proposition 3.9 (see Remark 5.5).

3.5 Partial Orders on Monoids

When A = N¢, we notice that every element of A ‘looks like’ every other element of A. In particular, for any o € A, we have the
transformation x — x + « (inherited from the group structure of Z) which carries 0 € A and its upper ray [0,00)s = {z € A : = > 0}
to o and its upper ray [a, 00)a. This transformation structure gives natural sequences of elements and hence lower sets on which
to consider their stopping times. In particular, for any A € L(N§), we may define nA := {(nz1,...,nzq) : (z1,...,24) € NI}
and consider the behavior of E [r,4] /n as n — co. The key ingredient here is the order preserving transformation provided by
translation.

To generalize, let A be a group with a partial ordering <. We say that < is compatible with A if for all ay, az, b1, bz € A,
a1 < az and by < by implies a1b1 < agbz. Then, we define A := {x € Az > 1K}- where 17 = 14 is the identity of A and A. So,
being a subset of a group, A naturally has the structure of a monoid (i.e. a set with an associative binary operation and an identity
for that operation) with a partial order.

For the remainder of the section, we assume that A is a group with a compatible partial ordering and A C A is the non-negative
cone so that A := {z > 1o : = € A}. In the later results, we will assume that A is locally finite. We comment that the second
condition of Definition 2.1 automatically holds as 14 is the unique minimal element in A.

The length ¢(A) of A € L(A) may appear superficially similar to the diameter (as are defined in metric spaces). However, as
seen in Lemma 5.7, the mappingA — ¢(A) is superadditive, contradicting this analogy. We define a related notion of ‘length’, which
however is subadditive (cf. eq. (20)): for every A € L(A), let

L.(A) = r;?j(min{é(ﬂ) cm e 1L, ((x)}-

In words, min{¢(7) : m € IL,,({x))} is the smallest number of steps to get to x, and ¢,(A) is the largest such number over z € A.
Note £.(0) = 0. Since ¢(A) = maxgzea max{{(7) : ® € I,n,({(x))}, clearly £.(A) < £(A).

Definition 3.17. For any two lower sets A, B € L(A), we define the set
AB:={zx €A :3JacAbec Bst. z<ab}.

Later in Lemma 5.6, we show AB € L(A) and A™ € L(A). Then, for any n € Ny, we can define, recursively, A™ := AA™ ™",
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We will now state the existence of a shape function to which 74n /n converges as n — oo. A sufficient condition we impose is
that ¢(A) does not have faster than linear growth. For any monoid A, we say A is steady if there exists C' > 1 such that for all
x € A, we have

max {(m)<C min {(m).
€Il ({z)) wE€m ((x))

So, steadiness implies that for all A € L(A), £(A) < C¥.(A). Because of the subadditivity of ¢,(A) (shown later in Lemma 5.7),
steadiness ensures that ¢(A™) has at most linear growth in n. See Remark 3.22 for an example of ‘non-steadiness’.

Theorem 3.18. Suppose the monoid A is locally finite and steady. Further, assume that Ay > Ay for any x,y € A with z < y.
Then, for any non-empty A € L(A), the following limit converges and fulfills the inequality:

o) = Jim 02 < 5 W Jim )+ i/(“‘")) | "

Additionally, L7an — g(A) in L* asn — .

Note that trivially, as 7p = 0, we have mgn /n = 0. Also, if A is finite then 74» < 7o < co almost surely and so 74»/n — 0. In
addition, recall the ‘width’ k(A) defined in eq. (8) is the logarithm of the number of maximal paths in A. If S is the finite set of
upper neighbors of 1a, then one can show that every element of A has at most |S| upper neighbors (see the beginning of the proof
of Theorem 3.18). Also, as A has a unique minimal element, namely 15, we may apply Lemma 3.11 to bound x(A) in terms of £(A),
giving a further bound to eq. (11).

Additionally, the steadiness condition allows several examples. For instance, referring to Example 1.1, in the Euclidean case,
when A = N¢, or when A are the words constructed from d generators, we have £(a) = £*() since, for any element a € A, every
path from the minimal element to o has the same length.

We say the group A is finitely presented if there exist a finite set of generators S and a finite set of relations R among them
such that A = (S| R) (cf. [36]). The group (S| R) is the collection of equivalence classes of words consisting of elements of S and
S~ where the equivalence relation is determined by reduction by the relations R. With respect to the compatible partial ordering
<, we will assume the corresponding partially ordered monoid A = {z € A : = > 15} is finitely generated. So, by Lemma 5.8, if A
is steady then it is locally finite.

Example 3.19. Both the Euclidean and free generator settings in Example 1.1 correspond to finitely presented A and finitely
generated A. Another example on the lattice may be described by its group presentation: S = {a,b,c} and R = {bc = a3}. Then,
let A = {(a,b,c|bc = a®) be the abelian group generated by S. Further, let A = {x € A : 2 > 0 = 15} C A be the associated abelian
monoid generated by {a,b, ¢} subject to bc = a®. One can see that A = Z* and A will have the structure of a poset: the cone in
Figure 1 with the binary operation written additively and

a=e1+e, b=2e +e2, and c=e1+ 2es.

Here, it may be seen that £(x) > ¢.(x). Indeed, this is the case say for z = b+ ¢ = 3a where {(z) = 3 and /. (z) = 2.

We consider a generalization of the above example in the following statement.

Corollary 3.20. Suppose S is a finite set of generators and R is a finite set of relations on S. Assume A = (S|R) is abelian and
A is generated by S. Then, A is steady and locally finite so that for any A € L(A), eq. (11) holds.

We note in passing that A may be a finitely presented group, while A is not finitely generated. Indeed, if A = Z2 and
A= {(z,y) €Z* : x> 0and 0 <y < mz} then there are infinitely many lattice points arbitrarily close to the line y = mx (with
irrational slope) none of which can be written as sums of non-negative multiples of other elements in the cone. Thus, each of these
must be in any generating set of A. However, specifying that A is locally finite precludes such cases.

If one places some restrictions on the relations of a non-abelian group then we can also achieve steadiness.

Corollary 3.21. Suppose the (possibly non-abelian) monoid A is finitely generated by S and suppose A = (S| R) where R is finite
(possibly empty). Further, assume that any relation (a1 ...an = 1x) € R is such that |[{i € [1,n] : a; € S} =|{i € [1,n] : a; €
S}, Then, A is steady with C = 1 and locally finite so that for any A € L(A), eq. (11) holds.

One may fit the non-abelian free group setting in Example 1.1 (without relations) into the assumptions of Corollary 3.21.
Another simple example is A = (a, b, c|abc = cab = bca) (the group which allows cyclic permutations of a, b, and ¢) and A C A to
be the monoid generated by {a, b, c}. The relations abc = cab = bca may be written as abcb™'a " ¢™" = abca™'c™'b~! = 1, fulfilling
the conditions of Corollary 3.21.

Remark 3.22 (On Non-steadiness). If the relations on a noncommutative group are not so well behaved then one can display
groups where the minimum and maximum length paths to an element = € A differ quite substantially. Take A = (a,b,c|ab =
bac?, ac = ca,bc = cb) so that z, := (ab)™ = b"a"c" ™V, Then, the minimum length path to z, (i.e. £.({(z))) is at most 2n, while
the maximum length path (i.e. £({(x))) is at least n® 4+ 3n and "22%3" — 00 as n — o0o. Hence, the associated poset A is not steady.
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3.6 Extension to Stochastically Monotone Weights

We comment here on immediate extensions of some of the results to non-exponential independent weights {Ga }aca. We begin with
the bounding of the moments and moment generating function.

Remark 3.23. Suppose {Ga}aca and {Hqs}aen are collections of independent random variables such that G, < H, for every

a € A (where < indicates stochastic ordering). For every A € L(A), let TI(AG) and T1(4H> be the stopping times defined by eq. (6)
associated with each collection. Then, because maximum and summation are monotonic, we have T1(4G> =< TI(AH) for every A. Thus,

G)

(G) k (H) k . uT( uT(H)
for every k > 1, we have E (TA ) <E (TA ) . Similarly, for every v > 0, we have E [e A } <E [e A }

In particular, if {Ga}aca is a collection of independent random variables and {Aa}aea is a collection of positive reals such
that for every «a, G is stochastically less than an exponential distribution with rate Ao, then the upper bounds of the mean and
exponential moments in Theorem 3.10, Theorem 3.12 and Proposition 3.14 (using {Aa }aca as the rates) apply to the stopping times

T‘<4G) as well. Correspondingly, if for all a, G4 is stochastically greater than an exponential distribution with rate A, then the lower
bound for the mean and exponential moment Proposition 3.9 and Proposition 3.16 apply.

We now discuss extension of part of the LLN shape limit theorem Theorem 3.18.

Remark 3.24. Suppose {G.} is a collection of independent random variables, but not necessarily exponentially distributed.
Instead, we assume that there exists A > 0 such that for all @ € A, the variable G, is stochastically less than an exponential
distribution with rate A. Further, assume that G, < G, for any z,y € A with « <y.

Because the proof of Lemma 5.7 only relies on the stochastic ordering of the weights {Ga}aca (as in Remark 3.23), it is still

true that A — E [TIEXG)] is superadditive. By Remark 3.23, as {Ga}aca are all stochastically less than an exponential distribution,

the upper bound on the mean from Theorem 3.10 applies to E |:T((4G)i| as well. Hence, the limit in eq. (11) will converge and fulfill

the given inequality.

Finally, we comment that these stochastic ordering arguments, however, cannot be easily applied to the bounds of variances,

such as that of Var (74) in Theorem 3.1 for instance. In particular, the L? convergence stated in Theorem 3.18 may not be applicable

to ’7'1(4G).

4 Properties of the Backward Operator A

Recall the operator A given in eq. (4). We derive several key relations with respect to well-defined functions (see Section 2.1) useful
in the sequel. The first result computes the action of A on a function A — E [f(74)] in terms of the derivative of f.

Lemma 4.1. Let f € C*(Rs0) be a continuously differentiable function such that there exist Dy € L(A), C,to > 0, and u < A—(Dy)
with |f'(t)| < Ce'™ for all t > to. Then, A — E[f(74)] and A — E [f'(14)] are well-defined real functions on (D) and for all
non-empty A € (Dy), we have

AE [f(7a)] = E [f'(7a)] -

Proof. First, from Corollary 2.3, we know E [f'(74)] exists for all A C Dy. Similarly, notice that if K = |f(0)| + foto [f(t)] dt then
for any t > to,

£ < 1£0)] +/0 F/(s)] ds < K + C/t o ds

<K+ ge#(t—io) < <K—|— g) eu(i—to)
H 12
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implying that E [f(74)] also exists for all A C Dy. We will write pa(t) := P (74 <t). Then, using Lemma 2.2, we can write

E[f'(ta)] = [ /f ) dpa(t /f dtpA
:ae%jw o [T 1@ b - pao)] @
_QE%:(A))\{ Jpava(t) — / f(t) dpava(t) / f(t) dpa(t }
:aegm))\a Kf(O)pA(O)—&-/O f@ dpA(t)>—< )PA\a (0 / f(t) dpava(t )}
= 3 A J[EUE] - E [fraa)]] = AE[f(a)]. -
aeM(A)

Next, we derive a product rule for the backward operator A. In order to state this relation, for any two functions f,g: (D) — R
where D € L(A) or D = A, define the quadratic covariance of f and g as

[F.9(A) = > Xa [£(A) = A\ @)] - [9(4) — g(A4\ @)]

aceM(A)
for all non-empty A C D and [f, g](#) = 0.
Lemma 4.2. For any f,g: (D) — R and any A C D € L(A), we have
A(fg)(A) = f(A) - (Ag)(A) + (Af)(A) - g(A) — [£,gl(A).
Proof. When A = 0, we have A(fg)(A) = (Af)(A) = (Ag)(A) = [£,g](A) = 0. Otherwise, we can write

AU +[F,0(A) = D Aa[F(A)g(A) - F(A\a)g(A\ o)
aeM(A)
+ F(A)g(A) = [(A)g(A\ ) = f(A\ @)g(A) + F(A\ a)g(A\ a)]
= Y e [F(A)g(4) — F(A)g(A\ @) + F(A)g(4) — [(A\ a)g(4)]
aeM(A)

= [(A) - (Ag)(A) + (Af)(A) - g(A). =

We will now state the main vehicle for our results, a difference inequality on well-defined functions. We give an analytic argument,
although a ‘martingale’ style proof can also be envisioned.

Proposition 4.3. Consider functions f,g : (D) — R with D € L(A) and ¢ : (D) x R = R such that for any A C D and for all
z,y € R with x # y, we have [p(A,x) — p(A,y)| < |z =y >, cpq(a) Aa- Suppose f(0) > g(0) and for all A C D that

(Af)(A) = p(A, f(A) and (Ag)(A) < (A, g(A)).

Then, for all A C D, we have f(A) > g(A). In particular, if f(0) > g(0) and for all A C D, we have (Af)(A) > (Ag)(A), then
f(A) > g(A) for all AC D.

Proof. We will prove by induction on |A|. If |A] = 0 then A = 0 and f(A) = f(0) > g(0) = g(A). Otherwise, we consider when
|A] > 1. By the induction hypothesis, we know f(A\«a) > g(A\a) for all @ € M(A). Then, take s := 3" (1) Ao and notice that

= > f(A\ = Y Aaf(4\a)
acM(A) acM(A)
If f(A) = g(A) then f(A) > g(A). Otherwise, f(A) # g(A) and we write the difference as
SF(A) — s9(4) = (ANA) ~ A+ Y Aa [/(A\ ) g4\ )]

aEM(A)

= (Af)(A) = (Ag)(A) = (A, f(A)) — (A, g(A)) > —s[f(A) — g(A)].
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Rearranging, we obtain
0 < s(F(A) — g(A)) + sIF(4) — g(A) = s (‘sen(F(A) — g(4)) + 1) |7(A) ~ g(4)]

which implies sgn(f(A4) — g(4)) + 1 > 0 and f(A) # g(A). Then, sgn(f(A) — g(A)) > —1 and therefore sgn(f(A4) — g(A4)) =1
and f(A) > g(A). For the last statement, we may take p(A,z) = ¢(A) = (Ag)(A4) (or (Af)(A)), and note that since z # y,
lp(A ) = p(A,y)| =0 < |z =yl > capqa) Ao Is satisfied. O

Corollary 4.4. Suppose h : (D) — R with D € L(A) and |u| < A_(D). If (Ah)(A) > uh(A) for all A C D then h(A) > h(D)E [e“74]
for all A C D. Alternatively, if (Ah)(A) < uh(A) for all A C D then h(A) < h(D)E [e"74] for all A C D.

Proof. For the first case, we apply Proposition 4.3 with f(A) = h(A), g(A) = h(D)E [e*74], and ¢(A,z) = uz. When A = 0, we
have f(0) = h(0) = g(0), and the claim holds. Otherwise, A has at least one maximal element, and

lo(A, ) —p(A )| = [ul - [z =y < A-(D)le -y <z —y| D Aa
aEM(A)

From Lemma 4.1, we have (Ag)(A) = uE [h(D)e""2] = ug(A) = (A, g(A)). From the hypothesis, we have (Af)(A) = (Ah)(A) >
uh(A) = uf(A) = ¢(A, f(A)). Hence, the conditions of Proposition 4.3 have been fulfilled and so h(A) = f(A) > g(A) = h(D)E [e"74]
for A C D.

Similarly, for the second case, we apply Lemma 4.1 with f(A4) = h(0)E [e*™4], g(A) = h(A), and p(A,x) = uz. Then, we get
h(A) = g(A) < f(A) = h(D)E [e*™4] for A C D. -

5 Proofs

We now prove the results, mostly in succession, as stated in Section 3. We note the exponential bounds in Section 3.4 are proven
before those for the means, as they are used in the arguments for the mean bounds in Section 3.3.

5.1 Proofs of Variance and Moment Bounds

We now supply the arguments for the bounds on the variance Var (74) and moments given in Section 3.1. These rely on the
difference inequalities from Section 4. The variance bounds are given first as they are shorter.

Proof of Theorem 3.1. By Lemma 4.1, since t — t? is sub-exponential, the function A — E [7’%] is well-defined on all of L(A) with
D = A. When A =, we know Var (r9) = 0 = E [ry], and the desired statement holds.
Otherwise, for non-empty A, we apply A to Var (74). Then, we use Lemma 4.1 and Lemma 4.2, noting AE[74] = 1, to obtain

AVar (t4) = AE I:Tf;] — A(E[74] -E[74]) =2E [ra] —E [74] — E [ra] + [E [74] ,E [74]] = [E [r4] ,E [ra]]. (12)
Now, since E [t4] > E [rg] whenever B C A, we have E [TA - TA\a] > 0. Hence, the quadratic variation is bounded by

2

AWEFALEall =2 > XME[ra-7aal’< | D XE[ra—7aa] | =(AE[ra])’ = 1= AE[r4]
aEM(A) aEM(A)
implying that AVar (14) < ﬁAE [Ta]. So, by Proposition 4.3, Var (74) < %(A)E [Ta]. O

Proof of Proposition 3.4. When A = (), the claim holds trivially. Otherwise, consider a non-empty set A. For n > 1, define
Vo :=min{Var (73) : B € L(A),|B| = n} € R. Also, define sa := 3 ¢4y Aa- From Theorem 3.1 and Jensen’s inequality, we
have

A

AVar (ra) = [Elral E[ral) =sa > Z°E[ra- Tava)’
aem(a) o4
2
Ao AE |
25‘4 Z ?E [TA_TA\OL] :SA< S[TA]) :8—
aema) A 4 A
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Now, for any n, let A € L(A) with |A| = n. From the definition of A and noting that |A \ a| = |A|] —1 =n — 1, we obtain

Var (14)

Z Aa (Var (T4) — Var (TA\a)) + Si Z Ao Var (TA\a)

1
54 Lema) A aema)

1 1
;AVar (ta) + o Z Ao Var (TA\Q)
aEM(A)

1 1 1 1
1.1 AaVidl 1 > oot Va1 = e+ Vi,
5 o, 2 eV = Vi S

This holds for all A with |A| = n. Here, V,, > ﬁ + V1. Thus, since f(k) increases as k increases, we have as desired,

n

1 "l dx
“Zhgw)zﬂ @)

Proof of Proposition 3.2. As t — t" is sub-exponential, we may define ¢, : L(A) — R by gn(A4) :=
A € L(A) (with D = A). When A = (), the claim holds trivially.
Otherwise, for non-empty A, applying A to E [ra]" yields

AE [14]" =

Then, using Lemma 4.1,

n—1

E [74] — E [ra]™ for every

Z Ao (E[ra]” —E [TA\Q]"> — Z Ao (E[7a] — E [Tava]) ZE [ra]"E [TA\a]n—k—l'

acM(A)

aceM(A) k=0

nE [ra]" "t 1=nE[ra]" " - AR [ra] = nE [ra]" ™" Y Aa (E[ra] = E [rara])

aceM(A)

= Y a (Efral —E [rava]) S Efral”
) k=0

aceM(A

Hence, the backward operator A applied to ¢, gives

Agn = AE [74] — AE [74]" =n (E [Tzfl] —E [TA]nfl) +nE [14]""" — AE [ra]”

Now, we consider just the sum over k,

Aqn

—1

=ngn-1(A) + Z Ao (E [ta] — E [TA\a]) - (E [TA]”—l —E [TA]kIE [TA\a}nfkfl) . (13)
aEM(A) k=0
(IEI [ra]"" —E[ra]*E [TA\Q}”"H) - i E [74] (IE [ra]* "' —E [TA\Q]""H)
k=0
— (B [ra] ~ E [rava]) S E [ral* f E [ral’ E [rava] ™
= (E[ra] ~ E [rava]) S E Al E [rave] 2 301
5=0 j=0
< (E[ral — E [rava]) (5 + DE [ra]™”
= (Efra] ~ E [rano]) "V fry
where s = k + j and E [74\a] < E [74]. Substituting this back into eq. (13) and recalling eq. (12) gives
<nga() 4 T A (Blral B lraa])? M e
aEM(4) (14)
= ngn—1(4) + ME [Ta]" " AVar (4).

2

16



Next, we notice that Var (TA\Q) >0and E [7’,4]"72 is non-decreasing in A. Then,
[Var (ta),E [TA}n_Q] = Z Ao (Var (ta) — Var (TA\Q)) (E [TA}"_2 —E [TA\Q]TL%)
aceM(A)

< Var (74) Z Ao (IE [ra]" 2 —E [TA\Q}"—Q) = Var (14) AE [ra]" 2.
aEM(A)

Applying Lemma 4.2,
A (Var (1) E [74]" %) = E [74]" "% AVar (14) + Var (74) AE [74]" 2 — [Var (14) ,E [TA]"72]
>E [TA]n72 AVar (14) 4+ Var (7a) AE [TA]n72 — Var (14) AE [TA]n72 =E [TA]n72 AVar (74) .
So, eq. (14) becomes

n(n —1)
2

n(n —1)

E [TA}”_2 AVar (14) < ngn—1(A) + 3

Agn < ngn—1(A) + A (Var (14) E [TA}”_Q) .
Notice that for n = 0 and n = 1, we have qo(A) = ¢1(A) = 0, and so the inequality eq. (7) holds. Next, we show by induction

on n > 2 that ¢g,(A4) < K"(nQ;l)zE [Tﬁ+”_2]. For n = 2, we have by assumption that

@2(A)=E [Tj] —E[ra]® = Var (14) < KE [7] = KWE [T£+272} .
Then, when n > 3,
Agn(A) — @A (Var (14) E [7a]"?) < ngn—1(A)
< Kn—(n — e = 2)2E [Ti+"_3]
Kn (n — 1)(77/ — ;) (TL -2+ p) E [Tﬁ+n73]

= M=) A frren),

using Lemma 4.1, while

an(0) — 7”("2_ D Var (o) E[n]" ?=0<0= gD =2) 12)(" ~2g [rtn 2]

Then, from Proposition 4.3, using E [r5] <E[ra]’ as 0 < p <1 and E [ra]’E [ra]" ? <E [t5"" ] asp+n—2> 1+ p, we get

¢n(A) < 7”(”2_ D Var (74)E [ra] 2 + k202D =2) 12)(” ~ g [
n(n —1) 2 n(n —1)(n —2) in_2 n(n —1)32 2
SE=S R[]+ K= E [ = K= B[]
completing the induction and proving the desired result. O

Proof of Corollary 3.3. As in the proof of Proposition 3.2, consider ¢,(A) := E [t4] — E [ta]". We know ¢,(A) > 0 and, from
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Proposition 3.2, that ¢,(A) < K”(" ) (4 Btn— 2} Then, expanding the central moment,

IE [(ra = E [ra)")l = > (Z) (—1)"*E [4] E[m]"-’“’

k=0
- i <Z> (=1)"*E [ra]"E [ra]" ™" + i <Z> e [TA}nk'
k=0 h=0

€l ~Ea)"+ 3 (Z) (=1 qu(AJE [ra] ™"

~ n ]C p+k n—k
<
= (k:) K== 2 i }
k=0
— E - n— p-‘rk 2 n—k
=3 n(n —1) (k ) ] E [ra]”
k=2
n( (n- n(n —1)32
<K——— [T > ( >TAE }”—H} = K———E[r} (ra+E[ra))" ]
k=0
To address the last claim, we observe that E [7]] <E [r4]” as 0 < p < 1, and

[E[(ra —E[ra])"]| SE [tR(7a +E [ra])"*] < 2"°(E [T °] + E[4] E [74]"7)

< 2" 3PN E (|7 — E [ra] [PT 2] + E[ra]P T ?) + E [ra)7T?). (15)
Suppose n is even. Note that E [|[7a —E [ra] [PT"7?] < E[(7a —]]42[734])"]1#;:72 < €E[(ta —E[ra])"] for every 0 < € < 1
when E [(14 — E [74])"] diverges as A = A; grows. Hence, by choosing ¢2°72"7% < 1/2 and rearranging eq. (15), we have

|E[(7a — E [ra)™]] < Cuf+n_2 and the claim holds. If [E [(7a — E [74])"]] does not diverge, the claim trivially holds.
For odd n, by Schwarz inequality,

E[(ta —E [7a)"]| <E [(7a = E[ra])" (E [I7a = E[ra][] - 1)] < VE[(ra —E [ra)"H]E (74 — E [ra])"~1]. (16)

By applying the previous argument to the even power terms, we bound eq. (16) by C’\/,LLI"J”"“H 2u§’+" 42 _ O(M§+”_2) as

desired. O

5.2 Proofs of Moment Generating Function Bounds
Recall the definition of the ‘greater path function’ I'. f : L(A) — R. We also define the backward difference operator 6 f : Ng — R
of f as
(6/)(n) i= f(n) = fn— 1) forn>1 and (5£)(0) = £(0).
Also, we define the function € : Ng — R by €(0) = 1 and e(n) = 0 for n > 0. Note that §1 = € (where 1 is the constant function).
(

A) = Uaema) (A N TI(AN @)).

Proof. Let m € 1L, (A). Since 7 is maximal in A we have § := myr) € M(A). Since B ¢ A\ B, we have m ¢ II(A\ 3). Hence,
7€ TI(A) \ TI(A\ §).

Conversely, let m € U, e pq(a) TI(A)\II(A\@)) then 7 € TI(A)\II(A\B) for some 3 € M(A). Because 7 C II(A) and 7 & TI(A\B),
we must have § € m. Since 8 is maximal in A, we know my») = 8 and may conclude 7 is maximal in A. O

Lemma 5.1. For any A € L(A), we have 11,

Proposition 5.2. For any non-decreasing f : No — R with f(0) > 0 and any A € L(A), we have
A(Tf) (A) 2 A-(A)T=(61)(A).

Proof. The display holds for A = () by our conventions. Otherwise, for non-empty A, applying A to I'. f and recalling Lemma 5.1,
for all A € L(A), we have

AL @@= 3 X | X fem) - > fem)

aEM(A) TET(A) TEM(A\a) (17)
> > FEE) = D Anyy FUUT)).
aEM(A)  wEI(A)\(A\a) 7€My (A)
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Note that 6f > 0 since f is non-decreasing and f(0) > 0. Because every path in A is contained in at least one maximal path and
every subpath of a maximal path may be labelled by its length k = £(¢) for £ C 7, we may write

£(r)
A (AT (A) =2 D ofE@)<Aa > D sfwE)=x > D 6f(k)
£ETI(A) TEM, (A) ,5e€ré<WA) mEM,, (A) k=0
£(m)
=AY | FO+D R =1 ) = D A (A)f(L(r)
w€Ily, (A) k=1 7€l (A)
< (AT.f) (A). O

Proof of Proposition 3.14. One may verify that the claim holds when B = (). Otherwise, we fix a non-empty B € L(A) and will
consider functions defined on (B). All applications of the operator A will be with respect to A € (B). Note that (I'.e)(A4) =
> renica) €U(m)) = €(¢(0)) = €(0) = 1. By Proposition 5.2, we have (AT.1)(A4) > A_(A4)(I.€)(A) = A-(A).

For any r > 1, consider f : Ng — R given by f(n) = % Then, 6f(0) = To:rjl_l =1=17% and, for n > 1, we have
Pt 1 =1 " (r—1)
§f(n) = _ - =,
) r—1 r—1 r—1 "

Denote by r™ the function n — ™. Using the linearity of A and I'. as well as Proposition 5.2, for any non-empty A C B, we have
A_(B)T{r"H(A) < A (AT {r"}(A) = A_(A)T.{6/}(4)
r
SATA{fHA) =

r—1
AT (A) A () < Ay (A) - A ()

AT {r"}(4) - AT {1}(4)

< .
- r—1

Hence, AT.{r"}(A) > A_(B) (1 = ) T.{r"}(A) + A_(B)2.
Consider the function A — - E [rek—(B)(lfl/r)TA — 1] which is well-defined for A € (B) (see Section 2.1). Let uw :=1—-1/r < 1.
Then, by Lemma 4.1, we have

A_(B)(1-1/m)7a _ A (B)(1-1/r)7a A_(Bura _
AE {Te 1} =\_(B) (1—1>]E{T6—} =\_(B) <1—1>E{T6 1} +22B) g
r—1 r r—1 r r—1 r

with —=E [reA*(B)(lfl/TW’ - 1] =land I {r"}(0) = >, crip) i) = 0 =1,
Therefore, by Proposition 4.3 with ¢(A,z) = A_(B) (1 — 1)z + A_(B)%, we have I'.{r"}(A) > -5E [rek—(B)(l_l/T)TA — 1].

r—1
Taking A = B, we can write

1 r—1 n 1 A_(B) (1-1/r)7 A_(B)ur
> - - > - - > Bl — = Bl — .
ul’ {(l—u)"}(B) U " r.{r"}(B) 1+7" _E[e ] 1 E[e ] 1 O

We will use a similar approach to construct a lower bound for the moment generating functions. Recall the definitions of a
‘branching allocation’ v, its ‘weight’ wy along a path m € II(A), and ‘lesser path functions’ I L(A) — R in Definition 3.15. As
with the greater path function, there is another difference inequality with respect to the lesser path function. To derive it, we first
consider how a branching allocation distributes weight among paths.

Lemma 5.3. For any branching allocation v and any & € I1(A), we have

> wu(m) < wy(§).
TEIy, (A)
£Cm

Proof. We will induct on max,(¢(w) — £(€)). When max,(¢(mw) — £(€)) = 0, since £ = 7, we have £ is maximal in A and

D wp(m) = wy(m) = wy(9).
¢

mELy, (A)
§Cm
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Otherwise, when max(4(mw) — £(§)) > 0, we have that £ is not maximal in A. When ¢ is empty, we have max(¢(7) — £(§)) =
max, £(7) > max.(¢(7) — 1) = max,(¢(r) — £((n))), where (u) is a singleton path contained in w. Then, using the induction
hypothesis,

Sowp(m = > wy(n) = Z > wy(r S w(w)= D> <l

7€l (A) 7€y, (A) €y, (A) HEA
¢Cm pis mmlmal (u)Cr o is minimal o is minimal

When § is non-empty and o = &;(¢). Let {5(’8)}(1%5 be the paths in A obtained by extending £ by an upper neighbor 5 of a.
By definition of wy, we have wy(£%)) = ¢y p - wy (€). Then, because every maximal path contains one of {£(®} for o — f, using
the induction hypothesis max, (£(r) — £(€)) > max, (£(m) — £(£%?)) where £ C 7, we have

Yoowpm <Y D we(m <D wE®) =wp(©) D tamss < wil(d). m

w€ll,y, (A) a—fB welly, (A) a—f3 a—3
ECT eBCr

Proposition 5.4. Let ¢ be a branching allocation. For any non-decreasing f : No — R with f(0) > 0 and A € L(A), we have
A(TYF) (4) < A (AT?(EF)(A).

Proof. The display holds when A = () by our conventions. Otherwise, for non-empty A € L(A), applying the operator A to I“Z’ f
and using Lemma 5.1, we get

(Aarr) (= 3 da| X fEmwsm = DD SE@u(m | = D An FEm)wp ().

acEM(A) well(A) mell(A\a) mEMy, (A)

Recalling the scheme of proof of Proposition 5.2, using Lemma 5.3, we can write

A+(4) (T260) (4) = Xe(4) D7 67(EUE)wu(€)
§ETI(A)
£()

2AA) D0 DD AW = A(A) D wa(m) D6 (k)

EETI(A) m€lly (A) mEMy (A) k=0

£Cm

> Y A FlUm)w(r) = (AVF) (A). 0
well,y, (A)

Proof of Proposition 3.16. Consider non-empty B € L(A) and A € (B). Note that (I'V¢)(A) = D reni(ay €E(T))wy (1) = wy(0) = 1.
Then, by Proposition 5.4, A(TY1)(A) < A+ (A)(TY€)(A) = A1 (A). As in the proof of Proposition 3.14, let # > 1 and f : No — R

with f(n) := Tn:jfl so that 0 f(n) = r™. Then, using the linearity of A and I'. as well as Proposition 5.4, we have

AL (B)IE{rm}(A) 2 /\+(A)F?{7""}(A) = A (AIL(S])
> ATY{f}(A) = — ATY{r"}(4) - 7AF””{1}( )

> AT }(4) - A+<A>T%1 > T ATV HA) — A (B)

r—

Hence, ATV {r"}(A) < A, (B) (1-1) Y {rm}(A) + A (B)L.
Recall eq. (18) (using Ay (B) instead of A_(B)). Then, I'Y {r"}(4) < -5 E [reMB)(l—l/T)TA - 1], the right-hand side function
being well-defined for v =1 — 1/r < A_(B)/A+(B). Taking now A = B and rewriting, yields the desired result. O

5.3 Proofs of Mean Bounds

We now turn to the estimation of the mean E [74] based on the bounds in Section 5.2.
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Proof of Proposition 3.9. The desired statement holds for B = (). Otherwise, consider non-empty B € L(A) and a non-empty
A € (B). Either all maximum length paths in A end at a single element & € M(A) or not. Suppose such a & exists. Then, for all
a € M(A)\ &, we have & € A\ a so £(A\ ) = £(A). On the other hand, ¢(A\ &) = £(A) — 1 since all maximum paths in A\ & have
length at most £(A) — 1 and there exists a maximal path in A which, after truncating &, is a maximal path in A\ & with length
£(A) — 1. Applying A to £(A), we have

ALA) = S Aall(A) — €A\ )] = As[€(A) — €A\ &)] = As < A (B).

aceM(A)

Alternatively, suppose no such & exists. Then, there exist at least two elements in M(A) that are the terminuses of maximum
length paths. Thus, for any oo € M(A), the set A\ a will still contain a path of length ¢(A) implying that £(A \ «) = ¢(A). Hence,
AL(A) = 0.

Therefore, in all cases when A is non-empty, noting AE [74] = 1 (see Lemma 4.1), we have Al(A) < Ay (B) < A (A+(B)E [74]).
The inequality 0 = A¢(0) < A (A+(B)E [rp]) = 0 also holds. Since £(#) = 0 = A (B)E [rp], we conclude ¢(A) < A (B)E [ra] by
Proposition 4.3. The result follows by taking A = B. O

Remark 5.5. We give an alternate proof of Proposition 3.9 for the reader’s interest. Consider the inequality in Proposition 3.16.
Dividing by u, the right-hand side converges to A+ (B)E [r5] as u — 07. For the left-hand side, consider a branching allocation
such that Zﬁ Ya—sp =1 and Zu is minimal Yu = 1. Indeed, one may take 1o p = 1/da where dq is the number of upper neighbors
of a and ¥, = 1/dmin Where dmin is the number of minimal elements. Then, we may write

o(B)

1 1
lim F‘b{i}—l: lim E ——wy(m) | —1=-1+ E wy(m) = -1+ E E way ().
< _ n _ £(m) 19
u—0t (1 U) u—07F neTI(B) (1 u) <eTI(B) =0 neTi(B) ( )
L(m)=k

Now, as wy () = ¥, Hf(:? Yr;_1—m;, Summing successively over the possible points 7;, we have that Y cm(p) wy(m) = 1, and so
L(m)=k
eq. (19) equals —1 + ¢(B) + 1 = £(B) as desired.

Proof of Theorem 3.10. The claim follows for A = () by our conventions. Otherwise, consider a non-empty set A. For any 0 < u < 1,

A_(A)ut 1

as the mapping t — e is convex, by Jensen’s inequality, E [eL(A) “TA] > A (MEral - Consider 7 := 7= Then, using

Proposition 3.14 and Proposition 5.2 and recalling eq. (17), we have

e - (EIAl _p <y (rZ {ﬁ} (4) — 1) - (1 - %) (T {r"}(A) — 1)
1 om+1 g

1 1 Pttt —1 1 1 r—1 r
< - — > - 4 - - = - - - ™ - 4
Sy (1 r)APf{ — }(A) 1+ - T4 -+ — @ GHZ(A)AM —

IN

ey WEHZM) A+ (A) [r“) - H =147 (1 - ifgﬁi IHm(A)\) + tgj; [T (A) )

<14 3

Hence, as r > 1, we have "~ (AElral < ifé‘:; |Hm(A)|re(A) = "W Fr(D) LA - After taking the logarithm, we obtain

(A) +n(A) + £(A) log(r

[ (A) ).

A_(AE[ra] < &

== (K(A) +(A) + £(A) log (1 + %)) < (m(A) +n(A) + o(A) " ) .

1—u

We may optimize our choice of u to minimize this value. Differentiate % + % and consider

-1

k(A 4nd) LA WA +n(d) w1
0=  Ta—uy ™ A 1w T1-wu

V(A +n(4)
VEA) (A +/0(A)

A—(A)E [r4] < (x(A) +1(A))

Hence, the desired result follows from

implying uo =

VE(A) +1(A4) + V(A +o(a) V() +n(4) + /(U(A))

w(A) + (A) 7
< VR(A) + 1(A) (Vr(A) + 1(A) + VEA) ) + Ve(A) (Vr(A) +1(A) + VE(A))
= (VA T 0(A) + VIA)) 0
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Proof of Lemma 3.11. We consider a branching allocation 1 specified by

o={

1 wh A
Vasp = {d when o, § € for any o, 8 € A where § is an upper neighbor of «

h =l
when =g for minimal elements € A and

O al~

otherwise

0 otherwise.

Then, we have Zu Yu < 1 since A has at most d minimal elements. Also, for each a € A, we have ZB Yasp < 1 because o € A
has at most d upper neighbors in A. Now, by Lemma 5.3, we write

L(A) £(m)
mala@= ¥ (32 ¥ (7)) = ¥ wmswo-
A)

€Ty, ( mEm (A)

Hence, |IL,,(A)| < d'®| giving k(A) = log I, (A)| < log(d) £(A). O

Proof of Theorem 3.12. First, as every maximal path in A = (na) must contain na; steps in the i-th dimension, we have ¢({na)) =
nf(a). Thus, every maximal path may be enumerated by counting the labelings of the nf(a) steps across the different dimensions.
Hence, there are |II,,({(na))| = ("ailif‘zad) different maximal paths.

Using Stirling’s approximation, as n — oo,

nt(a nt(e) —nl(a)
nta Y _ (et VIR ()T
(nal, ) " (noa)!- - (naw)! [T, V2mnag (2e)™™ = Vamnl(a) Epi Epi

where ~ means that the ratio of the two quantities approaches one. Taking the logarithm, we obtain

.., N0y

tog (T ((n0))]) — +5 < log(2mni(a)) +

M=

[é log(ps) + nl(a)ps log(pi)} —0 and

k3

A((na)) _ log(|Tn({(na)))
“((na)) nt(a)

— — > pilog(pi),

-1

=1

proving eq. (9).
Since 0 < A_(A) < A4 (A) < oo, we have n((na)) < n(A) < oo, and so n((na))/¢({nce)) — 0. By applying Theorem 3.10, we
may derive eq. (10):

lim sup 2= E [T ] (V%Gna»—+nuw-+v%«na»)2

n—oo nf(a) ~ nooo né(«)

. k({(na A ’ / ’

5.4 Proofs for the Shape Theorem for Partially Ordered Monoids

We would like to establish the existence of a shape function. In particular, we would like 74~ /n to converge in some appropriate
sense. Recall the definition of AB from Definition 3.17. First, we prove that AB and, hence, A™ lie in L(A).

Lemma 5.6. For any A,B € L(A) and n € Ng, we have AB, A™ € L(A).

Proof. If the result holds for AB then, by induction, the result follows for A™. Since AB is a lower set by construction, it suffices
to show that AB is finite.

To this end, let v+ € M(AB). Then, there exist a € A and b € B such that v < ab. Since A and B are finite, there exist
a € M(A) and B8 € M(B) with a < a and b < 3. By the assumed compatibility, v < ab < aff € AB which, by maximality of ~,
gives v = af8. Thus, M(AB) C {af : a € M(A),B € M(B)}. Hence,

aB= U mc U U s,

YEM(AB) aEM(A) BEM(B)

where M(A) and M(B) are finite, since A and B are finite, and (/) is finite by local finiteness of A. Therefore, AB is finite and
AB € L(A). O
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Via Theorem 3.1, we may obtain L? convergence of Tan /n as long as E [Tan] /n is convergent. We will use the superadditivity
of E [t4], £(A) and x(A), as well as the subadditivity of £,(A) to establish the desired convergence of E [Ta=] /n.

Lemma 5.7. Let A,B € L(A). Then,
k(A) + k(B) < k(AB), ((A)+£4(B) <L(AB), and (.(AB)</{.(A)+ ¢.(B).
Additionally, suppose for all x,y € A with x <y that Ay > Ay. Then, for any A, B € L(A), we have E [Ta] + E [r8] < E [TaB].

Proof. 1f either A or B are empty, the claims hold. Otherwise, let both A and B be non-empty sets. For any m = (m1,...,7) € II(A)
and £ = (&1,...,&n) € II(B), define m o £ € II(AB) as

71'05 = (517'"7571771-15”3"'771—’@677’)'

If £ € 11, (B), notice that any extension of £ is not in II(B), and so (&1,...,&n, m&x) € II(B). Thus, max{i € [1,k+n] : (wo&); €
B} =n = £(£). So, one can recover the location of the division between ¢ and 7 from 7 o £. Further, from the group structure of A
by multiplying by &', we conclude (7, €) = 7 o € is injective for (,¢) € TI(A) x I, (B).

We will define IL,,, (A)oIl,, (B) := {mof : w € II;,(A),§ € I1,(B)}. Due to the injectivity, |II, (A)oIl,, (B)| = [IL, (A) X1 (B)| =
T (A)] - [T (B)]-

First, we have

= = = < =
£(A) + ¢(B) Lhax Um) + §€Ig3}<<3>£(€) wéﬁi’(&;(f(”) +£(£)) Cenm(mA§§Hm<B>f(C) < <£?fo(0 {(AB),
Eelly, (B

implying ¢ is superadditive.
For any = € A, we define || := mincn,, ((2y) £(7) so that £.(A) = max,ca |z|. For z,y € A, we have

x|+ = min f(m)+ min £(§)= min {(7)+ /L = min £(¢) > min £(¢) = |zyl.
| | |y| mE€lmy ((z)) () EE€ILm ((y)) © gell:llm((élg))(( ) (6)) CEILy ({(z))oIlm ({y)) ) CE((zy)) © =1 y‘
€1y ((y

Then, for any A, B € L(A), using the fact that |z| < |y| whenever = < vy,
L,(AB) = max{|z| : z € AB} = max{|zy| : z € A,y € B}
<max{|z|+ |y| : z€ A,y € B} =max{|z| : x € A} + max{|y| : y € B} (20)
<Ul.(A)+¢.(B),
demonstrating that £, is subadditive.
Second, we show that no path in II,,(A) o IT,,,(B) is a subpath of another. Suppose 7", 7(?) € II,,,(A) and ¢, ¢® € I1,,,(B)
with ¢ .= 71 0@ and ¢@ = 7P 0 6@ where ¢V C ¢, Then,

€y, =max{¢V e B i e [LeC)} <max{c® e B ien ™)} =l

e(g) €(e®)
which, by the maximality of £ and £¢®, implies fé(lg)m) = 522(2)) and so £ = ¢®) . Then, using n := é(f(l)) = €(§(2>), we have
(W = = @ = ¢{?. Hence
1 - 1 - 2 - 2 -
71'(1) = (Cr(rzl( 7<L1)) 1a"'7 2(3(1))( £ll>) 1) g (kazl( 7<L2)) 17"'7 é(C)(Z))( 512>) 1) = 7T(2>7

implying 7 = 7(® by maximality of 7! in A.
Therefore, none of the elements of I1,,(A) oIl (B) are strict subpaths of each other. Thus, we can extend each to a unique max-
imal path in AB. Then, |1, (A) o II,(B)| < |IIn(AB)|, and log |1, (A)| + log |11, (B)| < log |11, (AB)|. Hence, « is superadditive.

Third, we assume \; > Ay for all z,y € A with z < y. For every 7 = (m1,...,m) € IIm(A) and € = (&1,...,&n) € I (B),
consider ¢ := m o . Then, since the identity is a minimum, 15 < §, and by compatibility m; < 7€, = Ciyn, We have Ax; > A¢, -

Now, suppose {Ga }aea are defined as in Proposition 2.4, and {éa}ae,\ is an independent copy of the process (on a common
probability space, using the same symbol E for the expectation). Then, Ar, > A¢,,, implies Gry = G¢;\,, Where we recall =
represents stochastic ordering. Also, as {; = & for all ¢ € [1,n], we have G¢, = G¢,. From the independence of {Ga}aca and
{éa}ag A as well as the monotonicity of the maximum and summation, we obtain

G, “©)
max = max Gr, + Ge; | 2 max  max G¢, < TaB.
7€y (4) €T (B) ; ; ¢ wenm(A)senm(B); ‘

Using Proposition 2.4, this implies 74 + 78 =< Tap where 74 is the stopping time of A for the process associated with {éa}a@\.
Hence, E [Ta] + E [78] = E [fa + 78] < E [raB]. O
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Proof of Theorem 3.18. Let S be the finite set of upper neighbors of 15. Consider z,y € A where y is an upper neighbor of z.
Regarding x,y € A, we have yz~' > 14, and so yz~' € A by definition of A. For any z with 1o < z < yz~ !, we have = < zz < v,
implying zz = y as y is an upper neighbor of z. Thus, yz ™' is an upper neighbor of 15 and yz~' € S. Therefore, = has at most |S|
upper neighbors. Because this holds for all z € A and 14 is the unique minimal element of A, by Lemma 3.11 with d = |S| > 1, for
all A € L(A), we have k(A) < £(A) log|S|.

From Lemma 5.7, we know {£(A™)}n2, {k(A™)}nZ1, and {E [tan]}n2; are superadditive sequences. Also, by subadditivity of
£, and steadiness of A, we have £(A") < Cl,(A™) < nCl.(A). Then, the sequence {{(A™)/n};2; is bounded by C¢.(A). and the
sequence {k(A"™)/n}sx; is bounded by C¢.(A) log|S|. Applying Theorem 3.10, for n > 1, we have

A (M)E [ran] _ (\/“(A"HW(A"H\/E(A")

< ) conan (1+ Vig [T+ ()

n n

Since, n(A)/n — 0, by superadditivity (Fekete’s lemma), the following limits exist:

loo = lim “A") < Cl(A), Koo 1= lim WG] < Cl.(A) log|S|,

n—oo n n—oo n -

and lim M < (\/@4—\/@)2

n—oo n

Lastly, define g(A) := lim, o0 E [Ta=] /n so that, by Theorem 3.1,

n 2 n 1 El[ran A
lim E [(T“‘ —g(A)) ] = lim %}‘) < lim L Bl o @
n— oo n n—o0 n n—oo N n n— oo n
proving Tan /n — g(A) in L% O

Lemma 5.8. If A is finitely generated and steady then A is locally finite.

Proof. First, 15 is the unique minimal element of A fulfilling the second condition of Definition 2.1. Second, take S to be the upper
neighbors of 15. Because A is finitely generated, S is finite. By the first part of the proof of Theorem 3.18, there are at most |S]|
upper neighbors of any a € A, fulfilling the third condition of Definition 2.1.

Third, for any a € A, we can write & = s1---8p for s1,...,8, € S. Thus, (14, $1, $152,...,a) is a maximal path in (&) so
mingem,, (o)) £(7) < n+ 1. By steadiness, max cm,, ((a)) £(7) < C(n+1). Then, for every = € (c), we can write = 81 - - - §,,, with
31,...,5m € S. We define the path & = (1a,31,8132,...,2) € II({e)). Then, we can extend &, to a maximal path &, € IL,((a)).
Thus, every element of (o) can be mapped into II,,({«)) and for every m € IL, ({c)), there are ¢(m) < C(n + 1) elements which
map to it. Hence, | (a)| < C(n+ 1) - [IL»({a))|. Because the maximum length of a path in IT,({«)) is C'(n + 1) and there are |S]|

different generators, we also know that [T, ((a))| < |S|¢"*D). Finally,
[{@) | < Cn+1) - Ma((@)] < Cn+1)- 5] < o0
fulfilling the first condition of Definition 2.1. O

Proof of Corollary 3.20. First, we will construct a group homomorphism ¢ : A — R such that ¢(z) > 0 for all z € A\ {15}. Because
of the commutativity of A, we will write the group operation additively.

Let S and R be a finite set of generators and relations, respectively, of A. Without loss of generality, we may choose R to
not contain the trivial relation 0 = 0 and S so that it does not contain the identity and is a generating set for A as a monoid.
We enumerate the generators as S = {s1,...,sq}. Similarly, we enumerate the relations R = {r(l), cee r(")} such that for each 1,
r%i)sl +...+ ry)sd = 0 where riw, .. 71“((;) € 7.

Fix jo € [1,d]. Now, we construct a matrix M from the relations excluding the column corresponding to jo so M := (r](-i))i,j;éjo €
741 " Then, we define the vector b = (—r%))i € Z"™. By the Farkas’ lemma for rational matrices (see Corollary 3.5 of [45]),

either Mc = b has a solution ¢ = (¢;) 25, € Q47" with ¢; > 0 or MTw < 0 has a solution w € Q™ with b7w > 0, but not both.
Assume for sake of contradiction that there exists a solution w = (w;) € Q" to the latter so MTw < 0 and bTw > 0. Without loss

of generality, by scaling w appropriately, we may assume w € Z". Then, MTw < 0 means that wlrj(-l) 4+ ...+ wnr](") < 0 for all

§ # jo. Additionally, bTw > 0 means that —wlrj(,;) _
to one. Now, using the ordering on A,

n n d
0= Zwi 0= Zwi Zrﬁ.l)sj = (w1r§3) 4+ ...+ wnr§:)) Sjo + Z (wlr;l> + ...+ wnrj(-")) Sj <a —Sj5 <A 0,
i=1 i=1 j=1

J#3o

= wnrj(.:) > 0 and, because it is an integer, it must be greater than or equal
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which is a contradiction. Therefore, we conclude there exists a solution ¢ = (c;);2j, € Q¥ with Mc = b and ¢; > 0. Define

Vi : A= Qas
d
©jo <Z %‘«%’) =Zjo t Z Z;ic;
j=1 i#j0

for any x1,...,2q € Z. Because Mc = b, we know ¢, (Ty)sl +...+ réi)sd) = 0 for all i. So, ¢;, is well-defined on A. For any

T =2181+ ...+ Tasa € A as z1,...2q > 0, we have pj,(z) > 0. Also, pj,(sj,) =1>0.

Now, we define ¢ : A — R as p(z) = p1(x) + ... + wa(x) so that p(s) > 0 for all s € S. Define m_ := minses ¢(s) > 0 and
m4 := maxses @(s) > 0. For any € A, let 7 € IL,,({(z)). Then, for each ¢ € [1,4(w)], m; — mi—1 is minimal in A \ {0} and so

7 — mi—1 € S. Thus,
£(m) ()

p(x) = Z‘P(ﬂ'i —mi-1) > me =m_{(m)
i=1 i=1
and, similarly, ¢(z) < m4£(w). Hence, m—i(p(x) <4(m) < —¢(z). Therefore,

1
max {(m) < —¢(z) < T min f(r
mellm ((z)) m— M- melly, ((z))

and so A is steady with C' = Z—f By Lemma 5.8, we know A is also locally finite. We conclude, by Theorem 3.18, eq. (11) holds
for all A € L(A). O

Remark 5.9. A concrete strictly positive homomorphism ¢ with respect to the cone in Example 3.19 given in Figure 1 can be
found. One could choose ¢(z1a + x2b+ x3c) = (2/3,1,1) - (z1, 22, 23) = (2/3)z1 + 22 + x3 which is strictly positive on the non-zero
elements of A = (a,b,c|3a =b+ c). Since ¢(3a — b — ¢) = 0, the function ¢ is well-defined.

Proof of Corollary 3.21. For each word w = wy ...w, € A composed of elements of S U S™!, consider f(w) = |{i € [I,n] : w; €
S} — |{i € [1,n] : w; € ST'}|, the number of positive generators minus the number of negative generators. Then, by assumption,
f(r) = 0 for any relation » € R. Hence, if two words w; and w; are equivalent under R, then f(wi) = f(ws2). Therefore, f is
well-defined as a function on A.

Suppose now = € A. For every m = (m1,...,7) € Iyn({z)), we have x = m - (7 'm2) - - (7,1 7n) where 7, 'mit1 € S and
7 € 8. Thus, w = m1 - (77 'w2) - - - (w0, 7)) is a word and f(z) = f(w) = n = £(r). Hence, £(r) is the same for all w € L, ({x)).
We conclude

max {£(m)= min {(w),
m €l ((2)) mE€lm ({(z))

meaning A is steady with C = 1. By Lemma 5.8, we know A is also locally finite. Moreover, by Theorem 3.18, eq. (11) holds for all
A€ L(A). O

5.5 Proofs of Proposition 2.4

We now give two proofs of Proposition 2.4. The first is more ‘standard’, following from the construction of Markov jump processes,
inspired by the proof of Proposition 1.1 of [46]. for the discrete time growth model on N3 with independent Geometric weights.
The second is self-contained and of a different character. We will use P and E to denote the probability measure and expectation
operator for the probability space of the process Y;.

Proof of Proposition 2.4 via Markov Jump Process Construction. With respect to the process Y;, let {T;}i>0 and {Z;};>0 be the
event times and the states visited at these event times. Here, Tp = 0 and Zp = (). By the construction of Markov jump processes

on countable state spaces, to show that Y; is a Markov process with generator L, it is enough to verify the following:
(a) {Zi} is a discrete time Markov chain with transition probability P (Z;41 = AU« | Zi = A) = Ao/ (ZBEM*(A) )‘B) for a €

M*(A).
(b) {Tit1 — Ti}i>0 | {Zi}i>0 are independent exponential random variables with parameters {ZBGM*(Z_) /\/3} .
= = i i>0

Let 0 = Ao C A1 C A2 C -+ C Ak be lower sets in A such that A; \ A1 = «;. In particular, A; = U1<i<j a; for 1 < j <k

Items (a) and (b) will follow from verifying

P(Zrk=ZkaUar, Tk —Tho1 > tiy. .., Zo = Z1 Uan,To — Ty > t2, Z1 = an, Th > 1)

k
Aa;
= U —Z J P exp | —t; Z Ag |- (21)

j=1 &BEM*(Aj_1) BEM*(A;_1)
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Indeed, by taking ¢; = 0, we see that item (a) would hold. Also, item (b) would hold since then, for any L > k,

k k L
P (U{TJ —Tj-1>t;} {ZJ‘}JL0> =P (| T -Ty > ;30 Y {T - T51 > 0} {Z;} /0
j=1 j=1 Jj=k+1

k
= H exp | — Z A
j=1

BEM*(Z;_1)

We now verify (a) and (b). Note for a € A that Ga = X(a) = X(a)\a is the time between when o becomes first accessible and
when it is achieved. Also, when oo € M*((), we observe x(aj\a = xo = 0.
The left-hand side of eq. (21) equals

P(X(am — XA = ){X(B> - XAk—l)} > tk, X<Qk71> —XAp_o = ){X<B) - XAk—Q} > tk-1,

min min
BEM* (A1 BEM* (A _2)\M*(Ag_1

. = min >t 22
X<a1> BGM*(AU)\M*(Ak,l)X<ﬁ> 1) ( )

{Gs — (XA, —Xx0\8)} > tw,

=P G., — — Xla\ap) = min
( or = (Xar_1 = X¢ap)\ax) BEM*(Ay_1)

Ga _( . - ) = i G — — tr_ 5
ket~ (Xkmz = X{ag_y\ap_y) ﬁeM*(Ak,rr21§l\1M*(Ak,l){ 5= (Xar_o = X()\8) > k-1

ey Goy = min Gg >t ].
BEM* (Ag)\M* (A1)

By definition, for 8 € M*(4;) and 1 < j < k—1, the difference x4, — X (s)\ is expressible in terms of {G : o € Ap—1}. Therefore,
the event inside the probability in eq. (22) is expressible all in terms of {Ga}aca, ;um=(A,_;)-
We now decompose the event. Observe

Bo = {Ga), — (Xar_1 = X(ax)\ay) = ﬁeMril(igk_l){Ga — (XAt — X(a\8)} >t}

is a subset of B1 = Nge=(a,_){G8 > Xar_1 — X(\5}- Let

C= {Gak71 N (XAk72 - X<D‘k—1>\akf1) >{G5 - (XAkfz - X(ﬂ)\b’)} > tg—1,

= min
BEM* (Ag_2)\M*(Af_1

Gg > t1}.

e

= min
BeM* (A)\M* (A1)
Observe that C' involves only F = 0{Ga : @ € Ax—1}, and By, By involve only 0{Gq4 : @ € M*(Ak—1)}. Since, F is independent of
o{Gs : B € M*(Ak_1)}, we have eq. (22) equals
P(BoNC)=E[BoNBiNC]=E [101@(30031 |f)] =K [10113(30|15>1,f)u3>(31 |f)] .

Since {Ga : @ € M™(Ai—_1)} are independent random variables, and also independent of F, by properties of exponential distributions,

~ Aa
we have that P (Bo | B1, F) = m exp (ftk Do BeM (A1) /\5). Hence, we have

_ A

P(BoNnBiNC) = 2k exp|—ts > A |B(CNB).

D peme(Ay_y) M BEM*(Ap_1)

Now, the event C N By, expressed in terms of {Go : o € A1} U{Gp : B € M*(Ak_1)}, states that the evolution up to time
Ty—1 fills in a1, ..., ar—1 in order and that f € M*(Ax—1) (those states which are still accessible) are not filled by time Tj_1, and
also that T; —T;_1 > t; for 1 < j <k —1. The event C'N By can be re-expressed as

CNB1={Zk-1=2Zy—2Uap-1,Tk—1 — Th—2 > th—1,..., 21 = a1, Th > t1}.

Hence, we may iterate and verify the claim in eq. (21). O
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For the reader’s interest, we give an alternate self-contained proof of Proposition 2.4.

Alternate proof of Proposition 2.4. Fix some (not necessarily finite) lower set D C A. For any ¢t > 0, let F; := o(Ys : s <t) be the
natural filtration for Y; and o(Y; N D) be the o-algebra generated by Y; N D. Also, for any A € L(A), let Gg :=o(xa : AC B).
We will now show that Y; N D is Markov with respect to the filtration F;. That is, for all s < ¢, (c(Y: N D) 1L Fs)|o(Ys N D).
In words, o(Y; N D) is independent of F, given o(Ys N D). Note that o(Y: N D) = o(xa <t : A€ L(A), A C D) and, similarly,
Fi=o0(xa<s:AeL(A),s<t).

We prove by induction on |A| that for all lower sets A C D and all s > 0, (sV xa 1L Fs)|o(Ys N D). When |A| = 0, we have
A=0sosVxa=sV0=s which is independent of F,. For |A| > 1, either |[M(A)| > 1 or [M(A)| =1. If [M(A)| > 1 then for all
a € A, |(a)] < |A]so, by the induction hypothesis, (sV x (o) 1L Fs) | o(YaND). Thus, (sVxa = maxaca(sVx () L Fs)|o(YoND).

Otherwise, [M(A)| =1 so M(A) = {a} and A = (a). Note Ga = X(a) — X(a)\a- We condition on {xa > s} = {Ga > s—xa\a}s
Note that F; is generated by events of the form F := {xB, < s1,...,xB,, < $n} where Bi,...,B, € L(A) with B; C...C B,, and
$1,...,80 > 0 with s1 < ... < s, =s. Then, x(a) = xa > s and s > xp,, implies a ¢ B, and B, C A\ a. So, if B, g_ A\ a
then P (E|xa > s) = 0 meaning (s V xa L E)|(xa > s). Otherwise, B, C A\ a implying E € G4\, and so Go 1 E. Also,
Go 1 (s — xa\a) and so, by memorylessness of G, for all t > s,

P(sVxa=xa>t|xa>sE)=P(Ga>t—xara|Ga>s—Xara E)
:P(G’a >t—s) :I@(SVXAZXA >t|XA >5).
Thus, (sV xa 1L E)|(xa > s) and, because this holds for all E, we get (s V xa 1L Fs)|(xa > s). Conditioning on xa < s, we also
have (s Vxa = s 1L Fs)|(xa < s)so (s(x) 4 1L Fs)|o({xa > s}). Since A C D, we know o({xa > s}) C o(Yon D) C F.. So,

by the weak union property of conditional independence, we can extend the conditioning on o({xa > s}) to conditioning on all of
o(Ys N D). Therefore, we may conclude (s V xa 1L Fs)|o(Ys N D), completing the induction.

Observe that for all ¢ > s, we have 0(Y; N D) =o(xa <t : A€ L(A),ACD)=o0(sVxa<t:AecL(\),ACD). Thus,
(c(Yen D) IL Fi)|o(Ys N D) meaning Y: N D is a Markov process with respect to F:. In particular, Y; = ¥; N A is Markov. Lastly,
we note that for any A € L(A), let « € M*(A) and take D = («). Then, since Y; N D is Markov and {Y; = (o) \ a}, {Y: = A} € F,
we can interchange conditioning on Y; = (a) \ a or Y; = A with conditioning on Y; N D = (o) \ o

B (AU CYign|Yi=4) =P ((a) CYirn N D|Y: = A) =& [B ((a) C Yern N D[ F) | Vi = 4]
=P ({a) CYin ND|Y:ND = (a) \ a)
(Ga+X<a>\a:Xa §t+hf‘x(a)\a §t<XOt)

-P (Ga >h+ (t — X<a>\a) ‘ Go >t — X (a)\ox > 0) =1- €7>\°‘h,

Therefore, the generator for Y; is £ from eq. (3). O
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