REMARKS ON THE RANGE AND MULTIPLE RANGE OF RANDOM WALK
UP TO THE TIME OF EXIT
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ABSTRACT. We consider the scaling behavior of the range and p-multiple range, that is the number
of points visited and the number of points visited exactly p > 1 times, of simple random walk on
74, for dimensions d > 2, up to time of exit from a domain Dy of the form Dy = ND where
D C R4, as N 1 co. Recent papers have discussed connections of the range and related statistics
with the Gaussian free field, identifying in particular that the distributional scaling limit for the
range, in the case D is a cube in d > 3, is proportional to the exit time of Brownian motion. The
purpose of this note is to give a concise, different argument that the scaled range and multiple
range, in a general setting in d > 2, both weakly converge to proportional exit times of Brownian
motion from D, and that the corresponding limit moments are ‘polyharmonic’, solving a hierarchy
of Poisson equations.
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1. INTRODUCTION AND RESULTS

Let {X,, : n > 0} be a simple random walk on Z¢: That is,

P(XnJrl =x+e|X, = x) =5
for 1 < i < d where {ei =(0,...,0,1,0,...,0): 1 <i < d} is the standard basis of Z¢. The range
of random walk up to time n, denoted by R,, is the number of distinct sites visited up to time n.
Correspondingly, for integers p > 1, the p-multiple range of random walk up to time n, denoted by
R%p), is the number of sites visited exactly p times up to time n.

To contrast with the range, the multiple range is a more delicate object. For instance, whereas
the set visited by the random walk up to time n is connected and this range R, is monotone in

slp ) that is visited exactly p

n, the analogous properties are not true for the p-multiple range set R
times.

Although there is a large literature on the range and multiple range of random walk, often
motivated by its applications and connections with other fields (cf. [3], [5], [8], [9], [11], [15], and
references therein), the range and multiple range subject to constraints are less studied. In particular,
the range and multiple range up to the exit time from a domain have natural interpretations, which
depend interestingly on the starting point of the random walk and the shape of the domain.

Recently, a body of work (see [1], [12], [13]) has considered extremes and local times of random
walk in such settings and connections with the Gaussian free field. We mention that [12], [13]
consider scaling limits of the number of ‘thick’ points of continuous time random walk, starting at
the origin, before its exit from a domain in d > 2. Thick points are those with visitation at least of
order a(log N)? in d = 2 or of order alog N in d > 3, where a > 0 and N is the length scale. In
particular, when ¢ = 0 and the domain is a cube in d > 3, [13, Theorem 1.5] shows that the scaled
range Ry/N? converges weakly to a constant times the exit time of Brownian motion.

In this context, the purpose of this note is to present a concise, different argument in a more general
setting (Theorems 1.1 and 1.2) that the distributional limits of the scaled range and multiple range
up to the exit time from a domain in d > 2 connect to the exit times of Brownian motion and that
their moments, as functions of the starting point, are ‘polyharmonic’ in that they solve a hierarchy
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FIGURE 1. Range R,, and p-multirange RP for a simple random walk on Z2,
starting at the origin, up to the exit time from a cardioid D. For this realization,
the exit time n = 936 and R%p) =0 unless 1 < p < 24.

of Poisson PDEs. In dimension d = 2, the scalings are different, involving extra ‘log N’ factors, than
in d > 3. We also comment that the p-multiple range considers points with exactly p visitations,
where p is fixed independent of N, a much different, and complementary object than the number of
‘thick’ points considered previously.

Here, the proofs of Theorems 1.1 and 1.2 make use of the known scaling behavior of the un-
constrained range and multiple range, the functional central limit theorem for random walks, and
moment bounds that we provide in this note through simple discrete Fourier analysis. Moreover, the
argument shows that the randomness in the limits arises from the variability of the time to exit. In
particular, we observe that these moment bound derivations, in terms of a notion of ‘conductance’,
give a short way to see the scalings in Theorems 1.1 and 1.2.

We note that the phenomenon in d > 2 is different than in dimension d = 1, considered before
in [4] for the range, where the ordering of space forces a different type of limit (cf. Remark 1.4).
The methods in [4] in d = 1, make use of the reduced geometry, and do not carry over to higher
dimensions d > 2.

Let N > 1 be a scaling parameter, and let Dy = ND where D C R? is an open, bounded domain
with some regularity. To be definite, we will suppose that D is a Lipschitz domain, although in d = 2
it may be taken as a Jordan domain with a rectifiable boundary (which includes the case that D is

Lipschitz). With respect to values N > 1, consider an array of simple random walks {Xy(LN) :n >0},

starting from points {ay} C Dy, that is XéN) =ay for N > 1. We will assume that {ay} satisfies
ay/N — a for some a € D.

Let now 7 be the exit time from Dy by the random walk {XfLN)}7 that is
™ :inf{n >0: XT(LN) g_ZDN}.

In addition, for r > 1, let TJ(\;Z: be the rth hitting time of x € Z¢. When r = 1, we will denote

TN, = TJ(V{ )x Define also 7,,p as the exit time from D of a d-dimensional Brownian motion, starting

from a € D.



RANGES OF RANDOM WALK UP TO THE TIME OF EXIT 3

With this notation, the range of the random walk X ) up to the time of exit is given by

Ry = Rey = Y, 1(Tnx <7v)

XEDN

and the associated p-multiple range is given by

RY = RE = 3 1T < <THC).

XEDN

Finally, when d > 3, let py < 1 be the probability that (transient) simple random walk on Z%,
starting from the origin, returns.

Theorem 1.1 (Range). We have the weak convergence, as N 1 oo, that

NQiJZgN = M7a,p When d=2, and
R d
Nij\zf = 5(1 —po)Ta,D when d > 3.

Moreover, for k > 1, we have that the kth moments of Ry /(N?/log N) when d = 2 and those
of Rx/N? when d > 3 converge to the kth moments of their distributional limits, which satisfy a
system of Poisson PDFE via (1) and (2).

Theorem 1.2 (Multiple range). Let p > 1. We have the weak convergence, as N 1 oo, that

R(P)
N2/17N2N = 27r27'a7D when d = 2, and
0og
R g 2,
]\Jf\g = 5(1 —po) (po)? lTa’D when d > 3.

Moreover, for k > 1, we have that the kth moments of Rg\z;)/(]\ﬂ/log2 N) when d = 2 and those

of RE\?)/N2 when d > 3 converge to the kth moments of their distributional limits, which satisfy a
system of Poisson PDE via (1) and (3).

Let Py b and En 1, be the probability measure and expectation governing the random walk path

X where X(()N) = b. Let also P, and E, be the process measure and expectation with respect to
d-dimensional standard Brownian motion starting from b.
Define, for k > 1, that

u) (@) = Ea| (ra,p)" -

Such moments are known to be ‘polyharmonic’, that is they satisfy a following system of PDE [10]:
Let k£ > 1. Then, u*)(a) = 0 for a ¢ D and, for a € D, we have

AuM) = -2
(1) AuFY = 2(k 4+ 1)u®,

In particular, the limits
k
J%l%n En.ay [(RN/(N2/10gN)) ] = 7*u®) (a) when d = 2,

(2) 1}[1%1010 Enay KRN/N2> k} = (g(l - p0)> ku(k)(a) when d > 3.
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Also, for p > 1,

k
Jim Exvay [ (RY/(N?/10g V) )| = (2n%)u™(2) when d =2,

k k

(3) lim Ey.ay KRE\’,’) /N2) } - (% - p0)2(p0)p—1) u®(a) when d > 3.
Ntoo 2

Remark 1.3 (Generalizations). We comment on some generalizations.

Mean-zero walks. The proofs for Theorems 1.1 and 1.2 carry over straightforwardly to finite-
range mean-zero random walks, with covariance matrix I', but now using also {cos(nz) : n > 0}
in addition to {sin(nm-) : n > 0} as bases functions in the Fourier decompositions. The statements
would be similar to Theorems 1.1 and 1.2, but the term d7, p would be replaced by the exit time
from D of a Brownian motion with covariance matrix I' starting from a.

Biased walks. One might consider biased finite-range random walks with (vector) mean m #
0. Adapting the proofs given here, one can show, in d > 2, that Ry/N — (1 — po)c(a, D) and

RE\’;)/N — (1 —po)?(po)Pc(a, D) in probability, where c¢(a, D) = inf{c > 0|a+ cm € D°}.

Remark 1.4 (Dimension d = 1). To compare, we specify the limit for the scaled range up to the
time of exit from (0, N) in d = 1 among other local time results in [4]: Namely Ry /N = (, where
Ca # Ta,(0,1) and has density f(z) = (aA (1 —a))/a? foran(l—a) <z <aV(l—a), f(z)=1/z>
forav(l—a)<z<1and f(z) =0 for z otherwise.

In the next Section 2, the proofs of Theorems 1.1 and 1.2 are given, with the aid of estimates in
Sections 3 and 4.

2. PrROOF OF THEOREMS 1.1 AND 1.2

We now detail three ingredients, two of which are known, used in the proof of Theorems 1.1 and
1.2.

(A) Asymptotics of R,, and RP). Tt is known when d = 2 that R,/(n/logn) — 7 as. [7].
Whereas when d > 3, since the random walk is transient, R,/n — 1 — pg a.s. where pg is the
probability of return to the starting point [7], [16, p. 38-40].

Also, for p > 1, when d = 2, it is known that Rgp)/(n/ log?(n)) — 72 a.s. [8]. But, when d > 3,
RYP Jn = (1= po)2(po)P~" as. [15].

‘We note all of these results do not depend on the starting point value as the random walk dynamics
on Z? is translation-invariant.

(B) Input from a functional CLT. When ay /N — a € D, we have by the functional central
limit theorem that the random walk paths { ﬁX[S{,VQ)S] 18> 0; XéN) = ay} converge weakly say in
the uniform topology to Brownian motion {B; : s > 0; By = a} (cf. Sections 16, 18 [6]).

Since D is an open, bounded and Lipschitz (or Jordan in d = 2) domain, the time 7, p < 00 is a
continuous function with respect to the uniform topology on the space of Brownian trajectories a.s.
Indeed, let w be a Brownian trajectory starting from a, and {w™} be a sequence of continuous paths
converging to it uniformly on compact time intervals. One cannot have the limit v = lim 7, p(w™) <
Ta,p(w) = v, since then, from the uniform convergence, uv > 7, p(w) = v. But, one cannot have
u > v either, since from the uniform convergence, w(r) € D for v < r < u, a contradiction given
that w must also visit R? \ D in this time interval as the Lipschitz (or Jordan in d = 2) boundary
0D satisfies (after a conformal transformation in d = 2) a uniform cone condition (cf. [2, Ch. 4],
[14, Ch. 4]).

Then, by the continuous mapping theorem, we have that

-
(4) N—J\; = drap.
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In particular, we have the convergence in probability as an immediate consequence,

logTyy P
5 — 2.
(5) log N

(C) Moment estimates. We show in Sections 3 and 4, with the aid of a ‘conductance’ estimate,
the following limits. When ay /N — a € D, we claim that

(6) limsupE [(R7N>k} < oo whend=2
Wi Yo N2 log N -
k
7 limsupEy R—N < oo when d > 3.
AN N2
Ntoo
Moreover, we claim that
. RY  \*
(8) h]r\IleSngEN7aN [(m) :| < oo whend=2
R(P) k
9 limsupEn a N < oo whend > 3.
aN N2
N7Too

Although not needed for Theorems 1.1 and 1.2, corresponding positive lower bounds can also be
shown by arguments similar to those given for the upper bounds:

(10) liminf Ey oy [(Ry/wy)¥] >0 and liminf Ey o, [(RY /ox)*] > 0,
Ntoo Ntoo

where wy = N2/log(N) and vy = N?/log?(N) in d = 2, and wy = vy = N2 in d > 3. As a note
to the interested reader, by Jensen’s inequality, it suffices to show these claims (10) for k£ = 1.

Proof of Theorems 1.1 and 1.2. In terms of the ‘ingredients’, we now combine them in the

following way. Suppose d = 2 and write
Ry B Ry 7~ log N
N2/logN  7n/log7Ty N2log7y '

since 7y T oo a.s., by ingredient A, we have that R, log7y /7y — 7 converges in probability.
On the other hand, from ingredient B, we have that (rn/N?)(log N/log7y) = Tap. Hence,
Ry/(N?/log N) = m7a p as desired.

The weak convergence argument for Ry /N? = (d/2)(1 — po)Ta,p when d > 3 is similar.

Then, with respect to Theorem 1.1, convergence of the moments follows immediately from the
weak convergence and ingredient C.

Finally, we note that the argument for Theorem 1.2 follows the same steps. O

3. MOMENT BOUNDS: PROOFS OF (6) AND (7)

We will prove only (6), as the argument for (7) is easier, and in particular can be done in a similar
way. Fix d = 2 for the remainder of the section.
The bound (6) will hold if we establish
. log N
(11) B :=limsup sup %EN)b[RN} < 00
NToo beDyn
and, for k > 2, the factorial moment
log(N)
N2

(12) limsup sup ( )kIEMb[RN(RN 1) (Ry — (k— 1))} < B* < co.

Ntoo bEDN

Preliminaries. Consider now the random walk hitting probability PéN) : Z2 — [0,1], for b € Dy,
defined by

(13) PN (%) = Pyp(Tvx < 7v)
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where Ty x is the random walk hitting time of x € Z2.

We now make a reduction step: Since D C (— ’3, ;‘)d for an integer A < oo, we may bound
]P’EN)( ) < Py b(Tnx < Ty) where 7} is the exit time from NA(—3,1)2. Then, Ry <R, 14 Where

Thr 4 is the time to exit from a cube of size 1, scaled by NA. Hence, it will be enough to show the
bounds (6), (7), via translation-invariance, with respect to the cube (0,1)2. Accordingly, we fix for
the remainder of the section that D = (0, 1)2.

We now derive an explicit expression for Pt()N). Note PéN) (b) = 1 and, for x ¢ Dy, that
Pl()N) (x) = 0. On the other hand, if x € Dy and b # x, then first step analysis yields

(14) P = 1 (B, 60+ B, 00+ P69 + P 0)

Define a notion of ‘conductance’ gn : Z2 — [0, 1] by

1 N N N N
gn(x) = 1= 1 (PO, 00 + PG, (0 + P, (%0 + P, ()

4
(15) = ]P)x (TN < TN,x);
so that for x € Dy, we have
N 1 N N N N
a6) AN -1 (A 00+ RN 0+ B 60 + P, (0) = gn () 1o ().

Write b = (a,b) and consider now the discrete Fourier transforms of each term in (16):

—1N-1

S (22 (22)
mn N ,
m=1 n=1
(N) = . (nm(ax1)\ . [mndb
b:l:el = Ay, SIN T sin T ,
m=1 n=1
N—-1N-1
N . (nma\ . (mm(b£1)
Pl:():l:t)ag (X) = Amn SN (T) sin (N ,
m=1 n=1
N—-1N-1 nra marh
gn(x)1p(x) = bimn Sin (— sin () .
m=1 n=1 N ) N

Through straightforward trigonometric manipulations, (16) is re-expressed as

(17) Ni:milamn sin (%) sin (T) <1 - % [cos (%ﬂ) + cos (";;T)D = g (x) Lp(x).

m=1 n=1

We now find formulas for a,,, and b,,,. Recall the orthogonality relation, for n,n’ € N, that

If, nrl\ . (n'ml\ _ Nl(n=n')
sin | o ) sin {7~ ) = 5 .

(x) 1p(x) sin wnl sin mmr\ _ N
INE) Tb N )" \'N )T T

Hence, writing x = (z1, z2), we have

Then,

i
I
—
~
—

b Aon(@y) sin (#57) sin ("372)
mn — N2 .
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Moreover, by equating the coefficients am,,[(1— (1/2)[cos(nm/N )+ cos(mm/N)])] = by with respect
o (17), we have

4gn (x) sin (ZE2L) sin (7E22)
N2 (1— 1 [cos (%F) +cos (&BE)])

We now obtain explicit formulas for g (x) and PéN). The boundary condition pNY) (x) =1 yields

mn —

N—-1N-1 e
P(N) . ( 1) . ( 2) —1
mzzl nz_: Ay, SID sin N ,
from which
N-1N-1

4 sin? ””11)Sin2 (mgm) ~|—1
N2 (1 — 5 [cos (4F) + cos (BF)])

- 1

m=1 n=1

and
P9 = § N o Gosin (25 sin (2572) sin (%52) sin (%)
m=1 n=1 (1_7[C05( )+C05( )])

We now claim the following upper bound, proved at the end of the subsection,

(18)

(19) lim sup sup log(N)gn (x) < 0.
Ntoo N/log?(N)<z1,22<N—N/log?(N)

We are now in position to show (11) and (12).
Proof of (11). We may write the expected range En p[Ry] as

> 1<TN,X<TN>] =Y AV

Enb[BN] =Enp

xeDn x€DyN
Let
(20) Dy ={x € Dy :N/log*(N) < z1,25 < N — N/log?(N)}.
Then,
EvplRy]= Y AV (x S AV =J+ .
xeD}, xEDNﬂ(D}V)C

The second sum J,, bounding PéN)(x) < 1, is of order O(N?/log?(N)).
We now show an O(N?/log(N)) bound for the first sum J; to finish. Note the limit

1(r odd)

wr

1
lim — Z sin(rml/N) = / sin(rmu)du =
0

N—oo N

With the formula (18) and bound (19) in hand, uniformly over b, we conclude

sin(nmzy /N) sin(mnzy /N)
Ji <O(N?/logN) > > N? ]
XED}V 1<n,m<N

1
1<n,m<N

as desired. ]
Proof of (12). For 1 < ¢ <k — 1, define and bound

PM(yi{ze,...,26}) = Pu(Tny < min{Tn,, -, Tz, 75 }) < PV (y).
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Denote by Sy, the set of permutations of {1,2,...,k}. The factorial moment of Ry of order k is
writtten as

En | Ry (Ry = 1)+ (Ry = (k= 1))]

—Exn| Y ﬁl(ng <))

2z1,..,2,EDN £=1
distinct

= Z Z ]Pb(zﬂ'l;{zﬂz>'~"zﬁk})PZn1 (zﬂz;{zﬂ:s?""zﬂ'k})"'Pzwk71 (Zﬂ'k)'

Z1,...,2,EDN TESK
distinct

We now observe, for each m € Sy, by the proven (11), that

Z Pb(zﬂ1; {ZTF27 sy z‘frk})]P)Zwl (ZTQ; {Zﬂsa LR le'k}) e ]P)Zwk71 (Z‘ﬂ'k)

z1,...,2k€EDN

distinct
< Z Py (zr, )Pzﬂ1 (Zry) - Pzw,%l (Zr,)
Zz1,...,2k€EDN
distinct
k
=Enb[By] [[Ena,, , [Ry] = O((N?/log(N))¥).
£=2
Hence, as a consequence, (12) follows immediately. ]

Proof of (19). Since 1 — cos(nmw/N) = 2sin?(nn/(2N)), 2sin®(¢r/(2N)) < 20272 /(4N?), we have

n2 +m?2

1 3 zN: zN: sin?(n7wx; /N) sin (mﬂ'l‘g/N)
2

Note, when x is the midpoint, x = (| N/2], | N/2]),

2 1
1 2
gy (x) = = Z P > (1/7)log(N).
1<n,m<N
odd

When x is not the midpoint, let dy = dn(x) be its distance to the boundary of Dy. Let
By = By (x) C Dy be the cube with width dy and center x. Let (i = CN( ) be the time for the
random walk to exit By. Since {(y < 7w, by (15), we have that gy (x) < Px({n < Tnx) := gn(X).

One can derive, a formula and lower bound for gy (x), as for gy (x) when x is the midpoint above,
using the scale dy and domain By instead of N and Dy:

iN: iN: 4 sin? (””Z\gfl)sin2 (%)
n=1m= 1‘]\72 1_7 (%)—FCOS(%)])

> (1/7T ) log(dn).

Hence, when N/ log2(N) <x1,29 < N-N/ log2(N), we have that

(21) gn' (x) 2 gy (x) = (1/27%) log(N)

for all large N, as desired. ]
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4. MOMENT BOUNDS: PROOFS OF (8) AND (9)

For d > 3, the bound in (9) follows from (7) since R%)) < Ry a.s. So we only need to show (8)
when d = 2. We write

Exalfl)) = 3 Ewa[MT < <T8)] = 3 V60

x€Dy xEDn
where QéN) : Z% —[0,1] is given by
Q" () = Prn(Ti), < v < TYY)
< TN)PNnx(Tn < TN x)-

As PMTP) < 70) < Pyn(Tx < ) = PV (x) and gy (%) = Pyx(tn < Tx) (cf. (15)), we
have 7
QL () < gn ()P ().

Recall gy from the proof of (19). Note that gx (x) < gn(x) and that g (x) = O(log™*(N)) when
dy, the distance between x and the boundary of Dy, is greater than N/ log? (N) say.

Consider now the set D3, C Dy of points x away by at least N/log?(N) from the boundary
of Dy. From our assumptions on D, since dD has finite perimeter, the area of the region within
Nlog™2(N) of dD is of order O(Per(dD) Nlog ?(N)), and so the number of points in Dy within
distance N log™2(N) is of order O(N?/log*(N)).

Recall, by the proven (6) that Exp[Ry] = O(N?/log(N)) uniformly over b € Dy. We then
obtain, uniformly over b € Dy, that

Exu[RY) < OV /1og?(N) + 3 xRN (x)

xeD?%,
< O(N?/10g*(N)) + Olog ™" (N))Enb[Rn] = O(N?/log*(N)).

This gives (8) with respect to k = 1.

We now turn to estimating the factorial moment of order £k > 2. We concentrate on the case
k = 2 which encapsulates the main ideas, and then comment on the case k > 3.

Consider that

IPN,b(TJ%jL,T}V’j; <N < Tg’;”,T}VI’;”)

(22) = Pr (T, < T, < v < TEED TEID) 4 Pa (T, < T8, < v < TEED, TEIY).

We bound now the first term on the right-hand side of (22). Let again By be a cube centered at
x with width dy(x) = O(N/log?(N)) and (y be the exit time from By. In decomposing the path
specified in the first term, we argue, for y ¢ By, that
Pro(Th < TN < 7n < TV, T

X

(23) <px ]P)N,b(TN,x < TN)]EN,x[l(éN < TN,x)]PN XéN) (TN,y < TN)]IPN,y(TN < TNyy).
CN

We obtain a similar expression bounding the second term in (22) by interchanging x and y. Indeed,
the left-hand side of (23) is the probability of the set of paths that start at b, hit = exactly p times
before the p-th visit to y after which the boundary 0Dy is hit before coming back to x or y. The
set of these paths is a subset of paths, starting from b, hitting x (exactly p times and hitting y at
most £(y) < p — 1 times), which then exit a box By centered at  (without hitting x again) to hit
y (exactly p — £(y) times) before hitting 9Dy . The probability of the set of such paths is bounded
by the right-hand side expression.

By (21), Pyx(Cv < Tnx) = O(log™ ' (dn(x))). Summing (23), and its analog with x and y
interchanged, over x and y, separated by at least N/log?(N) and also when both x,y are away
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from the boundary of Dy by N log? (N), noting the proved estimate (11), we obtain uniformly over
b € Dy the desired bound on the factorial moment

Enb[RY (RY — 1)] = O(N?/log?(N)) + O( sup ExalRx]?/10g"(N)) = O(N*/log (V).

When k > 3, analogously, we may bound k! terms such as

(24) Prn(Th, <Tah, < <Tnh <tn <Tasl .. TED).
Indeed, consider cubes of width O(N/ logz(N)) centered around z1,...,25_1. Let (1.n, ..., Ck—1.N
be the exit times from these cubes. Then, for z1, ..., z; separated from each other and the boundary
of Dy by O(N/log?(N)), we have (24) is bounded by
P X Pyb (T < 78)En s [LG N < TNz, )Py X (TNz, < 7N)]
61N

X Enz, [1(C2,n < TNzp)Py X TNy <7TN)]---
o, N

e X ENkaz[l(Ck*l,N < TN;zk—l)HDN’XéN) (TN7Zk < TN)}]P)N)ZIC (TN < TN7Zk)'
k—1,N
Through the estimate (21) again, summing such an expression over zi,...,z; we can bound the
factorial moment uniformly over b € Dy as

B[R (RY = 1)+ (B = (k= 1))] = O(N*/Tog*(N)) + O(( sup Ewa[Ra))*/log" (V)

= O((N?/log® ())").
Hence, in this way, (8) follows. O
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