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Abstract

We investigate quasilinear discrete PDEs ∂tu = ∆Nϕ(u) + Kf(u) of reaction-
diffusion type with nonlinear diffusion term defined on an n-dimensional unit torus
discretized with mesh size 1

N for N ∈ N, where ∆N is the discrete Laplacian, ϕ is
a strictly increasing C5 function and f is a C1 function. We establish L∞ bounds
and space-time Hölder estimates, both uniform in N , of the first and second spatial
discrete derivatives of the solutions. In the equation, K > 0 is a large constant and we
show how these estimates depend on K. The motivation for this work stems originally
from the study of hydrodynamic scaling limits of interacting particle systems.

Our method is a two steps approach in terms of the Hölder estimate and Schauder
estimate, which is known for continuous parabolic PDEs. We first show the dis-
crete Hölder estimate uniform in N for the solutions of the associated linear discrete
PDEs with continuous coefficients, based on the Nash estimate. We next establish the
discrete Schauder estimate for linear discrete PDEs with uniform Hölder coefficients.
The link between discrete and continuous settings is given by polylinear interpolations.
Since this operation has a non-local nature, the method requires proper modifications.

We also discuss another method based on the study of the corresponding funda-
mental solutions.
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3.3 Hölder norms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

3.4 Two basic lemmas . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

3.5 Summation by parts formula . . . . . . . . . . . . . . . . . . . . . . . . . . 41

4 Schauder estimate for the first discrete derivatives 42
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1 Introduction

In this article, we investigate quasilinear discrete PDEs (partial differential equations)
defined on an n-dimensional unit torus Tn ∼= [0, 1)n with periodic boundary discretized
with mesh size 1

N for N ∈ N. The goal is to establish gradient estimates for the solutions,
especially to show L∞ bounds and also space-time Hölder estimates, both uniform in N ,
of the first and second spatial discrete derivatives of the solutions. As a model equation,
we take a type of discrete reaction-diffusion equation with nonlinear diffusion term, which
is a variant of Allen-Cahn equation; see (1.1) below.

Such a type of equation arises in the study of the hydrodynamic scaling limit of
interacting particle systems on the n-dimensional periodic integer lattice of size N ; see
[15], [16] and [20], [21]. In particular, a motivation of the present article is the use of
bounds of the discrete derivatives, in these studies, to prove the hydrodynamic limits. We
expect that one can extend our results to a wide class of quasilinear discrete PDEs. As
such the results and methods may also be of use in the context of numerical methods
which approximate continuous quasilinear parabolic PDEs; see Section 1.6 for comments
on previous work in this vein.

Our method is based on the two steps approach, which is originally exploited for
continuous linear and quasilinear parabolic PDEs. The first step is to establish the discrete
Hölder estimate uniform in N for the solutions of linear discrete PDEs, more precisely
linear discrete diffusion equations of divergence form, with an external force term. The
assumptions at this stage are minimal such that the diffusion coefficient is symmetric,
nondegenerate, bounded, continuous in time and the external force term is bounded.
Then, based on the so-called Nash estimate followed by the parabolic Harnack inequality
already known in the discrete setting when there is no external force term, one can easily
extend the uniform Hölder estimate in space and time variables to our equation with an
external force term. In particular, such an approach applies to our quasilinear equations.

Once the Hölder estimate is in hand, the second step is to improve the regularity by
establishing the discrete Schauder estimate for linear discrete PDEs with uniform Hölder
coefficients. Our main task is to perform this step. The method follows that of Lieberman
[41] for the continuous equations, though the present article is self-contained in that we
do not rely on results in it.

More precisely, we compare the solution of our equation with that of the discrete
heat equation, that is the discrete PDE with a constant diffusion coefficient, and derive a
discrete energy inequality. At this point, we make use of the Hölder estimate established
in the first step. Then, we derive an oscillation interior estimate for discrete heat equation,
valid also for the gradient of the solution due to the property that the diffusion coefficient
is constant.

We then note the fact that a certain Campanato-type integral estimate (cf. Section
3.4) implies the Hölder property; this is the tack taken for continuous PDE in [41] (which
refers to [7]). We apply this approach for the gradient of the solution of our equation.
To bound the integral estimate, we need a link between discrete and continuous settings,
which will be given by polylinear interpolations. However, since the polylinear operation
has a non-local nature, the method requires proper and substantial modifications. Indeed,
the integral estimation method does not imply the Hölder property of the gradient of the
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solution in the short distance regime. For the short distance regime, we need to show
the Hölder estimate separately. This proves the Schauder estimate for the first discrete
derivatives, with help along the way of a discrete version of the interpolation inequality
and an estimate on the time varying norm.

For the Schauder estimate for the second discrete derivatives, we introduce a nonlinear
transform of the solution and consider its discrete gradient. Though the equation is not
single discrete PDE but a system of linear discrete PDEs, one can apply a similar method
as that for the first Schauder estimate to deduce the second Schauder estimate for the
original equation.

Another method known to derive gradient estimates is based on the study of the
corresponding fundamental solutions. We will also briefly discuss this approach.

In terms of novelty, our results appear to be one of the first to find Schauder estimates
for a general class of semi-discrete (continuous in time but discrete in space) quasilinear
parabolic PDE of both divergence and non-divergence forms. In particular, the work here
provides uniform bounds for discrete first and second order gradients in terms of explicit
dependence on the coefficient of the reaction term. Moreover, in terms of methodology,
our use of Campanato-type integral estimates seems flexible and perhaps new with respect
to obtaining gradient bounds of discrete PDE evolutions. As such we feel the methods of
this work may be of potential use in other discrete PDE contexts.

1.1 Quasilinear discrete PDEs

Let TnN ≡ (Z/NZ)n = {1, 2, . . . , N}n be the integer lattice of size N with periodic bound-
ary. Let u = uN (t, xN ), x ∈ TnN , be a solution of the quasilinear discrete PDE

∂tu = ∆Nϕ(u) +Kf(u), x
N ∈

1
NTnN ,(1.1)

where ∆N is the discrete Laplacian on 1
NTnN (see (2.3) for precise definition), ϕ is a

strictly increasing function on R whose fifth derivative is bounded ‖ϕ(5)‖L∞ < ∞, and f
is a function on R with bounded derivative ‖f ′‖L∞ < ∞ satisfying that u · f(u) < 0 for
u ∈ R with large enough |u|. These assumptions are explained later in this section.

In our problem, we are interested in how the estimates depend on K > 0, a large
constant. The goal is to give both L∞ and Hölder estimates on first and second discrete
derivatives ∇Ne uN (t, xN ) and ∇Ne1∇

N
e2u

N (t, xN ) of the solution uniformly in N ; see (2.2)
for the definition of discrete derivatives ∇N = {∇Ne }e∈Zn:|e|=1. Roughly, in a stationary
situation, for example for a traveling wave type solution, the second derivative would
behave as ∆Nϕ(uN ) = O(K) so that one would expect ∇Ne uN = O(

√
K) and ∇Ne1∇

N
e2u

N =
O(K), but actually our results are weaker than this, given the quasilinear nature of the
problem.

As alluded to earlier, discrete PDEs such as (1.1) arise in the study of hydrodynamic
limits of interacting particle systems. Indeed, the ‘relative entropy’ method [44], tries to
compare the dependent variables {ηNt (x) : x ∈ TnN} which count the number of particles
at x ∈ TnN , with independent variables with means {uN (t, xN ) : x ∈ TnN} satisfying a
discretization of the continuum hydrodynamic PDE. Specifically, estimates of the discrete
derivatives of uN are used to quantify relative entropy bounds and make successful this
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comparison. In the ‘mean-curvature’ problem in [15], a version of the equation (1.1) is
found where K represents the rate of a ‘reaction’ mechanism. To achieve the continuum
limit, K = K(N) will diverge as N ↑ ∞. How the discrete derivatives of uN depend in
terms of K is used in [15] to specify the form of K = K(N) so that the relative entropy
bounds are of the order needed.

Note that the equation (1.1) is a system of ODEs. Given an initial value uN (0, xN )
which is uniformly bounded in N, x and K, by the comparison argument for the nonlinear
Laplacian ∆Nϕ(u) and noting the condition u · f(u) < 0 for large |u| on f , one can show
that the solution u exists uniquely and globally in time. In addition, one can show that
there exist −∞ < u− < u+ <∞ such that

u− ≤ uN (t, xN ) ≤ u+(1.2)

holds for all t ≥ 0 and x ∈ TnN ; see Section 2.5. In particular, if f(0) > 0 and uN (0, xN )
is uniformly positive, one can take u− > 0 so that, in this case, we can discuss (1.1) for f
and ϕ defined only on [0,∞). This is in fact the setting where (1.1) arises in the context of
particle systems, where the positive solution uN describes the macroscopic particle density.

Finally, we remark that conditions ‖ϕ(3)‖L∞ < ∞ and ‖f‖L∞ < ∞ are used in
estimating the first discrete gradient of uN in Section 4.2, while condition ‖ϕ(5)‖L∞ <∞
and ‖f ′‖L∞ < ∞ are used to estimate the second discrete gradient in Section 5.2. We
note only in Corollary 5.10 do we use that ϕ is 5 times differentiable, while in the other
results we use lesser regularity on ϕ.

1.2 Linear discrete PDEs

The following linear discrete PDE (1.6) of divergence form is associated to the nonlinear
equation (1.1). To describe the equation, we introduce some notation. For 0 < c− <
c+ < ∞, let A(c−, c+) be the class of functions a = {ax,e}x∈TnN ,e∈Zn:|e|=1 satisfying the
symmetry, uniform positivity (nondegeneracy) and boundedness conditions:

ax,e = ax+e,−e,(1.3)

c− ≤ ax,e ≤ c+.(1.4)

For a ∈ A(c−, c+), we consider the linear discrete diffusion operator LNa with coefficient a
defined by

LNa u( xN ) = N2
∑
e:|e|=1

ax,e{u(x+e
N )− u( xN )}(1.5)

= −1
2

∑
e:|e|=1

∇N,∗e

(
ax,e∇Ne u

)
( xN ),

where we have used (1.3) for the second line; see (2.4) for ∇N,∗e and also (2.5) below. In
particular, if a ≡ 1, then LNa = ∆N . Note that the operator LNa is symmetric: (LNa )∗ = LNa
with respect to the natural L2-inner product for functions on 1

NTnN ; see (2.6) below. For
given a(t) ∈ A(c−, c+) and a bounded function g(t, xN ), both continuous in t ≥ 0, we
consider the following linear discrete PDE for u = uN (t, xN ):

∂tu = LNa(t)u+ g(t, xN ), x
N ∈

1
NTnN .(1.6)
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Note that (1.6) has a unique solution globally in time.

1.3 Relation between the quasilinear equation (1.1) and the linear equa-
tion (1.6)

Once we a priori know the solution u = uN of (1.1), the nonlinear equation (1.1) is reduced
to the linear equation (1.6) by taking a(t) ≡ aN (t) and g(t, xN ) ≡ gN (t, xN ) as follows. The
nonlinear Laplacian ∆Nϕ(u) is regarded as the linear operator LN

a(uN (t))
u, i.e.,

∆Nϕ(uN (t))( xN ) = LNa(uN (t))u
N (t, xN )(1.7)

holds, if we define a(u) = {ax,e(u)} for u = {u( xN )} as a discrete gradient of ϕ(u) in
direction e determined by

ax,e(u) :=


ϕ(u(x+e

N ))− ϕ(u( xN ))

u(x+e
N )− u( xN )

, if u(x+e
N ) 6= u( xN ),

ϕ′(u( xN )), if u(x+e
N ) = u( xN ).

(1.8)

Note that a(u) satisfies the symmetry condition (1.3) and, by (1.2), a(uN (t)) ∈ A(c−, c+)
holds with

c− = min
u∈[u−,u+]

ϕ′(u), c+ = max
u∈[u−,u+]

ϕ′(u).(1.9)

Moreover, we take g(t, xN ) = Kf(uN (t, xN )). Note that g is bounded by (1.2).

Note also that, from (1.7) and (1.8) combined with the ‘mean-value’ lemma (cf.
Lemma 2.4), the Hölder estimate of the solution of (1.1), shown by the Nash bound,
implies a like estimate for the coefficient a(uN (t)) when we view (1.1) as a linear equation
(1.6).

1.4 Overview of the main results

Our main results are the L∞ bounds and the space-time Hölder estimates, both uniform in
N , for the first and second discrete derivatives, ∇Ne uN (t, xN ) and ∇Ne1∇

N
e2u

N (t, xN ), of the
solution of the equation (1.1). To illustrate part of our main estimates, let us introduce
discrete Ck-norms for uN = {uN ( xN )} and for k = 0, 1, 2, . . . by

‖uN‖CkN :=
k∑
i=0

∑
e1,...,ei

max
x∈TnN

∣∣∇Ne1 · · · ∇NeiuN ( xN )
∣∣(1.10)

where when k = 0, the norm reduces to ‖uN‖∞ = ‖uN‖L∞(TnN ).

To derive the estimates for the first derivatives, we first study the linear equation
(1.6) with bounded g(t) and the coefficient a(t), which satisfies the uniform α-Hölder
estimate; see the assumption (A.2) in Section 4.1. This assumption is reasonable by the
last comment in Section 1.3. We show the uniform estimate on the first derivative of the
solution uN (t) of (1.6):

‖uN (t)‖C1
N
≤ C√

t
, 0 < t ≤ T,(1.11)
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where C depends on c±, Hölder constant and exponent α ∈ (0, 1) of a(t), ‖g‖∞, ‖uN (·)‖∞ =
supt∈[0,T ] ‖uN (t)‖∞, n and T ; see (4.6) of Theorem 4.1. We note that the constant C is

linearly growing in ‖g‖∞ and ‖uN (·)‖∞, in particular, in ‖uN (0)‖∞ due to the linearity
of the equation (1.6). Dependence on c±, n and T stem from the use of an initial Hölder
inequality; see Theorem 2.2. A further Hölder estimate on ∇Ne uN (t, xN ) in (t, xN ) is given
in (4.5):

|∇Ne uN (t1,
x1
N )−∇Ne uN (t2,

x2
N )| ≤ C

∣∣t1 − t2∣∣α2 +
∣∣x1
N −

x2
N

∣∣α
(t1 ∧ t2)

1+α
2

, 0 < t1, t2 ≤ T.(1.12)

By analyzing how C depends on a(t) in (1.11), we deduce the following specific
estimate for the solution of the quasilinear equation (1.1):

‖uN (t)‖C1
N
≤ C(K

1
σ + 1)√
t

, 0 < t ≤ T,(1.13)

where σ ∈ (0, 1) is the Hölder exponent in Nash estimate; see Corollary 4.3. The non-
linearity of the above estimate in K is due to that of the equation (1.1). The constant
C in (1.13) depends on the Hölder property of the coefficient a(t), given in Corollary 2.3
applied to the equation (1.1), in terms of the Nash estimate.

The equation (1.1) can also be expressed in non-divergence form for the variable
ψ = ϕ(u):

∂tψ = ϕ′(u)
{

∆Nψ +Kf(u)}(1.14)

= ϕ′(ϕ−1(ψ))
{

∆Nψ +Kf(ϕ−1(ψ))}.

To derive L∞ and Hölder estimates on the second derivatives ∇Ne1∇
N
e2u

N (t), it turns out
to be efficient to use the equation (1.14). As above, we first consider a linear system
of equations associated to the equation satisfied by ξ = ∇Nψ ≡ {∇Ne ψ}e and derive the
estimate for ‖ξ‖C1

N
as well as the Hölder estimate for∇Ne ξ; see the equation (5.4), Theorem

5.5 and Corollary 5.6.

These results are applied to the nonlinear equation (1.14) and we obtain the uniform
estimate on the second derivatives of the solution uN (t) of (1.1):

‖uN (t)‖C2
N
≤ C(K

2
σ + 1)

t
, 0 < t ≤ T ;(1.15)

see (5.59) in Corollary 5.8 combining with (1.13). The Hölder estimate on ∇Ne1∇
N
e2u

N (t, xN )
in (t, xN ) is also given in (5.60) of this corollary.

The local in time Schauder estimates (1.11), (1.13) and (1.15) improve the regularity,
but these yield a diverging factor near t = 0, which is inherited from the Hölder estimate
we find for uN (t) in Theorem 2.2 and therefore for a(uN (t)) defined by (1.8). This is to
be expected as the initial condition could be rough. To avoid this, we show that such a
diverging factor does not appear in the L∞ and Hölder estimates if we assume regularity
for the initial value; see Section 2.4, Theorems 4.2 and 5.7.
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Based on these observations, we obtain

‖uN (t)‖C1
N
≤ CK

1
σ
0 , t ∈ [0, T ],(1.16)

‖uN (t)‖C2
N
≤ C

[
K̄

2
σ
0 (1 + C̄24

0 ) + K̄
2
σ
−1

0 C̄48
0

]
, t ∈ [0, T ],(1.17)

in (4.21) and (5.93) in Corollaries 4.4 and 5.10 by improving (1.13) and (1.15) under
the assumptions that C0 = supN ‖uN (0)‖C2

N
< ∞ and C̄0 = supN ‖uN (0)‖C4

N
< ∞,

respectively, where we set

(1.18) K0 = K + C0 + 1 and K̄0 = K + C̄0 + 1.

These estimates clarify the dependence on the initial values. Such a clarification is useful,
since, as we mentioned above, we may consider the situation when ∇NuN (0) = O(

√
K)

among others. An intermediate estimate on the second derivatives

‖uN (t)‖C2
N
≤ C√

t
K

2
σ
0 , t ∈ [0, T ](1.19)

is given in Corollary 5.9 under the assumption C0 < ∞, milder than that for (1.17). We
also have an improvement of the Hölder estimates; see (4.22), (5.81) and (5.94).

The estimate on ‖uN (t)‖C2
N

can be obtained via the parametrix method applied for
the fundamental solution associated with the operator La(uN (t)) − ∂t; see Proposition 6.3.
But the result obtained in this way is much weaker than (1.17) in terms of K so that this
approach has a disadvantage. We note that, in the semilinear case with ϕ(u) = cu with
c > 0, the gradient estimates of the discrete heat kernel leads to the bound on ‖uN (t)‖C1

N
,

which is however reasonable in K; see [22], Proposition 4.3 and Remark 2.1 below.

1.5 Methods and contents of the article

In the continuous setting, the Schauder estimate for linear parabolic PDEs is well-known;
see Lieberman [41] Theorems 4.8 and 6.48, cf. [24] for elliptic PDEs. The basic requirement
to derive the Schauder estimate is the Hölder continuity of the coefficients.

In Section 2, as we mentioned above, we show the discrete Hölder estimate for the
solution uN of the equation (1.6) uniformly in N . We recall Nash continuity estimate for
(1.6) with g ≡ 0 and then apply Duhamel’s formula to treat the term g. This applies
to the quasilinear equation (1.1). Such a step is fundamental to move to the next step
to establish the discrete Schauder estimate. In this context, we also state the maximum
principle. See [41] Theorem 6.29 in the continuous setting.

We comment to obtain regularity at t = 0, a ‘time-reversal’ method is used to extend
the solution uN (t) to times t < 0. That is, we consider an evolution vN of the initial
condition uN (0) by the discrete heat equation where ai,j = δi,j . Then, we define ûN (t) =
vN (1− t) for 0 ≤ t ≤ 1 and ûN (t) = uN (t− 1) for 1 ≤ t ≤ T + 1. One may see that ûN (t)
satisfies also a discrete PDE with respect to an â(t) and ĝ. Applying the (interior time)
Schauder estimates to ûN (t) for t > 1 gives non-divergent gradient bounds for uN (t) at
t = 0. We comment that boundary regularity of continuous parabolic equations is achieved
in the literature by various methods under different assumptions on a(·) and g(·); see for
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instance [18], [39], as well as [45] and references therein. In this respect, our development
has been inspired by notions in [46].

Section 3 is a preparatory section. Some Hölder seminorms unweighted or weighted
near t = 0 are introduced. To apply the continuous method, especially two basic lemmas
explained later, we introduce a polylinear interpolation as a link between discrete and
continuous settings by embedding discrete functions uN into continuous ones ũN ; see (3.11)
below. However, the discrete setting has a minimum unit of size 1

N and the continuous PDE
method does not cover this regime. We have to treat distances less than this minimum
unit from different viewpoint.

In Section 4, recalling the last comment in Section 1.3, we work on the linear equation
(1.6) with α-Hölder coefficient a(t) and bounded g(t) in general and derive both L∞ and
Hölder estimates for ∇Nu. The results are applied to the quasilinear equation (1.1) and
we obtain (1.11), (1.12) and (1.13).

With the α-Hölder assumption (A.2) on a(t) in mind, we couple and compare the
solution uN of (1.6) with the solution v = vN of a simpler equation called the discrete
heat equation

∂tv = ∆N
a v,(1.20)

where ∆N
a := LNa with a coefficient a = {ae}|e|=1, which is constant in space and time,

satisfying ae = a−e and c− ≤ ae ≤ c+; see (2.8) and (3.2) below.

Differently from the continuous setting, the interior estimates of the polylinear inter-
polation ṽN of vN on the parabolic ball Q(r) of size r > 0 (see (3.1)), given the behavior
of vN on a wider discrete parabolic ball QN (R), can be discussed only under the condition

r+
√
n
N ≤ R. We call this gap the “non-local nature” of our discrete problem. One reason

for this gap is to guarantee the definability of the polylinear interpolation ṽN of vN on
Q(r). The other is to derive the interior estimate, severing the influence from the outside
area. Thus, we need to consider a band area, that is, a gap region QN (R) \ Q(r), which
is unnecessary in the continuous setting.

The main idea is to apply two basic lemmas used in [41] in suitably modified forms.
The first is that a Campanato-type integral estimate for oscillation of F (we take F =
∇N ũN ) on Q(r) implies Hölder estimates for F (cf. Lemma 3.6), and the other is an
iteration lemma (cf. Lemmas 3.7 and 4.9).

To derive the integral estimate required for Lemma 3.6, as we mentioned, we couple
uN with the solution vN of the discrete heat equation (1.20) with properly chosen a and
derive the discrete energy inequality for ∇N (uN − vN ) based on the summation by parts
formula; see Lemmas 4.6 and 4.7. Here, the Hölder property of a(t) plays a role. The
oscillation estimate for ∇N ṽN in a smaller domain by that in a wider domain is prepared
in Proposition 3.4, especially (3.25). This is shown essentially by the maximum principle;
cf. Lemmas 3.1 and 3.2. Note that the estimate on the oscillation in time follows from that
in space and, for the small region of size of minimum unit such as r ≤ c

N , the polylinearity
plays a role. Collecting these estimates, the modified iteration lemma (Lemma 4.9) implies
the integral estimate for oscillation of ∇N ũN on Q(r) in the L2-sense required for Lemma
3.6; see Proposition 4.10.

However, as formulated in the assumption in Lemma 3.6, the integral estimate can be
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shown only with rN = r+ c
N instead of simply r ≥ 0 due to the “non-local nature” of our

discrete problem. As a result, we obtain the uniform Hölder estimate only for two points
X = (t1,

x1
N ) and Y = (t2,

x2
N ) such that |X − Y | ≥ 1

MN , i.e., excluding the short distance
regime, in terms of an additional small factor of weighted Hölder seminorm of ∇NuN .

To fill the gap, we need a short distance regime estimate for |X − Y | ≤ 1
MN for large

enough M . This will be shown separately in Lemma 4.11. In addition, to complete the
program, we need a discrete version of the interpolation inequality and an estimate on the
time varying norm.

In Section 5, to derive the estimates on the second derivatives ∇N∇NuN (t), we
consider the equation (1.14) of non-divergence form. Setting ā(t, xN ) := ϕ′(uN (t, xN )) and
g(t, xN ) := Kā(t, xN )f(uN (t, xN )), the equation (1.14) is regarded as a linear discrete PDE
with coefficients ā(t) and g(t). We actually study the system of equations obtained by
applying the gradient operator ∇N to (1.14); see (5.4). Then, the method of the discrete
energy inequality works well for this system (see Lemma 5.1), and one can mostly repeat
similar arguments given in Section 4 to obtain Theorem 5.5 and Corollary 5.6.

To derive the estimate such as (1.17) avoiding the singularity near t = 0, it turns
out to be useful to work at the level of the equation (1.14) for ψ, especially to apply the
maximum principle; see Theorem 5.7. In other words, the system of equations (5.4) has a
gradient structure. When we apply this result for the discrete PDE (1.1), we require the
following regularity: ‖ϕ(5)‖L∞ < ∞ and ‖f ′‖L∞ < ∞. In each statement in Corollaries
4.3, 4.4, 5.8, 5.9 and 5.10, we will make clear the regularity assumptions on ϕ and f by
indicating the dependence of the constants C on the derivatives of ϕ and f .

It is well-known that the Schauder estimate may be shown also by gradient esti-
mates on the associated fundamental solutions, in particular derived by the E.E. Levi’s
parametrix method; see Friedman [18], Il’in et al. [32], Ladyženskaja et al. [39] and Ei-
del’man [14]. We discuss the parametrix method in the discrete setting in Section 6. To
complete this procedure, the Hölder estimate with singularity at t = 0 obtained in The-
orem 2.2 is not enough–we will need to avoid it by using the Hölder estimate in Section
2.4.

1.6 Further comments

Finally, we give some further comments. Ladyženskaja et al. [39] took a different method
to show the Hölder estimate. They first derive a local energy inequality with a cut-off
function. This implies the parabolic Harnack inequality which then leads to the Hölder
estimate. We replaced this route by use of the Nash estimate.

Approaches directly applicable to nonlinear PDEs are also known. Lieberman [41]
discusses gradient bounds for quasilinear parabolic PDEs in Chapter XI. Evans [17] ex-
plains the method of (global) energy inequality. However, the nonlinearity in our equation
impedes in the application of these methods.

Discrete PDEs on complex (random) graphs are well studied in the probability liter-
ature, and the parabolic Harnack inequality, the Gaussian bound called Aronson estimate
on heat kernels, and Hölder estimates are known; see [5], [11], [12], [37], [4]. Semilinear
equations with linear discrete Laplacian on general graphs are discussed by [28]. In our
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case, the graph is TnN and it is much simpler than those studied by these authors. See
Section 2.6 for further comments. For a(t) ∈ A(c−, c+), the Hölder estimate of the fun-
damental solution pN of LNa(t) − ∂t is available, but we do not have its pointwise gradient

estimate in general; see [12].

Related to the stochastic homogenization, a weighted integral estimate on the gradient
of pN in case a(t) ≡ a is obtained in [26], Theorem 3. Especially, their estimate is global
in time with optimal decay in t. See [2], Proposition 2.1 for the gradient estimate of pN

in a random conductance model and [10], Theorem 1.3 for that on percolation clusters.
See also [25], Lemmas 3.2 and 3.3 for estimates in quenched or annealed sense for the first
and second derivatives of elliptic Green’s function on TnN .

In the context of numerical methods, we mention previous literature on related but
different equations with more regularity assumptions. These include [1], [9] on conver-
gence bounds for types of implicit discretizations of quasilinear parabolic equations with
Lipschitz continuous a, making use of discrete maximal parabolic regularity ideas in [35],
[40]. Also, other literature with respect to gradient bounds of discrete PDE equations with
different structures includes [6], [33], [43] on discrete gradient and Schauder estimates for
types of elliptic problems, and [30], [38] on Schauder estimates for fully nonlinear discrete
equations subject to a concavity assumption. See also Chapter 9 of [34] especially, the
semi-discrete approach) and Section 10.5 of [36] for general discussions about discretization
and convergence of the solution of linear discrete PDEs with boundary conditions.

1.7 Notation

Here, we summarize notation used in this article. As we mentioned, we work on the space
1
NTnN which is a discretization of the continuous torus Tn ' [0, 1)n of size 1 with mesh size
1
N , where TnN = {1, 2, . . . , N}n is the discrete torus of size N . The discrete derivatives ∇Ne
and∇N,∗e in the direction e ∈ Zn : |e| = 1 are defined in (2.2) acting on functions u on 1

NTnN ,
and sometimes for those on Tn; see (3.31). We denote ∇N = {∇Ne }e∈Zn:|e|=1. The discrete

Laplacian ∆N is defined in (2.3). The linear discrete diffusion operator LNa of divergence
form is given by (1.5). Its coefficient a = {ax,e}x∈TnN ,e∈Zn:|e|=1 is taken from the class
A(c−, c+) satisfying the symmetry condition (1.3) and the nondegeneracy/boundedness
condition (1.4) for 0 < c− < c+ < ∞. The discrete Ck-norms ‖ · ‖CkN for functions on
1
NTnN are defined in (1.10) for k = 0, 1, 2, . . .

We link the functions uN = {uN ( xN )} on 1
NTnN to ũN = {ũN (z)} on Tn via the

polylinear interpolation

(1.21) ũN (z) =
∑

v∈{0,1}n
ϑN (v, z)uN

( [Nz]+v
N

)
,

which satisfies uN ( xN ) = ũN ( xN ) for every x
N ∈

1
NTnN in terms of nonnegative weights

{ϑN (v, z)}v∈{0,1}n satisfying
∑

v∈{0,1}n ϑ
N (v, z) = 1; see (3.11) below for details.

In the space-time setting, for T > 0 fixed, we write Ω = [0, T ] × Tn and ΩN =

[0, T ]× 1
NTnN . For X = (t, z) ∈ Ω, set |X| = max{t

1
2 , |z|}, called the parabolic norm, and

d(X) = t
1
2 , called the parabolic distance to the parabolic boundary PΩ = {t = 0} × Tn.

For a fixed X0 = (t0, z0) ∈ Ω, we define parabolic balls Q(R) := {X ∈ Ω; |X − X0| <
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R, t < t0} ≡ (t0−R2, t0)×{z ∈ Tn; |z−z0| < R} in the continuous setting, and QN (R) :=
Q(R) ∩ ΩN in the discrete setting.

Several Hölder norms are introduced in Section 3.3 for functions F on Ω and ΩN . Let
us briefly summarize. For a function F = F (X) on Ω, set

|F |0 ≡ ‖F‖∞ := sup
X∈Ω
|F (X)|,(1.22)

see (3.32) below. For α ∈ (0, 1], define the parabolic Hölder seminorms by

[F ]α := sup
X 6=Y ∈Ω

|F (X)− F (Y )|
|X − Y |α

,

[F ]1+α := sup
X 6=Y ∈Ω

|∇NF (X)−∇NF (Y )|
|X − Y |α

,

(1.23)

see (3.33) below. For α = 0, [F ]0 = osc
Ω

(F ) := supX,Y ∈Ω |F (X) − F (Y )| is the oscillation

of F on Ω. For β ∈ (0, 2], define

〈F 〉β := sup
X 6=Y ∈Ω,x=y

|F (X)− F (Y )|
|X − Y |

β
2

,(1.24)

see (3.34) below. Adding all these, we define for a ∈ (0, 2], the unweighted Hölder norm

|F |a := [F ]a + 〈F 〉a + |F |0,(1.25)

see (3.35) below. We also introduce weighted norms to take care of diverging effects near
t = 0. For a = 0 and b ≥ 0, define

|F |(b)0 := sup
X∈Ω

d(X)b|F (X)|.(1.26)

For 0 < a = k + α ≤ 2 where k = 0, 1 and α ∈ (0, 1], and b ≥ 0, let

[F ](b)a := sup
X 6=Y ∈Ω

(d(X) ∧ d(Y ))a+b |(∇N )kF (X)− (∇N )kF (Y )|
|X − Y |α

.(1.27)

〈F 〉(b)a = sup
X 6=Y ∈Ω,x=y

(d(X) ∧ d(Y ))a+b |F (X)− F (Y )|
|X − Y |

a
2

,(1.28)

see (3.36), (3.37), (3.38) below. Replacing Ω by ΩN in the definitions (1.26), (1.27), (1.28),
we define, for a function F on ΩN , seminorms on ΩN = [0, T ]× 1

NTnN :

|F |(b),N0 , [F ](b),Na , 〈F 〉(b),Na ,

see (3.39), (3.40), (3.41) below. Seminorms with ∗ means (0) so that for a ∈ (0, 2],

[F ]∗a := [F ](0)
a , 〈F 〉∗a := 〈F 〉(0)

a , [F ]∗,Na := [F ](0),N
a , 〈F 〉∗,Na := 〈F 〉(0),N

a ,

see (3.42) below. We will use ‖F‖∞ rather than |F |∗0 or |F |∗,N0 .

We will frequently use the notation rN = r + c
N for r ≥ 0 with some c > 0 which

reflects the non-local nature of our discrete problem.

Also, we will have occasion to use the notation ‖h‖∞ := ‖h‖L∞([u−,u+]) for real-valued

functions h which may be the kth derivative ϕ(k) or f , with respect to u± in (1.2); see for
instance Corollary 2.3. On the other hand, for functions hN defined on ΩN , such as uN ,
we set ‖hN‖∞ := supΩN |h

N (t, xN )|; see Theorem 4.1.
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2 Hölder estimate for the solution of a discrete PDE

We first define spatial gradients and other notation in Section 2.1. Then, in Section 2.2,
recalling Appendix B of Giacomin, Olla and Spohn [23], we formulate a Nash estimate for
the solution of a discrete linear PDE (1.6) with g ≡ 0 on 1

NZn instead of 1
NTnN . Based on

this, we derive Hölder regularity of the solution uN of (1.6) with g and therefore (1.1) on
1
NTnN in Section 2.3. In Section 2.4, we show that the singularity in Hölder estimate at
t = 0 can be removed under a regularity assumption on the initial value uN (0). In Section
2.5, we show (1.2) and formulate the maximum principle.

2.1 Discrete derivatives and Laplacian

For functions u and v on 1
NTnN , we define the inner product by

〈u, v〉N = 1
Nn

∑
x∈TnN

u( xN )v( xN ).(2.1)

For e ∈ Zn : |e| = 1, we define the discrete derivative ∇Ne to the direction e and ∇N,∗e by

∇Ne u( xN ) := N(u(x+e
N )− u( xN )), ∇N,∗e u( xN ) := N(u(x−eN )− u( xN )).(2.2)

Note that ∇N,∗e = ∇N−e is the dual operator of ∇Ne with respect to the inner product 〈 , 〉N .

We also define the discrete Laplacian by

∆N := −1
2

∑
|e|=1

∇N,∗e ∇Ne = −
∑

|e|=1,e>0

∇N,∗e ∇Ne = N
∑
|e|=1

∇Ne .(2.3)

Here, e > 0 for e : |e| = 1 means that its nonzero component is 1. To see the second and
third identities in (2.3), we note the following simple fact. Let τy, y ∈ Zn, be the shift
operator defined by τyu( xN ) = u(x+y

N ). Then, we have

∇N,∗e = ∇N−e = −τ−e∇Ne , [τy,∇Ne ] = [∇Ne ,∇Ne′ ] = [∇Ne ,∇
N,∗
e′ ] = 0(2.4)

for every e, e′ : |e| = |e′| = 1, where [A,B] = AB − BA denotes the commutator of two
operators A and B.

The second identity in (2.3) follows from ∇N,∗e ∇Ne = ∇N−e∇
N,∗
−e = ∇N,∗−e ∇N−e, while

the third identity ∆N = N
∑
|e|=1∇Ne follows from ∆Nu( xN ) = N

∑
|e|=1,e>0

(
∇Ne u( xN )−

∇Ne u(x−eN )
)

and ∇Ne u(x−eN ) = τ−e∇Ne u( xN ) = −∇N−eu( xN ).

Given a = {ax,e}x∈TnN ,e∈Zn:|e|=1 ∈ A(c−, c+) (recall two conditions (1.3) and (1.4)),

we consider the discrete diffusion operator LNa defined by (1.5). As an extension of (2.3),
with the relations (2.4) in hand and by (1.3), it can be rewritten as

LNa u( xN )
(
= N

∑
|e|=1

ax,e∇Ne u( xN )
)

= −
∑

|e|=1,e>0

∇N,∗e

(
ax,e∇Ne u

)
( xN ),(2.5)

since we have

∇N,∗−e
(
ax,−e∇N−eu

)
( xN ) = ∇N,∗−e

(
ax−e,e∇N−eu

)
( xN )
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= −∇N,∗−e
(
τ−eax,eτ−e∇Ne u

)
( xN )

= −∇N,∗−e
(
τ−e(ax,e∇Ne u)

)
( xN )

= ∇N,∗e

(
ax,e∇Ne u

)
( xN ).

Moreover, LNa is symmetric with respect to 〈 , 〉N and the corresponding Dirichlet form is
given by

ENa (u, v) := −〈LNa u, v〉N = 1
2Nn

∑
x∈TnN

∑
|e|=1

ax,e∇Ne u( xN )∇Ne v( xN ).(2.6)

Given a(t) ∈ A(c−, c+) for t ≥ 0, we will consider the time-dependent operator LNa(t).

The following will be used in Section 3 and later. We denote ∆N
a := LNa in case that

a = {ae}|e|=1 does not depend on x and call ∆N
a the discrete Laplacian with constant

coefficients. Namely, for given constants a = {ae}|e|=1 satisfying

ae = a−e, c− ≤ ae ≤ c+,(2.7)

we set

∆N
a := −

∑
|e|=1,e>0

ae∇N,∗e ∇Ne = −1
2

∑
|e|=1

∇N,∗e ae∇Ne = N
∑
|e|=1

ae∇Ne .(2.8)

The following formulas for discrete derivatives will be useful:

∇Ne (uv)( xN ) = v(x+e
N )∇Ne u( xN ) + u( xN )∇Ne v( xN )(2.9)

= 1
2(v( xN ) + v(x+e

N ))∇Ne u( xN ) + 1
2(u( xN ) + u(x+e

N ))∇Ne v( xN ).

In particular,

∇Ne u2( xN ) = (u( xN ) + u(x+e
N ))∇Ne u( xN ).(2.10)

Note also that

∆N
a (uv)( xN ) = v( xN )∆N

a u( xN ) + u( xN )∆N
a v( xN ) +

∑
|e|=1

ae∇Ne u( xN )∇Ne v( xN ).(2.11)

2.2 Nash continuity estimate for linear discrete PDEs on 1
N
Zn

In order to apply the results in [23] and [42], we consider the linear discrete PDE (1.6)
with g ≡ 0 for x

N ∈
1
NZn instead of 1

NTnN :

∂tu = LNa(t)u,
x
N ∈

1
NZn.(2.12)

Here, the coefficient a(t) = {ax,e(t)}x∈Zn,e∈Zn:|e|=1 ∈ A(c−, c+) satisfying (1.3) and (1.4)
is given for t ≥ 0 and for x ∈ Zn instead of x ∈ TnN . We assume a(t) is continuous in t.
Then, the operator LNa(t) is defined by (1.5) (or (2.5)) for x ∈ Zn. The inner product 〈 , 〉N
in (2.1), discrete gradients ∇Ne ,∇

N,∗
e in (2.2) and discrete Laplacian ∆N in (2.3) are easily

extended to 1
NZn.
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We take α = N−1 as the scaling parameter α in [23], p.1167– and in [42]. We note
that the factor N2(= α−2) from the time change is hidden in ∇Ne and ∇N,∗e in our case.

The temporally inhomogeneous semigroup generated by LNa(t) is denoted by PNs,t for

0 ≤ s < t < ∞, that is, u(t, xN ) = PNs,tū( xN ) is the solution of (2.12) for t ≥ s satisfying
u(s, ·) = ū(·). The corresponding fundamental solution is given by

pN (s, yN ; t, xN ) = Nn(PNs,t1 y
N

)( xN ).

Note that pN satisfies the forward equation ∂tp
N = LNa(t),xp

N for t ∈ (s,∞) with

pN (s, yN ; s, xN ) = Nnδx,y and the backward equation ∂sp
N = −LNa(s),yp

N , for s ∈ (0, t)

with pN (t, yN ; t, xN ) = Nnδx,y; see Definition 6.1 below and recall the symmetry of LNa(t).

The following proposition is a consequence of the parabolic Harnack inequality.

Proposition 2.1. (Nash continuity estimate) There exist σ ∈ (0, 1) and C = C(n, c±)
(in particular, uniform in N) such that for every N ∈ N and u0 ∈ L∞( 1

NZn)

|PN0,tu0( xN )− PN0,su0( yN )| ≤ C‖u0‖∞
( |t− s| 12 ∨ | xN − y

N |
(t ∧ s)

1
2

)σ
,

for t, s > 0 and x, y ∈ Zn, where ‖u0‖∞ = supx∈Zn |u0( xN )|. In particular, we have∣∣pN (0, y
′

N ; t′, x
′

N )− pN (0, yN ; t, xN )
∣∣ ≤ C(|t′ − t| 12 + | xN −

x′

N |+ |
y
N −

y′

N |
)σ

(t′ ∧ t)−
n+σ
2 .

Proof. See Proposition B.6 of [23] and also Theorem 1.31 of Stroock and Zheng [42]. Note
that [42] deals with the temporally homogeneous case. Note also that the symmetry of
LNa(t) implies that of pN in x

N and y
N by Lemma 6.1 below.

Remark 2.1. The Hölder exponent σ ∈ (0, 1) is implicitly determined. Its lower bound
is discussed in [31] in a continuous setting. We note that, in the semilinear case with
ϕ(u) = cu with c > 0, the bound (1.16) is shown with σ = 1 under the assumption
supN ‖uN (0)‖C1

N
≤ CK; see [22], Proposition 4.3. See also Remark 3.1 below.

2.3 Hölder estimate for discrete PDEs with an external term on 1
N
TnN

In this subsection, we make use of the Nash estimate (Proposition 2.1) to show Hölder
regularity for the solution uN (t, xN ) of (1.6) with the external term g = g(t, xN ) and accord-
ingly (1.1) in (t, xN ), t > 0, xN ∈

1
NTnN , uniformly in N . Recall that g is bounded. To apply

Proposition 2.1 with respect to 1
NZn, we extend the solution uN (t, xN ) to 1

NZn periodically
in x, setting uN (t, xN + e) = uN (t, xN ) for every e ∈ Zn. Alternatively, we may solve the
discrete PDE (1.6) on 1

NZn with N -periodically extended coefficients a(t) = {ax,e(t)},
g(t, xN ) and initial value uN (0, xN ), x ∈ Zn. Then, by uniqueness of solution, uN (t, xN ) is
also periodic.

We now derive a Hölder estimate for the solution uN of (1.6). The following theorem
holds on 1

NZn for non-periodic a(t) and g. But, we state it only on 1
NTnN . We define

15



the distance on Tn ∼= [0, 1)n and therefore on 1
NTnN as follows. For z1, z2 ∈ Tn and for

x1, x2 ∈ TnN , ∣∣z1 − z2

∣∣ := min
e∈Zn

∣∣z1 − z2 + e
∣∣, ∣∣x1

N −
x2
N

∣∣ := min
x′2=x2 modN

∣∣x1
N −

x′2
N

∣∣.(2.13)

Theorem 2.2. Let uN (t, xN ) be the solution of (1.6) on 1
NTnN with a(t) ∈ A(c−, c+) being

continuous in t and initial value uN (0) satisfying ‖uN (0)‖∞ <∞. Let σ ∈ (0, 1) be as in
Proposition 2.1. Then, we have

|uN (t1,
x1
N )− uN (t2,

x2
N )| ≤ C(‖g‖∞ + ‖uN (0)‖∞)

∣∣t2 − t1∣∣σ2 +
∣∣x1
N −

x2
N

∣∣σ
(t1 ∧ t2)

σ
2

,(2.14)

for 0 < t1, t2 ≤ T and x1, x2 ∈ TnN , where C = C(n, c±, T ) and ‖g‖∞ := ‖g‖
L∞([0,T ]× 1

N TnN )
.

Proof. Step 1. Recall that PNs,t is the semigroup associated to the discrete linear PDE

(2.12) with periodic a(t). By Duhamel’s formula, the periodically extended solution uN

of (1.6) with g satisfies

uN (t, xN ) =
(
PN0,tu

N (0)
)
( xN ) +

∫ t

0
ds
(
PNs,tg(s, ·)

)
( xN )(2.15)

=: IN1 (t, xN ) + IN2 (t, xN ),

where IN1 and IN2 satisfy

∂tI
N
1 = LNa(t)I

N
1 , IN1 (0) = uN (0),

∂tI
N
2 = LNa(t)I

N
2 + g(t, xN ), IN2 (0) = 0.

Observe that the first term IN1 (t, xN ) is (σ2 , σ)-Hölder continuous and the difference

|I1(t1,
x1
N ) − I1(t2,

x2
N )| is bounded, with front factor C(n, c±)‖uN (0)‖∞(t1 ∧ t2)−

σ
2 , using

Proposition 2.1.

Step 2. The second term IN2 (t, xN ) can be estimated as follows. First for x1, x2 ∈ TnN
(embedded in Zn), by Proposition 2.1, shifting time by s,

|IN2 (t, x1N )− IN2 (t, x2N )| ≤
∫ t

0
ds
∣∣(PNs,tg(s, ·)

)
(x1N )−

(
PNs,tg(s, ·)

)
(x2N )

∣∣
≤ C(n, c±)‖g‖∞

∣∣x1
N −

x2
N

∣∣σ ∫ t

0
(t− s)−

σ
2 ds ≤ C(n, c±, T )‖g‖∞

∣∣x1
N −

x2
N

∣∣σ,
for t ∈ [0, T ], since σ ∈ (0, 1).

Step 3. Next, let us show the Hölder estimate for IN2 (t, xN ) in t. The proof is similar.
For 0 < t1 < t2,

IN2 (t2,
x
N )− IN2 (t1,

x
N ) =

∫ t1

0
ds
{(
PNs,t2g(s, ·)

)
( xN )−

(
PNs,t1g(s, ·)

)
( xN )

}
+

∫ t2

t1

ds
(
PNs,t2g(s, ·)

)
( xN )
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=: IN2,1 + IN2,2.

Here, PNs,t1 ≡ 1 since u(t) ≡ 1 solves ∂tu = LNa(t)u for t > s with u(s) ≡ 1. Also,∣∣(PNs,t2g(s, ·)
)
( xN )

∣∣ ≤ ‖g‖∞∣∣PNs,t21
∣∣ = ‖g‖∞. Hence,

|IN2,2| ≤ ‖g‖∞|t2 − t1|.

For IN2,1, by Proposition 2.1 shifting time by s again,

|IN2,1| ≤ C(n, c±)‖g‖∞
∣∣t2 − t1∣∣σ2 ∫ t1

0
(t1 − s)−

σ
2 ds ≤ C(n, c±, T )‖g‖∞

∣∣t2 − t1∣∣σ2 .
Thus, we obtain

|IN2 (t2,
x
N )− IN2 (t1,

x
N )| ≤ C(n, c±, T )‖g‖∞

∣∣t2 − t1∣∣σ2 , 0 ≤ t1, t2 ≤ T.

The theorem is shown by combining these estimates.

The diverging denominator in the estimate in Theorem 2.2 comes from IN1 (t, x). In
the next subsection, we remove this singularity when uN (0, ·) has C2-regularity.

Theorem 2.2 shows the following corollary for the equation (1.1).

Corollary 2.3. Let uN (t, xN ) be the solution of (1.1) on 1
NTnN satisfying (1.2). Then, we

have, with C = C(n, c±, T ) that

|uN (t1,
x1
N )− uN (t2,

x2
N )| ≤ C(K‖f‖∞ + ‖uN (0)‖∞)

∣∣t2 − t1∣∣σ2 +
∣∣x1
N −

x2
N

∣∣σ
(t1 ∧ t2)

σ
2

,(2.16)

for 0 < t1, t2 ≤ T and x1, x2 ∈ TnN , where ‖f‖∞ = ‖f‖L∞([u−,u+]).

Moreover, ax,e(t) := ax,e(u
N (t)) defined by (1.8) with u = uN (t) satisfies

|ax1,e(t1)− ax2,e(t2)| ≤ C(K‖f‖∞ + ‖uN (0)‖∞)

∣∣t2 − t1∣∣σ2 +
∣∣x1
N −

x2
N

∣∣σ
(t1 ∧ t2)

σ
2

,(2.17)

for 0 < t1, t2 ≤ T and x1, x2 ∈ TnN where C = C(n, c±, T, ‖ϕ′′‖∞) and ‖ϕ′′‖∞ =
‖ϕ′′‖L∞([u−,u+]).

Proof. The first estimate (2.16) is immediate from Theorem 2.2 by noting (1.7), (1.9) and
‖g‖∞ ≤ K‖f‖L∞([u−,u+]). Note that the continuity of a(t) in t follows from that of uN (t),
(1.8) and the next Lemma 2.4. The second estimate (2.17) follows from (1.8), Lemma 2.4
and (2.16).

We state the ‘mean-value’ lemma used in the proof of Corollary 2.3.

Lemma 2.4. If ϕ ∈ C2([u−, u+]), we have for every a, b, c, d ∈ [u−, u+] such that a 6= b,
c 6= d, ∣∣∣ϕ(a)−ϕ(b)

a−b − ϕ(c)−ϕ(d)
c−d

∣∣∣ ≤ C(|a− c|+ |b− d|),

and also ∣∣∣ϕ(a)−ϕ(b)
a−b − ϕ′(c)

∣∣∣ ≤ C(|a− c|+ |b− c|).

where we can take C = 1
2‖ϕ

′′‖L∞([u−,u+]) and recall (1.2) for u±.
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Proof. We prove the first statement as the second follows from the first by letting d→ c.

The left hand side is bounded by∣∣∣ϕ(a)−ϕ(b)
a−b − ϕ(a)−ϕ(d)

a−d

∣∣∣+
∣∣∣ϕ(a)−ϕ(d)

a−d − ϕ(c)−ϕ(d)
c−d

∣∣∣,
so that we may bound each term by C|b − d| and C|a − c|, respectively. But these are
essentially the same by symmetry so that we may prove the first one. Fix a and d, and
set

θ(b) := ϕ(a)−ϕ(b)
a−b − ϕ(a)−ϕ(d)

a−d .

Then, θ(d) = 0 and by Taylor’s formula

θ′(b) = −ϕ′(b)(a−b)+(ϕ(a)−ϕ(b))
(a−b)2 = 1

2ϕ
′′(A)

for some A ∈ [u−, u+], which implies |θ(b)| = |θ(b)− θ(d)| ≤ C|b− d|.

Remark 2.2. Under the N -periodic situation, the fundamental solution pN (s, yN ; t, xN ),
y
N ,

x
N ∈

1
NTnN , on 1

NTnN can be constructed from the fundamental solution p̃N (s, yN ; t, xN )
on 1

NZn as follows:

pN (s, yN ; t, xN ) :=
∑

x′∈Zn:x′=xmodN

p̃N (s, yN ; t, x
′

N ).

2.4 Regularity at t = 0

Here, we improve the Hölder regularity near t = 0 of the solution u = uN (t, xN ) for
x ∈ TnN to the equation (1.6) given in Theorem 2.2, when the initial condition uN (0, xN )
has uniformly bounded second derivatives:

sup
N

max
x∈TnN ,|e1|=|e2|=1

|∇Ne1∇
N
e2u

N (0, xN )| ≤ C0 <∞.(2.18)

A sufficient condition is that uN (0, ·) = u0(·) for u0 ∈ C2(Tn). Recall that a = {aNx,e(t)}
satisfies (1.3) and (1.4) for t ≥ 0.

We show the following theorem. The idea of the proof is that the regularity of
uN (0, ·) allows to extend the solution backwards in time, say for t ∈ [−1, 0]. Then,
after a time-shift by +1, one formulates a new discrete PDE, whose diffusion coefficient
still satisfies symmetry and nondegeneracy/boundedness as in (1.3) and (1.4), but which
matches equation (1.6) for times t ≥ 1. From the Hölder estimate (Theorem 2.2) to this
new formulation for times t ≥ 0, one can get a Hölder estimate for the original equation
above for times t ≥ 1 but without a diverging divisor as before.

Theorem 2.5. Let σ ∈ (0, 1) be as in Proposition 2.1 and assume uN (0, ·) satisfies (2.18)
with C0 <∞. Then, for the solution uN (t, xN ) of (1.6) with initial value uN (0, ·), we have

(2.19) |uN (t1,
x1
N )− uN (t2,

x2
N )| ≤ C(‖g‖∞ + ‖uN (0)‖∞ + C0)

{∣∣t2 − t1∣∣σ2 +
∣∣x1
N −

x2
N

∣∣σ},
for 0 ≤ t1, t2 ≤ T and x1, x2 ∈ TnN , where C = C(n, c±, T ).
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Proof. Consider the discrete heat equation on 1
NTnN :

∂sv = ∆Nv, s ∈ (0, 1],(2.20)

with initial condition v(0, xN ) = uN (0, xN ) for x ∈ TnN . Define v̂(t) := v(1− t) for 0 ≤ t < 1

and ĥ(t, xN ) := −∆N v̂(t, xN ). Note, for 0 ≤ t < 1, that v̂ satisfies

∂tv̂ = −∆N v̂ = ∆N v̂ + 2ĥ.

However, by (2.20), h(t) := ĥ(1 − t) = −∆Nv(t) satisfies the discrete heat equation
∂th(t) = ∆Nh(t) with initial value h(0) = −∆NuN (0) and thus, by the maximum principle
for the discrete heat equation (see Lemma 2.7 below) and by the condition (2.18) for uN (0),
we have

|h(t, xN )| ≤ max
y
|∆NuN (0, yN )| ≤ C0,

which implies ‖ĥ‖∞ ≤ C0.

Define now

âx,e(t) =

{
ax,e(t− 1) for t ≥ 1

1 for 0 ≤ t < 1,
(2.21)

and

ĝ(t, xN ) =

{
g(t− 1, xN ) for t ≥ 1

2ĥ(t, xN ) for 0 ≤ t < 1.
(2.22)

Consider the extended system, for t ≥ 0,

∂tû
N = LNâ(t)û

N + ĝ(t, xN ).(2.23)

Since â satisfies symmetry and nondegeneracy/boundedness, conditions (1.3) and
(1.4) (modify c± if necessary), and ‖ĝ‖∞ ≤ ‖g‖∞+ 2C0, Theorem 2.2 yields the following
statement:

|û(t1,
x1
N )− û(t2,

x2
N )| ≤ C(‖g‖∞ + ‖uN (0)‖∞ + C0)

∣∣t2 − t1∣∣σ2 +
∣∣x1
N −

x2
N

∣∣σ
(t1 ∧ t2)

σ
2

,

for 0 < t1, t2 ≤ T + 1 and x1, x2 ∈ TnN , where C = C(n, c±) > 0 depends on n, c± given
in (1.4), and T . We obtain, by specializing to times 1 ≤ t ≤ T + 1 and noting that
û(t, ·) = uN (t− 1, ·), the theorem for the solution u = uN of (1.6).

Theorem 2.5 immediately implies the following corollary for the equation (1.1). The
proof is similar to that of Corollary 2.3.

Corollary 2.6. Let uN (t, xN ) be the solution of (1.1) satisfying (1.2). We assume that
the initial value uN (0, ·) satisfies (2.18). Then, we have with C = C(n, c±, T ) that

|uN (t1,
x1
N )− uN (t2,

x2
N )| ≤ C(K‖f‖∞ + ‖uN (0)‖∞ + C0)

{∣∣t2 − t1∣∣σ2 +
∣∣x1
N −

x2
N

∣∣σ},(2.24)

for 0 ≤ t1, t2 ≤ T and x1, x2 ∈ TnN . Moreover, ax,e(t) := ax,e(u
N (t)) satisfies

|ax1,e(t1)− ax2,e(t2)| ≤ C(K‖f‖∞ + ‖uN (0)‖∞ + C0)
{∣∣t2 − t1∣∣σ2 +

∣∣x1
N −

x2
N

∣∣σ},(2.25)

for 0 ≤ t1, t2 ≤ T and x1, x2 ∈ TnN where C = C(n, c±, T, ‖ϕ′′‖∞).
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2.5 Comparison argument and maximum principle

Here, we show (1.2) for the quasilinear discrete PDE (1.1) and formulate the maximum
principle for linear discrete PDEs.

To show (1.2), take −∞ < u− < u+ < ∞ such that f(u−) > 0, f(u+) < 0 and
u− < uN (0, xN ) < u+ for all N, x,K. This is possible by our assumptions for f(u) and
uN (0); in particular, recall that u · f(u) < 0 for large enough |u|. We only show the upper
bound in (1.2), since the lower bound is similar.

For a fixed K > 0, take ε > 0 small enough such that Kf(u+) + ε < 0 and let u+(t)
be the solution of the ODE du+

dt (t) = Kf(u+(t)) + ε with the initial value u+(0) = u+.
We easily see that u+(t) ≤ u+ holds for all t ≥ 0.

For the solution uN (t) of (1.1), set τ := inf{t > 0;uN (t, xN ) = u+(t) for some x ∈ TnN}
and τ =∞ if the set {t > 0; · · · } = ∅. If τ =∞, by definition, we have uN (t, xN ) < u+(t) ≤
u+ for all t ≥ 0 and x ∈ TnN so that the upper bound in (1.2) holds. Therefore, we may
assume τ < ∞ and clearly τ > 0. Then, at t = τ , uN (τ, xN ) ≤ u+(τ) for all x ∈ TnN and
uN (τ, yN ) = u+(τ) for some y ∈ TnN . However, by the equation (1.1), we have

∂t(u+ − uN )(τ, yN ) = ∆N{ϕ(u+)− ϕ(uN )}(τ, yN ) +Kf(u+(τ)) + ε−Kf(uN (τ, yN ))

= N2
∑
|e|=1

{
(ϕ(u+)− ϕ(uN ))(τ, y+e

N )− (ϕ(u+)− ϕ(uN ))(τ, yN )
}

+ ε

= N2
∑
|e|=1

(ϕ(u+)− ϕ(uN ))(τ, y+e
N ) + ε ≥ ε,

where we set u+(t, xN ) = u+(t) for all x. Note ∆Nϕ(u+) = 0 and that we have used the
increasing property of ϕ. This, however, implies that uN (t, yN ) > u+(t) for some t ∈ (0, τ)
close to τ , which contradicts the definition of τ . Thus, the upper bound in (1.2) is shown.

Now we state the maximum principle. Let ax,e(t) ≥ 0 be given and consider the linear
discrete PDEs of divergence form

∂tu = LNa(t)u,
x
N ∈

1
NTnN ,(2.26)

and also non-divergence form

∂tu = L̄Na(t)u :=
∑
|e|=1

ax,e(t)∇N,∗e ∇Ne u, x
N ∈

1
NTnN .(2.27)

Note that the symmetry condition (1.3) is not assumed for ax,e(t). For completeness, we
give a proof.

Lemma 2.7. (1) Let Λ ⊂ 1
NTnN be given. Assume that u(t, xN ) is defined on [0, T ] × Λ̄

and satisfy (LNa(t) − ∂t)u ≥ 0 or (L̄Na(t) − ∂t)u ≥ 0 on (0, T ]× Λ. Then, we have

max
[0,T ]×Λ̄

u = max
ΓT

u,(2.28)

where ΓT = {0} × Λ̄ ∪ (0, T ]× ∂+
NΛ, and see (3.52) for ∂+

NΛ and Λ̄.
(2) For the solutions of the equations (2.26) or (2.27), we have maxt≥0,x∈TnN u(t, xN ) =
maxx∈TnN u(0, xN ) and mint≥0,x∈TnN u(t, xN ) = minx∈TnN u(0, xN ).
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Proof. (1) First note that, if the function u takes local maximum at y
N in the sense that

u( yN ) ≥ u(y+e
N ) for every e : |e| = 1, then we have LNa u( yN ) ≤ 0 and L̄Na u( yN ) ≤ 0. Indeed,

the first inequality is shown as

LNa u( yN ) = −1
2

∑
|e|=1

∇N,∗e (ay,e∇Ne u)( yN )

= −N
2

∑
|e|=1

{
ay−e,e∇Ne u(y−eN )− ay,e∇Ne u( yN )

}
≤ 0,

since ay−e,e, ay,e ≥ 0 and ∇Ne u(y−eN ) ≥ 0, ∇Ne u( yN ) ≤ 0. The second is similar.

Now, set uε = u− εt for ε > 0 and prove (2.28) for uε instead of u. Once this is done,
(2.28) is shown for u by letting ε ↓ 0. If (2.28) does not hold for uε, there exist y

N ∈ Λ
and τ ∈ (0, T ] such that uε(τ, yN ) = max[0,T ]×Λ̄ u

ε(t, xN ). Then, by the above observation,

LNa(τ)u
ε(τ, yN ) ≤ 0 and L̄Na(τ)u(τ, yN ) ≤ 0 hold. Thus, if the first condition is satisfied by u,

∂tu
ε(τ, yN ) = ∂tu(τ, yN )− ε ≤ LNa(τ)u(τ, yN )− ε(2.29)

= LNa(τ)u
ε(τ, yN )− ε ≤ −ε.

The same bound holds if the second condition is satisfied.

However, by the definition of τ and y, we have ∂tu
ε(τ, yN ) = 0 in case of 0 < τ < T

or ∂tu
ε(τ, yN ) ≥ 0 in case of τ = T . Both contradict (2.29) so that (2.28) is shown for uε.

The assertion (2) follows from (1) by taking Λ = 1
NTnN . The statement for the

minimum follows by considering −u.

2.6 Comments on the probabilistic method to show the Hölder estimate

We consider the equation (1.6) in the case g ≡ 0. At least in a temporally homogeneous
case and for the generator of the form

Lu(x) = µ−1
x

∑
y:|x−y|=1

µxy(u(y)− u(x)), µx =
∑
y

µxy,(2.30)

the parabolic Harnack inequality is shown ([5], [11]) and, based on it, Hölder continuity,
which is uniform in N , of uN (t, xN ) in (t, xN ) and the corresponding fundamental solution
is shown; see Proposition 3.2 and below (4.12) of [5] and also p.100 below Theorem 8.1.5
of [37]. Note that they consider the analysis on a percolation cluster C∞ or disordered
media, which is quite complicated, but if we take the percolation probability p = 1, we
have C∞ = Zd.

The differences from our situation are the following:
(1) Our generator LNa(t) is temporally inhomogeneous

(2) L in (2.30) is defined by dividing by µx (cf. CSRW and VSRW, for example in [37],
for the relations of two generators, one not divided by µx).

As we see in Section 6, if we have the Hölder continuity in (t, xN ) of the fundamental
solution pN (s, yN ; t, xN ) of LNa(t)− ∂t, by the symmetry of LNa(t), it is Hölder continuous also
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in (s, yN ) (with diverging front factor for |t − s| small as in (4.14) of [5]). Then, for the
solution of (1.6) with g, one can apply Duhamel’s formula.

A Hölder estimate of the fundamental solution is available in the quenched sense.
However, in general, a gradient estimate of the fundamental solution is not available–as
discussed in [12] an annealed gradient estimate holds but not in the quenched sense. Note
that the parabolic Caccioppoli inequality, formulated in Proposition 4.1 of [12], is applied
to obtain the gradient estimate. See also [3], [27] in a continuous setting.

3 Preliminary estimates for the discrete heat equation, poly-
linear interpolation and some norms

Once the Hölder estimate is established, one can move to the next stage to prove the
Schauder estimate. We adapt the approach in Chapter IV of [41] originally given for
continuous PDEs. This section summarizes some preparatory facts.

In Section 3.1, we give bounds on the space-time oscillations of the solution of the
discrete heat equation (1.20); see Lemmas 3.1 and 3.2. Then, in Section 3.2, we extend
the approach to continuous space by polylinear interpolations, and rewrite these bounds
in the continuous setting; see Corollary 3.3 and Proposition 3.4.

With Proposition 3.4 in hand, we can consider versions of the arguments in [41]. In
Section 3.3, we introduce space-time Hölder norms of u and ∇Nu with weights which
control of diverging factors near t = 0. Then, in Section 3.4, we state Lemmas 3.6 and 3.7,
which correspond to Lemmas 4.3 and 4.6 in [41], respectively, with a proper modification
for Lemma 3.6 in the discrete setting. Finally, in Section 3.5, we state the summation by
parts formula, which will be used in the next section.

We comment that the interior estimate for the discrete heat equation obtained in
Proposition 3.4 is useful, especially, to derive (4.42) for the gradient of the solution later.
Note that the discrete heat equation (1.20) has a simple but special feature, namely that
if vN is a solution then its discrete derivative ∇Ne vN is also its solution for every e, since
the two operators ∇Ne and ∆N

a commute with each other.

3.1 Interior estimates for the discrete heat equation

Let T > 0 be a fixed time horizon. Define Ω = [0, T ] × Tn and ΩN = [0, T ] × 1
NTnN . For

X = (t, z) ∈ Ω, set |X| = max{t
1
2 , |z|}, where |z| is usually the L2 (Euclidean) norm on

Tn ∼= [−1
2 ,

1
2)n. In context, to fit in the lattice structure, we will sometimes use the L∞

norm, which is denoted by |z|L∞ := max1≤i≤n |zi| for z = (zi)
n
i=1, instead of L2 norm.

Define the domain Q(R) = Q(X0, R) in Ω for X0 = (t0, z0) ∈ Ω and 0 < R (< 1
2∧
√
t0)

as

Q(R) :={X ∈ Ω; |X −X0| < R, t < t0}(3.1)

≡(t0 −R2, t0)× {z ∈ Tn; |z − z0| < R}.

We may regard the spatial part of Q(R) as Tn when R ≥ 1
2 and the temporal part as [0, T ]

when R ≥
√
t0. We also define QN (R) = Q(R) ∩ ΩN .
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We now show a discrete analog of Lemma 4.4 in [41] for the solution of the discrete
heat equation (1.20); see Lemma 3.1 and Corollary 3.3. If a linear function is defined on a
region of width R and takes values in [−M,M ], its slope behaves as 2M

R . The next lemma
roughly claims that the solution vN of (1.20) has a similar property.

Lemma 3.1. (cf. Proof of Lemma 4.4 of [41]) Let vN = vN (t, xN ) be a solution of the
discrete heat equation (1.20) on QN (R) with coefficients a such that (2.7) holds, that is,

∂tv
N = ∆N

a v
N , (t, xN ) ∈ QN (R),(3.2)

satisfying |vN | ≤MR on QN (R) with R > c0
N for a constant c0 >

√
n+ 1. (The condition

R > c0
N will be removed in the setting of Corollary 3.3). Then, we have

|∇Ne vN (t, xN )| ≤ CMR

R
in QN (r),

for r ∈ (0, 1
2c1R) and e ∈ Zn : |e| = 1, where c1 = 1√

n

(
1−
√
n+1
c0

)
∈ (0, 1) and C = C(n, c±).

Here, we take the spatial center z0 of Q(R) (and therefore Q(r)) in 1
NTnN .

Note that, for ∆N
a v

N in (3.2) to be defined on QN (R), vN should be given at least
on its closure QN (R) defined as in (4.29) below.

Proof. The main method is to apply the maximum principle for the equation (3.2). Note
that ∇Ne vN satisfies the same equation, on a smaller domain, due to the commuting
property [∆N

a ,∇Ne ] = 0.

Step 1. Let L = ∆N
a − ∂t and let v = vN (t, xN ) be the solution of Lv = 0 on QN (R).

Then, by a simple computation and writing v( xN ) for v(t, xN ) for simplicity, we have

L(∇Ne v( xN ))2 =
∑
|e′|=1

ae′(∇Ne′∇Ne v( xN ))2,(3.3)

Lv2( xN ) =
∑
|e|=1

ae(∇Ne v( xN ))2,(3.4)

on QN (R− 1
N ). Indeed, by (2.8), (2.10) and L∇Ne v = 0 on QN (R− 1

N ), which follows by
noting that (t, x+e

N ) ∈ QN (R) for (t, xN ) ∈ QN (R− 1
N ),

L(∇Ne v( xN ))2 = ∆N
a (∇Ne v( xN ))2 − ∂t(∇Ne v( xN ))2

= N
∑
|e′|=1

ae′∇Ne′ (∇Ne v( xN ))2 − 2∇Ne v( xN ) ∂t∇Ne v( xN )

= N
∑
|e′|=1

ae′(∇Ne v( xN ) +∇Ne v(x+e′

N ))∇Ne′∇Ne v( xN )

− 2∇Ne v( xN )N
∑
|e′|=1

ae′∇Ne′∇Ne v( xN )

= N
∑
|e′|=1

ae′(∇Ne v(x+e′

N )−∇Ne v( xN ))∇Ne′∇Ne v( xN )
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=
∑
|e′|=1

ae′(∇Ne′∇Ne v( xN ))2.

This shows (3.3). Equation (3.4) follows, again by (2.8) and (2.10), from

Lv2( xN ) = ∆N
a v

2( xN )− ∂tv2( xN )

= N
∑
|e|=1

ae∇Ne v2( xN )− 2v( xN )N
∑
|e|=1

ae∇Ne v( xN )

= N
∑
|e|=1

ae(v(x+e
N )− v( xN ))∇Ne v( xN ) =

∑
|e|=1

ae(∇Ne v( xN ))2.

Step 2. To accommodate the discrete setting, especially to have a proper discrete
boundary in Step 5, instead of Q(R), we consider a domain Q̃(R), defined similarly to
Q(R) = Q(X0, R) but where we use the L∞ norm |z|L∞ instead of |z|, to define |X −X0|.
Note that QN (R) ⊂ Q̃N (R) ⊂ Q̃N (R) ⊂ QN (

√
n(R+ 1

N )) holds, where Q̃N (R) = Q̃(R) ∩
ΩN and Q̃N (R) = Q̃N (R) ∪ ∂+

N Q̃N (R) is the domain added the discrete outer boundary;

see below. We will take a smaller c1R with c1 = 1√
n

(
1 −

√
n+1
c0

)
instead of R such that

QN (
√
n(c1R+ 1

N )) ⊂ QN (R− 1
N ) holds. In particular, QN (c1R) ⊂ Q̃N (c1R) ⊂ QN (R− 1

N )
holds.

Define a cut off function ζ(X) = ((c1R)2 − |z − z0|2L∞)+((c1R)2 − |t0 − t|)+ for X =

(t, z) ∈ Q̃N (c1R) and X0 = (t0, z0). Actually for ζ, we only use the properties: (3.6)
below, ζ ≤ C(n)R4 and |∂tζ| ≤ C(n)R2. Note that ζ = 0 at the discrete outer boundary
∂+
N Q̃(c1R) = ∂

(
[0, t0]× 1

NTnN ∩ Q̃(c1R)c
)
.

By (3.3), (2.10) and (2.11), for each e ∈ Zn : |e| = 1, we have on Q̃N (c1R)

L(ζ∇Ne v)2( xN ) = ζ2( xN )L(∇Ne v( xN ))2 + (∇Ne v( xN ))2Lζ2( xN )(3.5)

+
∑
|e′|=1

ae′∇Ne′ ζ2( xN ) · ∇Ne′ (∇Ne v)2( xN )

= ζ2( xN )
∑
|e′|=1

ae′(∇Ne′∇Ne v( xN ))2 + (∇Ne v( xN ))2Lζ2( xN )

+
∑
|e′|=1

ae′∇Ne′ ζ2( xN ) · (∇Ne v( xN ) +∇Ne v(x+e′

N ))∇Ne′∇Ne v( xN )

=: I1 + I2 + I3,

where I1 ≥ 0. This is a discrete analog of the formula in line -9 in p.34 (proof of Lemma
3.18) of [41] (H = L,W = ζ).

Step 3. The continuous ζ (defined with L2-norm for |z − z0|) satisfies ζ ≤ CR4,
|Dζ| ≤ CR3 and |D2ζ| ≤ CR2; see [41], p.52. We have a similar property here for ζ
defined above with the L∞-norm. Since the space singularity is not a problem given
the discrete setting, noting R > c0

N , comparable to the mesh size 1
N , we have the same

estimates for the discrete derivatives of ζ by the mean value theorem:

|∇Ne ζ| ≤ C(n)R3, |∇Ne′∇Ne ζ| ≤ C(n)R2.(3.6)
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Therefore, noting |∂tζ| ≤ CR2 and (2.7), we have

|Lζ2( xN )| =
∣∣∣2ζ( xN )∆N

a ζ( xN ) +
∑
|e|=1

ae
(
∇Ne ζ( xN )

)2 − 2ζ( xN )∂tζ( xN )
∣∣∣ ≤ C(n, c±)R6.(3.7)

In particular, we have

I2 ≥− C(n, c±)R6(∇Ne v( xN ))2.

Step 4. For I3 in the right hand side of (3.5), we first note from (2.10) that

∇Ne′ ζ2( xN ) = (ζ( xN ) + ζ(x+e′

N ))∇Ne′ ζ( xN ) = (2ζ( xN ) + 1
N∇

N
e′ ζ( xN ))∇Ne′ ζ( xN ).

Then, since 1
N∇

N
e′F ( xN ) = F (x+e′

N ) − F ( xN ), and using this for F = ∇Ne u, we can rewrite
I3 as

I3 =
∑
|e′|=1

2ae′ζ( xN )∇Ne′ ζ( xN ) · (∇Ne v( xN ) +∇Ne v(x+e′

N ))∇Ne′∇Ne v( xN )

+
∑
|e′|=1

ae′(∇Ne′ ζ( xN ))2 · (∇Ne v( xN ) +∇Ne v(x+e′

N ))(∇Ne v(x+e′

N )−∇Ne v( xN ))

=:I3,1 + I3,2.

Here, by a simple bound 2bc ≥ −(b2 + c2) and then by (3.6), I3,1 is estimated from below
as

I3,1 ≥− ζ2( xN )
∑
|e′|=1

ae′(∇Ne′∇Ne v( xN ))2

−
∑
|e′|=1

ae′(∇Ne′ ζ( xN ))2(∇Ne v( xN ) +∇Ne v(x+e′

N ))2

≥− I1 − C(n, c±)R6
∑
|e′|=1,0

(∇Ne v(x+e′

N ))2.

The other term I3,2 is also estimated from below by using (3.6) as

I3,2 ≥−
∑
|e′|=1

ae′(∇Ne′ ζ( xN ))2(∇Ne v( xN ))2 ≥ −C(n, c±)R6(∇Ne v( xN ))2.

Step 5. Summarizing these estimates, we obtain

L(ζ∇Ne v)2( xN ) ≥ −C(n, c±)R6
∑
|e′|=1,0

(∇Ne v(x+e′

N ))2,

on Q̃N (c1R). This combined with (3.4) shows

L
(

(ζ∇Ne v)2( xN ) + C(n,c±)
c−

R6
∑
|e′|=1,0

v2(x+e′

N )
)
≥ 0,(3.8)
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on Q̃N (c1R), where c− is as in (2.7).

However, since ζ = 0 at the discrete outer boundary ∂+
N Q̃(c1R), this function, that is

the function acted upon by L in the formula (3.8), at ∂+
N Q̃(c1R) is bounded from above by

C
c−

(2n+1)R6M2
R by recalling that Q̃N (c1R) ⊂ QN (R− 1

N ). Thus, the maximum principle

(Lemma 2.7) for (3.2) shows(
(ζ∇Ne v)( xN )

)2 ≤ C(n,c±)
c−

(2n+ 1)R6M2
R,

for each e on Q̃N (c1R). Since ζ ≥ C(c1)R4 on QN (r) from our initial assumption r < 1
2c1R,

we conclude the proof.

The next lemma shows that the interior modulus of continuity estimate in x
N implies

that in t.

Lemma 3.2. (cf. Theorem 2.13 and (2.27) in [41]) Let vN (t, xN ) be the solution of the

discrete heat equation (3.2) on Q = (t1, t1 + R2

16a∗
) × {| xN − z0| < R} (⊂ ΩN ), z0 ∈ 1

NTnN ,
where a∗ :=

∑
|e|=1,e>0 ae. Assume that R > c0

N with some c0 > 2 and

(3.9) |vN (t, xN )− vN (t, z0)| ≤ ω

holds for | xN − z0| < R and t ∈ [t1, t1 + R2

16a∗
]. Then, we have

|vN (t, z0)− vN (t1, z0)| ≤ 2ω,

for t ∈ [t1, t1 + R2

16a∗
].

Proof. The proof is essentially the same as that of Theorem 2.13 of [41] (in our case,
b = c = f = 0 and Λ0 = a∗). Set

(3.10) s = sup
t∈(t1,t1+ R2

16a∗
)

|vN (t, z0)− vN (t1, z0)|

and define

ν±(t, xN ) = 8sa∗
R2 (t− t1) + 4s

R2 | xN − z0|2 + ω ± (vN (t, xN )− vN (t1, z0)),

with L2-norm for | xN − z0|. Then, recalling L = ∆N
a − ∂t and noting ∆N

a | xN − z0|2 = 2a∗
and LvN = 0, we have

Lν±(t, xN ) = −8sa∗
R2 + 8sa∗

R2 = 0

in Q. We remark that Lν± ≤ 0 would be enough to apply the maximum principle below.

Let PNQ be the discrete parabolic inner boundary of Q defined by

PNQ := {t1} × {| xN − z0| < R}
⋃

(t1, t1 + R2

16a∗
)× ∂−N{|

x
N − z0| < R},

where ∂−NE is the inner boundary of the set E ⊂ 1
NTnN , that is,

∂−NE := { xN ∈ E; | xN −
y
N | =

1
N for some y

N /∈ E}.
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On PNQ, at t = t1, we have

ν±(t1,
x
N ) ≥ ω ± (vN (t1,

x
N )− vN (t1, z0)) ≥ 0

by (3.9). For x
N ∈ ∂

−
N{|

x
N − z0| < R}, we have

| xN − z0| ≥ | yN − z0| − | xN −
y
N | ≥ R−

1
N > 1

2R,

since R > 2
N , so that

ν±(t, xN ) ≥ s+ ω ±
(
(vN (t, xN )− vN (t, z0)) + (vN (t, z0)− vN (t1, z0)

)
≥ 0

by (3.9) and (3.10). This shows ν± ≥ 0 on PQ.

We now apply the maximum principle and see that ν± ≥ 0 on Q. Thus, we have
obtained

8sa∗
R2 (t− t1) + ω ≥ |vN (t, z0)− vN (t1, z0)|

at x
N = z0 ∈ 1

NTnN . The conclusion follows by taking the supremum in t.

3.2 Interior oscillation estimate for polylinear interpolations

We now reformulate the discrete space and time estimates, Lemmas 3.1 and 3.2 respec-
tively, to the continuous setting via polylinear interpolation; see Corollary 3.3 below.

Let uN = {uN ( xN );x ∈ TnN} be given and define ũN (z), z = (zi)
n
i=1 ∈ Tn (= [0, 1)n or

[−1
2 ,

1
2)n) as a polylinear interpolation of uN :

(3.11) ũN (z) =
∑

v∈{0,1}n
ϑN (v, z)uN

( [Nz]+v
N

)
, ϑN (v, z) =

n∏
i=1

ϑN (vi, zi),

where ϑN (a, b) = {Nb}1{a=1} + (1 − {Nb})1{a=0} ∈ [0, 1] for a = 0, 1, b ∈ [0, 1), [Nz] =
([Nzi])

n
i=1, and [Nzi] and {Nb} denote the integer and the fractional parts of Nzi and

Nb, respectively, and v = (vi)
n
i=1. The polylinear interpolation ũN (z) is determined

as ũN ( xN ) = uN ( xN ) for every x
N ∈

1
NTnN with nonnegative weights {ϑN (v, z)}v∈{0,1}n

satisfying
∑

v∈{0,1}n ϑ
N (v, z) = 1 to fill inside each box with size 1

N . It is an extension
of the polygonal interpolation in one dimension. The polylinear interpolation is used to
reduce the derivation of the Hölder estimate to a Campanato-type integral estimate in a
continuous setting. However, in our discrete setting, this method is valid only outside of a
short distance regime. This gap in the short distance regime is however resolved, indeed,
by the form of the polylinear interpolation. This shows the uniform Hölder estimate in
the whole region; see Proposition 4.10, its proof and Lemma 4.11.

In particular, we have

(3.12) ∂zi ũ
N (z) =

∑
v∈{0,1}n

ϑNi (v, z)∇Neiu
N
( [Nz]+v̂i

N

)
,

where ei ∈ Zn : |ei| = 1, ei > 0 is the ith unit vector, ϑNi (v, z) = 1
2

∏
j 6=i ϑ

N (vj , zj) and

v̂i = (v1, . . . , vi−1, 0, vi+1, . . . , vn); see [13]. Since
∑

v∈{0,1}n ϑ
N
i (v, z) = 1 for each i, (3.12)

implies

(3.13) |∂zi ũN (z)| ≤ max
v̂i:v∈{0,1}n

∣∣∇NeiuN( [Nz]+v̂i
N

)∣∣.
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Lemma 3.1 roughly shows the spatial slope of the solution vN of the discrete heat
equation (3.2) is bounded by CMR

R if R > c0
N and this combined with Lemma 3.2 controls

the oscillation in space and time. For a function F on Ω and Q ⊂ Ω, we set

[F ]0 ≡ [F ]∗0 := osc
Ω
F, osc

Q
F := sup

X,Y ∈Q
|F (X)− F (Y )|.(3.14)

Then the following corollary holds. This will be used later to show Proposition 3.4.

Before stating the corollary, let us examine the definability of the polylinear inter-
polation ṽ on a subdomain. In general for a domain D ⊂ Tn, we define its continuous
minimal cover by 1

N -boxes (with all vertices in 1
NTnN ) by

D∗ :=
⋃

x∈TnN :B(
x
N )∩D 6=∅

B( xN ) (⊃ D),

where B( xN ) =
∏n
i=1[xiN ,

xi+1
N ]. Set D∗N := D∗ ∩ 1

NTnN . When {v( xN ); xN ∈ D
∗
N} are given,

its polylinear interpolation ṽ(z) is definable on D, since v( xN ) is defined at every vertex
of the 1

N -box containing z ∈ D. Note that D∗N is slightly wider than DN = DN ∪ ∂+
NDN

defined below (4.27) or (3.52), since D∗N contains “diagonal” boundary points.

Denote by D(r) = {z ∈ Tn; |z − z0| < r} the spatial part of Q(r). If r > 0 satisfies

r +
√
n
N ≤ R, then (D(r))∗N ⊂ DN (R) := D(R) ∩ 1

NTnN holds, accordingly, if vN is defined

on QN (R), ṽN is definable on Q(r). Indeed, if x
N ∈ (D(r))∗N , then dist( xN , D(r)) ≤

√
n
N so

that |z0 − x
N | ≤ r +

√
n
N ≤ R and thus x

N ∈ DN (R).

In other words, the interior estimates on Q(r), given the behavior of vN on QN (R),

can be discussed only under the condition r+
√
n
N ≤ R. If r and R are close, we need some

outer condition on vN (which, in application, is the solution of original PDE (1.6) and
not that of simpler discrete heat equation (3.2)) to have the estimate on Q(r) (though, as
noted below Lemma 3.1, vN is given on QN (R)). We need a band area to separate Q(r)
and Q(R). This comes from the non-local property of the polylinear interpolation and
represents a difference from the continuous case.

We now state the corollary. Differently from the continuous setting, we need to con-
sider three different ranges 0 < r ≤ R1 < R. Especially, R1 and R should be distinguished

with a gap of at least
√
n
N due to the non-local nature of our problem.

Corollary 3.3. (cf. Lemma 4.4 of [41]) Let vN (t, xN ) be the solution of the discrete heat

equation (3.2) on QN (R)(6= ∅). Assume R1 +
√
n
N ≤ R for R1 > 0 (in particular, R >

√
n
N )

so that the polylinear interpolation ṽN (t, z) of vN (t, xN ) as in (3.11) in the spatial variable
is well-defined on Q(R1).

We assume |ṽN | ≤MR1 on Q(R1). Then, we have

(3.15) osc
Q(r)

ṽN ≤ CrMR1

R1
,

for every 0 < r ≤ R1 ≤ R−
√
n
N . Moreover, we have

(3.16) sup
Q(r)

max
i
|∂zi ṽN (t, z)| ≤ CMR1

R1
,
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where r ∈ (0, εR1/2) and 0 < ε < 1/2 is fixed in the proof. Here, the constants C =
C(n, c±) > 0.

Note that the spatial center z0 of Q(r) = Q(X0, r), X0 = (t0, z0), may not be on 1
NTnN .

Note also that we don’t require the gap
√
n
N between r and R1. The estimate (3.16) will

not be used later, but it might be useful for the reader. It holds due to the polylinearity
in our setting.

Proof. The condition |ṽN | ≤ MR1 on Q(R1) implies osc
Q(r)

ṽN ≤ 2MR1 , so that (3.15) is

trivial (with C = 2
ε ) if r ≥ εR1 for any ε > 0. Therefore, we assume r < εR1 in the

following with a fixed ε > 0 small. See cases 1-4 below which specify different regions in
terms of c0 >

√
n+ 1, so that Lemma 3.1 applies, and also c2 � c0. We now estimate the

oscillation of ṽN on Q(r) as

osc
Q(r)

ṽN = sup
X=(t,z),X′=(t′,z′)∈Q(r)

|ṽN (X)− ṽN (X ′)|(3.17)

≤ sup
t,z
|ṽN (t, z)− ṽN (t, z0)|+ sup

t,t′
|ṽN (t, z0)− ṽN (t′, z0)|

+ sup
t′,z′
|ṽN (t′, z0)− ṽN (t′, z′)|

= 2 sup
(t,z)∈Q(r)

|ṽN (t, z)− ṽN (t, z0)|+ sup
t,t′∈(t0−r2,t0)

|ṽN (t, z0)− ṽN (t′, z0)|

=: 2I1 + I2.

We divide the analysis into four cases: (1) R1 ≤ c0
N , r +

√
n+1
N ≤ R1, (2) R1 >

c0
N ,

0 < r ≤ c2
N (c2 � c0), (3) R1 >

c0
N , c2

N < r < εR1, (4) R1 ≤ c0
N , r +

√
n+1
N > R1.

Case 1. We prepare two rough estimates when R1 satisfies R1 >
√
n+1
N :

|∇Ne vN (t, xN )| ≤ 2NMR1 on QN (R1 − 1
N ),(3.18)

|∂zi ṽN (t, z)| ≤ 2NMR1 on Q(R1 −
√
n+1
N ).(3.19)

Indeed, (3.18) is shown from |∇Ne vN (t, xN )| =
∣∣N(vN (t, x+e

N ) − vN (t, xN )
)∣∣ ≤ 2NMR1 by

noting x+e
N ∈ QN (R1) ⊂ Q(R1) for x

N ∈ QN (R1 − 1
N ), and vN = ṽN on 1

NTnN . Equation

(3.19) follows from (3.18) and (3.13) by noting
(
D(R1 − 1

N −
√
n
N )
)∗
N
⊂ DN (R1 − 1

N ).

First consider the case that R1 ≤ c0
N for some large enough c0 >

√
n+ 1 determined

later and r +
√
n+1
N ≤ R1 is satisfied, where c0 is the same constant as in Lemma 3.1 but

note that one can make c0 larger in Lemma 3.1. In this case, since Q(r) ⊂ Q(R1−
√
n+1
N ),

(3.19) is applicable on Q(r). Thus, for I1, from (3.19) and noting |z − z0| < r and then
N ≤ c0

R1
, we have

I1 ≤
√
n2NMR1r ≤ 2

√
nc0MR1

r
R1
.

For I2, by the discrete heat equation (3.2) and (3.18), noting r +
√
n
N ≤ R1 − 1

N , and
recalling a∗ =

∑
|e|=1,e>0 ae ≤ nc+, we have

|∂tvN (t, xN )| =
∣∣∣N ∑
|e|=1

ae∇Ne vN (t, xN )
∣∣∣ ≤ 2a∗ · 2MR1N

2 on QN (r +
√
n
N ).(3.20)
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Further, note ṽN (t, z0) is a convex combination of {vN (t, xN )} around z0 as in (3.11).
Observe also that X,X ′ ∈ Q(r) implies t, t′ ∈ (t0− r2, t0) so that |t− t′| < r2. These facts
show that

I2 ≤ 4a∗MR1N
2|t− t′| ≤ 4a∗MR1N

2r2.

Since Nr ≤ εNR1 ≤ εc0 and R1 ≤ c0
N , we obtain

I2 ≤ 4a∗εc
2
0
MR1

r

R1
.

Thus, we obtain (3.15) in case that R1 ≤ c0
N and r +

√
n+1
N ≤ R1 is satisfied.

Also, in this case, (3.16) holds from (3.19) as N ≤ c0
R1

.

Case 2. Second, we consider the case that R1 >
c0
N and 0 < r ≤ c2

N with c2 � c0,

such that r +
√
n+1
N ≤ R1 is satisfied, by choosing c2, c0 so that c2 +

√
n+ 1 < c0. In this

case, one can apply Lemma 3.1 with the pair (r+
√
n
N , R1) in place of (r,R) in this lemma,

noting r +
√
n
N < 1

2c1R1 if c0c1 > 2(c2 +
√
n), to get that |∇Ne vN (t, xN )| ≤ C(n,c±)MR1

R1
on

QN (r+
√
n
N ), recall that c1 is the constant given in Lemma 3.1. By (3.13), this shows (3.16),

namely |∂zi ṽN (t, z)| ≤ C(n,c±)MR1
R1

on Q(r). From these estimates, we obtain bounds for
I1 and I2 as above, and therefore (3.15) holds.

Case 3. Third, we consider the case that R1 >
c0
N and c2

N < r < εR1. Recall that

z0 ∈ Tn is the spatial center of Q(r). Take z̄0 ∈ 1
NTnN such that |z0 − z̄0| ≤

√
n
N (or

√
n

2N is
enough). Then, we claim

Q(r) = Qz0(r) ⊂ Qz̄0(r̄) ⊂ Qz̄0(R̄1) ⊂ Qz0(R1) = Q(R1)

where r̄ := r +
√
n
N , R̄1 := R1 −

√
n
N and the subscript z̄0 in Qz̄0(·) and QN,z̄0(·) below

means that the spatial center is z̄0. Indeed, note that r̄ ≤ (1 +
√
n
c2

)r. Note also that

r̄ +
√
n
N < 1

2c1R̄1 automatically holds as R1 >
c0
N , under the choice c0 >

(4+c1)
√
n

c1−2ε (here, ε

should be taken as ε ∈ (0, 1
2c1)), and r < εR1. In particular, r̄ < R̄1 so that the middle

inclusion indicated above holds.

We now investigate the oscillation of ṽN on the wider space Qz̄0(r̄). Since |vN | ≤MR1

on QN (R1), this holds also on QN,z̄0(R̄1). Therefore, by Lemma 3.1 applied for the pair

(r,R) = (r̄ +
√
n
N , R̄1) (recall r̄ +

√
n
N < 1

2c1R̄1), we have |∇Ne vN (t, xN )| ≤ C(n,c±)MR1

R̄1
on

QN,z̄0(r̄ +
√
n
N ).

This shows (3.16), namely |∂zi ṽN (t, z)| ≤ C(n,c±)MR1

R̄1
on Qz̄0(r̄) by (3.13), in the

present case. Note that 1
R̄1

< c0
c0−
√
n

1
R1

holds from R1 >
c0
N . Therefore, we also obtain

I1 ≤
√
nC(n, c±)MR1

r
R̄1
.

For I2, from Lemma 3.2 applied on Qz̄0(r̄) with ω =
√
nC(n, c±)MR1

r̄
R̄1

in (3.9),

we have |ṽN (t, z̄0) − ṽN (t1, z̄0)| = |vN (t, z̄0) − vN (t1, z̄0)| ≤ 2ω = 2
√
nC(n, c±)MR1

r̄
R̄1

if

|t − t1| ≤ r̄2 since z̄0 ∈ 1
NTnN . Note that X,X ′ ∈ Qz̄0(r̄) implies |t − t′| < r̄2. Take the
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smaller one of {t, t′} as t1. Thus, recalling r̄ ≤ (1 +
√
n
c2

)r, we obtain (3.15) in case that
R1 >

c0
N and c2

N < r < εR1.

Case 4. Fourth and finally, we consider the remaining case that R1 ≤ c0
N and r +

√
n+1
N > R1. It is then sufficient to show the conclusion when R1 <

√
n+1

(1−ε)N and r < εR1,
for an ε > 0 taken small enough. Polylinearity will play a role in the following proof in a
short distance regime.

First, we consider the oscillation in z by deriving estimates on the slope of ṽN on
Q(r) in terms of MR1 and R1. Recall D(r) = {|z − z0| < r}, which is the spatial part of
Q(r). By a spatial shift, we may assume |z0|L∞ ≤ 1

2N for the center z0 ∈ 1
NTnN of D(r)

and D(R1). We divide the box E 1
N

:= {|z|L∞ < 1
N } as E 1

N
= ∪v∈{±1}nEv, 1

N
into 2n unit

orthants Ev, 1
N

:= {z ∈ E 1
N

; sgn zi = vi, 1 ≤ i ≤ n}, where v = (vi)
n
i=1.

From (3.12), the slope ∂zi ṽ
N (z) of ṽN is constant in zi on each unit orthant Ev, 1

N
and

depends only on ž(i) := (z1, . . . , zi−1, zi+1. . . . , zn). We need to consider only v such that
Ev, 1

N
∩D(r) 6= ∅, that is those orthants that D(r) touches. On such an Ev, 1

N
, we work on

D̃v, 1
N

(R1) := Ev, 1
N
∩D(R1).

Define R∗i (ž(i)) by

R∗i ≡ R∗i (ž(i)) := max{|z1
i − z2

i | ; z1 = (ž(i), z
1
i ), z2 = (ž(i), z

2
i ) ∈ D̃v, 1

N
(R1)

and line connecting z1, z2 intersects D(r)}.

Then, we see R∗i ≥ {(
√

1− ε2 − ε)R1} ∧ 1
N .

Indeed, “the line intersects D(r)” implies “there exists b such that (ž(i), b) ∈ D(r)”,
that is, |z0− (ž(i), b)|2 = A+ |z0,i− b|2 < r2, where z0 = (ž0,(i), z0,i) and A := |ž0,(i)− ž(i)|2.

By the definition of R∗i , we see R∗i ≥ |a− b| ∧ 1
N , where a is taken as |z0− (ž(i), a)|2 = R2

1.

Then, since |z0,i − b| ≤
√
r2 −A, 0 ≤ A ≤ r2 and also r < εR1, we see

|a− b| ≥ |z0,i − a| − |z0,i − b|

≥
√
R2

1 −A−
√
r2 −A

≥
√
R2

1 − r2 − r

≥ (
√

1− ε2 − ε)R1.

Thus, we obtain R∗i ≥ {(
√

1− ε2 − ε)R1} ∧ 1
N .

Now, choosing ε > 0 small so that
√

1− ε2 − ε is close to 1, we see R∗i ≥ 1
c0
R1 (note

1
N ≥

R1
c0

and c0 ≥
√
n+ 1). Since the slope ∂zi ṽ

N (t, z) is constant in zi, this leads to the
bound on Q(r) ∩ E

v,
1
N

,

|∂zi ṽN (t, z)| ≤ 2MR1
R∗i
≤ c0

2MR1
R1

,(3.21)

establishing (3.16) in the present case. Therefore, we also obtain

I1 ≤ c0

√
n

2MR1
R1

r.
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For I2, we can use the same idea as in Case 1. Indeed, note that, from (3.12),

∂zi ṽ
N (t, z) is a convex combination of ∇Neiv

N (t, xN ) on QN (r +
√
n
N ) so that, by (3.21), we

have |∇Ne vN (t, xN )| ≤ c0
2MR1
R1

on QN (r +
√
n
N ). Therefore, one can first apply a similar

argument to (3.20) noting |t − t′| ≤ r2, and then since Nr < (
√
n+1)ε
1−ε recall r < εR1 and

R1 <
√
n+1

(1−ε)N ), we obtain

I2 ≤ 2a∗c0
2MR1
R1

Nr2 ≤ 4a∗c0
MR1
R1

(
√
n+1)ε
1−ε r.

This completes the proof of the corollary.

We now obtain the following integral estimates for the polylinear interpolation ṽN

of the solution vN of the discrete heat equation (3.2) on QN (R). These estimates will be
applied in the proof of Lemma 4.8 below. As in Corollary 3.3, we consider three different
ranges 0 < ρ < r < R, especially, by distinguishing r and R. Otherwise, we would get

estimate (4.42) in the proof of Lemma 4.8 only for r ≥
√
n
N , which is insufficient.

Proposition 3.4. (cf. Lemma 4.5 of [41]) Let vN = vN (t, xN )(≡ vN,R(t, xN )) be given on

QN (R) = QN (X0, R) as in Corollary 3.3 for any fixed X0 = (t0, z0) ∈ Ω and R >
√
n
N . Let

0 < ρ < r ≤ R −
√
n
N . In particular, ṽN is defined on Q(r) = Q(X0, r). Then, there is a

constant C = C(n, c±) such that∫
Q(ρ)

(ṽN )2dX ≤ C
(ρ
r

)n+2
∫
Q(r)

(ṽN )2dX,(3.22) ∫
Q(ρ)
|ṽN − {ṽN}ρ|2dX ≤ C

(ρ
r

)n+4
∫
Q(r)
|ṽN − {ṽN}r|2dX,(3.23)

where Q(ρ) = Q(X0, ρ) and {v}ρ = 1
|Q(ρ)|

∫
Q(ρ) v dX. Moreover, assuming R >

√
n+1
N , for

0 < ρ < r ≤ R−
√
n+1
N , we have∫

Q(ρ)
(∇Ne ṽN )2dX ≤ C

(ρ
r

)n+2
∫
Q(r)

(∇Ne ṽN )2dX,(3.24) ∫
Q(ρ)
|∇Ne ṽN − {∇Ne ṽN}ρ|2dX ≤ C

(ρ
r

)n+4
∫
Q(r)
|∇Ne ṽN − {∇Ne ṽN}r|2dX.(3.25)

The power, for example, n + 4 in (3.25) could be understood as follows. If ∇Ne ṽN
would behave as a linear or Lipschitz function uniform in N , its oscillation in Q(ρ) is like
Cρ. Therefore, recalling |Q(ρ)| = Cρn+2, the integral in the left hand side of (3.25) would
behave as Cρn+4. Similarly, the integral in the right hand side would behave as Crn+4,
intuitively explaining the bound (3.25).

Proof. The proof follows that of Lemma 4.5 of [41], properly modified in our discrete
setting. Indeed, to establish (3.22), we may assume ρ < r/4 as otherwise the statement

follows straightforwardly. Recall that ṽN is well-defined on Q(R−
√
n
N ) = Q(X0, R−

√
n
N )

and, in particular, on Q(r) = Q(X0, r).
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Let now U = supX∈Q(r/2) |ṽN (X)|dr(X)1+n/2 (the factor dr(X)1+n/2 leads to r−n−2

in (3.27), (3.28)) and find X1 = (t1, z1) ∈ Q(r/2) so that dr(X1)1+n/2|ṽN (X1)| > U/2,
where Q(r/2) = Q(X0, r/2) and dr(X1) := inf{|Y − X1|;Y ∈ PQ( r2)} is the (parabolic)
distance from X1 to the parabolic boundary of Q( r2): PQ( r2) = {t0 − ( r2)2} × Dz0( r2) ∪
(t0 − ( r2)2, t0)× ∂Dz0( r2). Recall |X| = max{

√
|t|, |z|} for X = (t, z) ∈ R× Tn (including

t < 0). Note that | · | satisfies the triangular inequality (viewing Tn as Rn by periodic
extension).

By the oscillation bound (3.15) in Corollary 3.3 applied on the region QN (X1, R− r
2)

(i.e., take X1 for X0 and R − r
2 for R, and note QN (X1, R − r

2) ⊂ QN (X0, R)), with
r1 = γdr(X1) (take r1 for r in Corollary 3.3) and R1 = dr(X1)/2, we obtain

osc
Q(X1,γdr(X1))

ṽN ≤ 2C(n, c±)γ sup
Q(X1,dr(X1)/2)

|ṽN |,(3.26)

where we take γ ∈ (0, 1/4). Note that this bound is applicable, since the condition of

Corollary 3.3, R1 +
√
n
N ≤ R − r

2 , holds. Indeed, from dr(X1) ≤ r
2 , we see R1 ≤ r

4 so that

the condition follows from our assumption: r +
√
n
N ≤ R.

Since dr(X) ≥ dr(X1)/2 for X ∈ Q(X1, dr(X1)/2) and Q(X1, dr(X1)/2) ⊂ Q(X0,
r
2)

holds, the right-hand side of (3.26) is bounded by

2C(n, c±)γ21+n/2dr(X1)−1−n/2 sup
Q(X1,dr(X1)/2)

|ṽN (X)|dr(X)1+n/2

≤ C(n, c±)22+n/2γdr(X1)−1−n/2U.

Note, as well consequently, for X ∈ Q(X1, γdr(X1)), that

|ṽN (X)| ≥ |ṽN (X1)| − osc
Q(X1,γdr(X1))

ṽN

≥ |ṽN (X1)| − C(n, c±)22+n/2γdr(X1)−1−n/2U

≥ |ṽN (X1)|
(
1− 23+n/2C(n, c±)γ

)
.

The last line follows by the choice of X1. We now choose γ > 0 small enough so that
C1 := 1− 23+n/2C(n, c±)γ > 0. Then, taking infimum, and by the choice of X1 again,

inf
Q(X1,γdr(X1))

|ṽN |2 ≥ C2
1 |ṽN (X1)|2 ≥ C2

1U
2(dr(X1)−2−n/4).

Thus, we have

U2 ≤ 4C−2
1 dr(X1)2+n inf

Q(X1,γdr(X1))
|ṽN |2(3.27)

≤ C(n,C1)γ−n−2

∫
Q(X1,γdr(X1))

|ṽN |2dX ≤ C(n, c±)

∫
Q(r)
|ṽN |2dX,

since dr(X1)2+n/|Q(X1, γdr(X1))| = C(n)γ−n−2 and then Q(X1, γdr(X1)) ⊂ Q(r) =
Q(X0, r).

Hence, if ρ ≤ r/4,∫
Q(ρ)
|ṽN |2dX ≤ C(n)ρn+2 sup

Q(ρ)
|ṽN |2(3.28)
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≤ C(n)ρn+2 sup
Q(r/4)

|ṽN (X)|2dr(X)2+ndr(X)−2−n

≤ C(n)(ρr )n+2U2,

since dr(X) ≥ r/4 for X ∈ Q(r/4) = Q(X0, r/4) as Q(r/4) ⊂ Q(r/2) belongs to the
interior.

Using the bound (3.27) on U , we obtain (3.22). In particular, we have also shown

sup
Q(ρ)
|ṽN |2 ≤ C(n, c±)

rn+2

∫
Q(r)
|ṽN |2dX.(3.29)

To establish (3.23), for a fixed r ≤ R−
√
n
N , we may assume ρ < r/4 as above. Indeed,∫

Q(ρ)
|ṽN − {ṽN}ρ|2dX ≤ 2

∫
Q(ρ)
|ṽN − {ṽN}r|2dX + 2|Q(ρ)| · |{ṽN}ρ − {ṽN}r|2

and the second term is rewritten and then bounded as

2|Q(ρ)|
∣∣∣ 1
|Q(ρ)|

∫
Q(ρ)

(
ṽN − {ṽN}r

)
dX
∣∣∣2 ≤ 2

∫
Q(ρ)
|ṽN − {ṽN}r|2dX,

by applying Schwarz’s inequality.

Write now ∫
Q(ρ)
|ṽN − {ṽN}ρ|2dX ≤ C(n)ρn+2 sup

Q(ρ)
|ṽN − {ṽN}ρ|2.(3.30)

Note that

ṽN (X)− {ṽN}ρ = 1
|Q(ρ)|

∫
Q(ρ)
{ṽN (X)− ṽN (Y )}dY

= 1
|Q(ρ)|

∫
Q(ρ)
{
(
ṽN (X)− {ṽN}r

)
−
(
ṽN (Y )− {ṽN}r

)
}dY

and that ṽN −{ṽN}r, as {ṽN}r is a constant, also satisfies the discrete heat equation (3.2)
on QN (R). Then, applying the oscillation estimate Corollary 3.3 to ṽN − {ṽN}r (with
there r = ρ, R1 = r/4 < r < R−

√
nN), we obtain for X ∈ Q(ρ) that

|ṽN (X)− {ṽN}ρ| ≤ C(n, c±)
(ρ
r

)
sup
Q(r/4)

|ṽN − {ṽN}r|.

Moreover, applying (3.29) (with ρ = r/4) to the discrete heat equation solution
ṽN − {ṽN}r, the right-hand side of (3.30), is bounded by

C(n, c±)ρn+4

r2
sup
Q(r/4)

|ṽN − {ṽN}r|2 ≤ C(n, c±)
(ρ
r

)n+4
∫
Q(r)
|ṽN − {ṽN}r|2dX,

finishing the proof of (3.23).

The remaining two statements, (3.24) and (3.25), follow from (3.22) and (3.23), re-
spectively, by taking R− 1

N instead of R, since ∇Ne vN also solves the discrete heat equation
(3.2) on QN (R− 1

N ) by noting x+e
N ∈ QN (R) for x

N ∈ QN (R− 1
N ).
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3.3 Hölder norms

To set the stage for the ‘weighted’ norms that we will use, we first define ‘unweighted’
Hölder norms or seminorms analogous to that in [41], but tailored to our setting. Recall

Ω = [0, T ]×Tn and for X = (t, z) ∈ Ω that |X| = max{t
1
2 , |z|}. Consider, for a function F

on Tn (and therefore on Ω), the continuous space gradient∇NF (z) = {∇Ne F (z)}|e|=1,e>0 ∈
Rn for z ∈ Tn where

∇Ne F (z) := N
(
F (z + e

N )− F (z)
)
.(3.31)

For a function F = F (X) on Ω, set

|F |0 ≡ ‖F‖∞ := sup
X∈Ω
|F (X)|.(3.32)

For α ∈ (0, 1], define the parabolic Hölder seminorms by

[F ]α := sup
X 6=Y ∈Ω

|F (X)− F (Y )|
|X − Y |α

,

[F ]1+α := sup
X 6=Y ∈Ω

|∇NF (X)−∇NF (Y )|
|X − Y |α

,

(3.33)

where |∇NF (X) − ∇NF (Y )| := max|e|=1,e>0 |∇Ne F (X) − ∇Ne F (Y )|. For α = 0, [F ]0 :=
osc
Ω

(F ) is the oscillation of F on Ω, recall (3.14). For β ∈ (0, 2], define

〈F 〉β := sup
X 6=Y ∈Ω,x=y

|F (X)− F (Y )|
|X − Y |

β
2

,(3.34)

where the spatial coordinates x, y of X and Y are in common. Adding all these, we define
for a ∈ (0, 2], the unweighted Hölder norm

|F |a := [F ]a + 〈F 〉a + |F |0.(3.35)

We now introduce several weighted norms to take care of possible diverging effects
near t = 0. Define the parabolic boundary PΩ of Ω by

PΩ = {t = 0} × Tn.

Since we work on the torus, for X = (t, z) ∈ Ω, the (parabolic) distance d(X) to the
boundary is defined by

d(X) := inf{|X − Y |;Y = (0, y) ∈ PΩ} ≡
√
t.

We will sometimes write d instead of d(X) to simplify notation when the context is clear.

For a = 0 and b ≥ 0, define

|F |(b)0 := sup
X∈Ω

d(X)b|F (X)|.(3.36)
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For 0 < a = k + α ≤ 2 where k = 0, 1 and α ∈ (0, 1], and b ≥ 0, let

[F ](b)a := sup
X 6=Y ∈Ω

(d(X) ∧ d(Y ))a+b |(∇N )kF (X)− (∇N )kF (Y )|
|X − Y |α

.(3.37)

〈F 〉(b)a = sup
X 6=Y ∈Ω,x=y

(d(X) ∧ d(Y ))a+b |F (X)− F (Y )|
|X − Y |

a
2

.(3.38)

Here, (∇N )0 is the identity operator.

The norm and seminorms without weights defined in (3.32), (3.33), (3.34) can be

expressed as |F |0 = |F |(0)
0 , [F ]a = [F ]

(−a)
a and 〈F 〉a = 〈F 〉(−a)

a in terms of those defined in
(3.36), (3.37), (3.38), respectively, taking b = −a though we have restricted b ≥ 0.

We will also have occasion to to use Hölder norms with respect to the continuous
time/discrete space ΩN = [0, T ] × 1

NTnN . Replacing Ω by ΩN in the definitions (3.36),
(3.37), (3.38) of seminorms, we define, for a function F on ΩN and b ≥ 0,

|F |(b),N0 := sup
X∈ΩN

d(X)b|F (X)|,(3.39)

and also, for a = k + α where k = 0, 1 and α ∈ (0, 1], and b ≥ 0 that

[F ](b),Na := sup
X 6=Y ∈ΩN

(d(X) ∧ d(Y ))a+b |(∇N )kF (X)− (∇N )kF (Y )|
|X − Y |α

(3.40)

〈F 〉(b),Na := sup
X 6=Y ∈ΩN ,x=y

(d(X) ∧ d(Y ))a+b |F (X)− F (Y )|
|X − Y |

a
2

.(3.41)

In the following, the superscript ∗ for seminorms means (0) so that for a ∈ (0, 2],

[F ]∗a := [F ](0)
a , 〈F 〉∗a := 〈F 〉(0)

a , [F ]∗,Na := [F ](0),N
a , 〈F 〉∗,Na := 〈F 〉(0),N

a .(3.42)

We will use ‖F‖∞ rather than |F |∗0 or |F |∗,N0 .

The seminorms defined by taking the supremum over Q ⊂ Ω instead of Ω, such as
supX∈Q or supX 6=Y ∈Q, are denoted by adding Q in the subscript. [We actually do not use
this notation in this article.]

We finally note that, via polylinear interpolation, seminorms for discrete and contin-
uous functions are mutually equivalent.

Lemma 3.5. For a function F = F (t, xN ) on ΩN , let F̃ be its polylinear interpolation in
spatial variable defined by (3.11) taking F (t, ·) instead of uN . Then, we have the following
for some C = C(n) > 0,

|F |(b),N0 = |F̃ |(b)0 ,(3.43)

[F ](b),Na ≤ [F̃ ](b)a ≤ C[F ](b),Na ,(3.44)

〈F 〉(b),Na ≤ 〈F̃ 〉(b)a ≤ C〈F 〉(b),Na .(3.45)

Proof. The first inequalities in (3.44), (3.45) and “ ≤” in (3.43) are obvious as F̃ (X) =
F (X) and ∇Ne F̃ (X) = ∇Ne F (X) for X ∈ ΩN , the latter of which follows from

∇̃Ne F (X) = ∇Ne F̃ (X), X ∈ Ω.(3.46)
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This equality is shown from ϑN (v, z + e
N ) = ϑN (v, z) in (3.11). The converse inequality

“ ≥” in (3.43) follows from |F̃ (t, z)| ≤ supx∈TnN |F (t, xN )| for every z ∈ Tn and t ∈ [0, T ].

The second inequality in (3.44) in the case k = 0 is shown as follows. For X =
(t, z), Y = (s, y) ∈ Ω, first take Y0 = (s, y0) ∈ Ω such that z ≡ y0 modulo 1

N and
[Ny] = [Ny0] (i.e. y and y0 belong to the same 1

N -box) hold both componentwise, in

particular, |Y0 − Y | ≤
√
n
N . Then,

|F̃ (X)− F̃ (Y )| ≤ |F̃ (X)− F̃ (Y0)|+ |F̃ (Y0)− F̃ (Y )|,

and the first term is written, noting that the ϑ-parts are in common, as∣∣∣ ∑
v∈{0,1}n

ϑN (v, z)
{
F
(
t, [Nz]+v

N

)
− F

(
s, [Ny0]+v

N

)}∣∣∣.
This is bounded by [F ]

(b),N
a (d(X) ∧ d(Y ))−(a+b)|X − Y0|α. On the other hand, the second

term is rewritten as |{F̃ (Y0) − F (Z0)} − {F̃ (Y ) − F (Z0)}| taking Z0 = (s, z0) with z0 =
1
N [Ny] ∈ 1

NTnN so that it is further rewritten as∣∣∣ ∑
v∈{0,1}n

{
ϑN (v, y0)− ϑN (v, y)

}{
F
(
s, z0 + v

N

)
− F

(
s, z0

)}∣∣∣.
This is bounded by

C(n)N |y0 − y|[F ](b),Na d(Y )−(a+b)(
√
n
N )α ≤ C(n)

√
n|Y0 − Y |α[F ](b),Na d(Y )−(a+b)

by noting (3.11) and |y0 − y| ≤
√
n
N .

In the case |X − Y | ≥ 1
10N , since both |X − Y0|, |Y0 − Y | ≤ C(n)|X − Y |, we obtain

the second inequality in (3.44) in the case k = 0.

On the other hand, in the case |X−Y | < 1
10N , we connect X0 = (s, z) and Y = (s, y)

by a line. Then, it touches the boundary of 1
N -boxes at most 2n times, so that, the line is

divided as X0 → Z1 → · · · → Z` → Y with ` ≤ 2n. As we saw above, in the same 1
N -box,

our estimate picks up factors |Zi+1−Zi|α, all of them are bounded by |X0−Y |α. We also
have the estimate on |F̃ (X) − F̃ (X0)| as above; see the first term with Y0 = X0. From
these, we can derive the second inequality in (3.44) for k = 0 also in the case |X−Y | < 1

10N .

The second inequalities in (3.44) in case k = 1 (i.e. ∇eF in place of F ) and in (3.45)
are similar.

3.4 Two basic lemmas

We now consider and adapt some of the results from Chapter 4 of [41] with respect to our
discrete setting, especially in terms of polylinear interpolations.

The first is Lemma 4.3 of [41] that a Campanato-type integral estimate implies Hölder
continuity. Recall the definition of the parabolic ball Q(R) = Q(X0, R) in (3.1). Due to the
discrete nature of the problem in our setting, especially, the non-locality of the polylinear
interpolation, the assumption (3.47) below can be given only with rN instead of r, which
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is weaker than that of Lemma 4.3 of [41]. As a result, we obtain the Hölder property
(3.48) only for |Y − Y1| ≥ 1

MN , excluding the short distance regime, with an additional

term δUF,1+α

(
d(Y )∧d(Y1)

)−(1+α)
, which can be made arbitrary small by taking C = Cδ,M

large. This will be applied in the proofs of Propositions 4.10 and 5.4 below. The short
distance regime |Y − Y1| ≤ 1

MN will be covered separately by Lemmas 4.11 and 5.3 later.

Lemma 3.6. (cf. Lemma 4.3 of [41]) Let F ∈ L1(Q(X0, 2R)) and suppose there are
constants α ∈ (0, 1] and H > 0 along with a function G defined on Q(X0, 2R) × (0, R)
such that

(3.47)

∫
Q(Y,r)

|F (X)−G(Y, r)|dX ≤ Hrn+2+α
N ,

for any Y ∈ Q(X0, R) and any r ∈ (0, R), where rN = r + c
N with some c > 0. Then, for

every δ > 0 and M > 0, there exists C = Cδ,M (n, α) > 0 such that

|F (Y )− F (Y1)| ≤
(
CH + δUF,1+α

(
d(Y ) ∧ d(Y1)

)−(1+α)
)
|Y − Y1|α,(3.48)

holds if Y, Y1 ∈ Q(X0, R) satisfy |Y − Y1| ≥ 1
MN , where

UF,1+α := sup
X 6=Y

(
d(X) ∧ d(Y )

)1+α |F (X)−F (Y )|
|X−Y |α .

Note that, for F = ∇N ũN (vector-valued), UF,1+α = U1+α defined in (4.2) below. [We will
choose δ > 0 small enough such that δUF,1+α will be eventually absorbed by UF,1+α itself.]

Proof. As in the proof of Lemma 4.3 of [41], we take two nonnegative convolution kernels
ϕ = ϕ(z) ∈ C1(Rn) supported on {|z| ≤ 1} and η = η(σ) ∈ C1(R) supported on [0, 1] such
that

∫
Rn ϕdz =

∫
R ηdσ = 1. Define for (Y, τ) ∈ Q(X0, R)× (0, R)

F̄ (Y, τ) =

∫
Rn

∫
R
F (y + τz, s− τ2σ)ϕ(z)η(σ)dzdσ, Y = (s, y).

Then, as in [41], setting K = ‖Dϕ‖L∞ , L = ‖η′‖L∞ , by the condition (3.47),

|F̄y(Y, τ)| ≤ K
τn+3

∫
Q(Y,τ)

|F (X)− g(Y, τ)|η( s−t
τ2

)dX

≤ HKL
τn+2+α
N

τn+3
.

Similarly,

|F̄s(Y, τ)| ≤ HKL
τn+2+α
N

τn+4
,

|F̄τ (Y, τ)| ≤ (n+K + 2 + 2L)H
τn+2+α
N

τn+3
.

Now, fix Y and Y1 in Q(X0, R) and set τ = |Y − Y1|. If ε ∈ (0, τ), then similarly to
[41] p.51,

|F̄ (Y, ε)− F̄ (Y1, ε)| ≤2(n+K + 2 + 2L)H

∫ τ

ε

ρn+2+α
N
ρn+3 dρ(3.49)
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+HKL
τn+2+α
N
τn+3 |y − y1|+HKL

τn+2+α
N
τn+4 |s− s1|.

Recall that τ ≥ 1
MN by our assumption so that we have

τN
τ = 1 + c

τN ≤ 1 + cM.

Thus, the sum of the second and third terms is bounded as

HKL
(
τn+2+α
N
τn+3 |y − y1|+

τn+2+α
N
τn+4 |s− s1|

)
≤ CMHτα,

since |y − y1| ≤ τ, |s− s1| ≤ τ2.

Let us estimate the integral
∫ τ
ε

ρn+2+α
N
ρn+3 dρ in the first term in the right hand side of

(3.49). (This diverges as ε ↓ 0, while the integral
∫ τ
ε
ρα

ρ dρ in [41] in continuous case
converges.) ∫ τ

ε

ρn+2+α
N
ρn+3 dρ =

∫ τ

ε

(
ρN
ρ

)n+2+α

ρ1−α dρ ≤ (1 + c
Nε)

n+2+α 1
ατ

α,

since ρN
ρ = 1 + c

Nρ ≤ 1 + c
Nε .

Moreover, the convergence rate of F̄ (Y, ε) to F (Y ) is estimated as

|F (Y )− F̄ (Y, ε)| =
∣∣∣ ∫

Rn

∫
R

{
F (y, s)− F (y + εz, s− ε2σ)

}
ϕ(z)η(σ)dzdσ

∣∣∣
≤
∫
Rn

∫
R

(
|εz|α + |ε2σ|

α
2
)
ϕ(z)η(σ)dzdσ × UF,1+αd(Y )−(1+α)

≤ 2εαUF,1+αd(Y )−(1+α).

Summarizing these, if τ ≥ 1
MN , we have

|F (Y )− F (Y1)| ≤ |F (Y )− F̄ (Y, ε)|+ |F̄ (Y, ε)− F̄ (Y1, ε)|+ |F̄ (Y1, ε)− F (Y1)|

≤ 4εαUF,1+α

(
d(Y ) ∧ d(Y1)

)−(1+α)
+ CMHτ

α + C(n, α)H(1 + c
Nε)

n+2+ατα,

for every ε ∈ (0, τ). We now choose ε = δ̃ · τ with small enough δ̃ > 0 such that 4δ̃α ≤ δ.
Then, since c

Nε = c
δ̃Nτ
≤ Mc

δ̃
, we obtain (3.48) for τ ≥ 1

MN .

Remark 3.1. To derive the uniform Hölder continuity of uN , we applied the results of
[23] and [42] in Section 2.2. We will then use Lemma 3.6 to show the Hölder continuity
of ∇NuN in Section 4. However, it might be possible to apply Lemma 3.6 to derive the
Hölder continuity of uN as in [31] in a continuous setting.

We state the iteration Lemma 4.6 of [41]. This will be modified later in Lemma 4.9
with σ(r) changed to σ(rN ) as in Lemma 3.6 to adjust to our discrete setting and used to
prove Propositions 4.10 and 5.4 below.

Lemma 3.7. (cf. Lemma 4.6 of [41]) Let ω and σ be increasing functions on an interval
(0, R0] and suppose there are positive constants ᾱ, δ, and τ with τ < 1 and δ < ᾱ such that

(3.50) r−δσ(r) ≤ s−δσ(s) if 0 < s ≤ r ≤ R0
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and

(3.51) ω(τr) ≤ τ ᾱω(r) + σ(r) if 0 < r ≤ R0.

Then, there is a constant C = C(ᾱ, δ, τ) such that

ω(r) ≤ C
[(

r
R0

)ᾱ
ω(R0) + σ(r)

]
≤ C

[(
r
R0

)δ
ω(R0) + σ(r)

]
,

for 0 < r ≤ R0.

We remark, as noted in [41], if (4.15)’ in [41] holds, that is ω(τr) ≤ Cτβω(r) + σ(r)
with β > δ for all small τ , then (3.51) is satisfied with ᾱ ∈ (δ, β) and τ chosen so that
Cτβ ≤ τ ᾱ.

Proof. Since the argument is short, for the convenience of the reader, we give it here. The
lemma is clear when r ≥ τR0. Hence, suppose 0 < r < τR0. Let k be the smallest integer
such that r < τkR0. Consider the base case k = 1: Write

ω(r) ≤ ω(τR0) ≤ τ ᾱω(R0) + σ(R0)

≤ τ ᾱω(R0) + τ−δσ(τR0).

Suppose now for j ≤ k − 1 that

ω(τ jR0) ≤ τ jᾱω(R0) + τ−δσ(τ jR0)

j∑
`=1

τ (ᾱ−δ)(`−1).

Then, when k > 1, we have

ω(τkR0) ≤ τ ᾱω(τk−1R0) + σ(τk−1R0)

≤ τ ᾱ
[
τ (k−1)ᾱω(R0) + τ−δσ(τk−1R0)

k−1∑
`=1

τ (ᾱ−δ)(`−1)
]

+ τ−δσ(τkR0)

≤ τkᾱω(R0) + τ−δσ(τkR0)
k∑
`=2

τ (ᾱ−δ)(`−1) + τ−δσ(τkR0)

= τkᾱω(R0) + τ−δσ(τkR0)
k∑
`=1

τ (ᾱ−δ)(`−1)

≤ τkᾱω(R0) + σ(τkR0)
1

τ δ − τ ᾱ
.

Since τkR0 < r/k < R0, we have σ(τkR0) ≤ σ(r/τ) ≤ τ−δσ(r). Then, as τk ≤ r/R0,
we obtain

ω(r) ≤ ω(τkR0) ≤ C
[
τkᾱω(R0) + σ(r)

]
≤ C

[( r
R0

)ᾱω(R0) + σ(r)
]

where C = max{τ ᾱ, τ−δ(τ δ − τ ᾱ)−1}.
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3.5 Summation by parts formula

Finally, we prepare a summation by parts formula, that is, Green’s identity in discrete
setting. For Λ ⊂ 1

NTnN , we denote the outer boundary and closure of Λ by

(3.52) ∂+
NΛ = { xN ∈

1
NTnN \ Λ; dist( xN ,Λ) = 1

N }, Λ = Λ ∪ ∂+
NΛ,

respectively.

Lemma 3.8. Let Λ ⊂ 1
NTnN and let e ∈ Zn : |e| = 1 be given. For functions F,G on Λ

satisfying F = 0 at ∂+
NΛ, we have

(3.53)
∑
x
N ∈Λ

F ( xN )∇N,∗e G( xN ) =
∑

x
N or

x+e
N ∈Λ

∇Ne F ( xN ) ·G( xN ),

where the sum in the right hand side is taken over x satisfying x
N ∈ Λ or x+e

N ∈ Λ. If we

replace ∇N,∗e by ∇Ne in the left hand side, ∇Ne and x+e
N in the right hand side should be

∇N,∗e and x−e
N , respectively (since ∇N,∗e = ∇N−e).

In particular, for a = {āx}, we have

(3.54)
∑
x
N ∈Λ

F ( xN )∇N,∗e

(
āxG

)
( xN ) =

∑
x
N or

x+e
N ∈Λ

āx∇Ne F ( xN ) ·G( xN ).

Moreover, for a = {ax,e}∑
x
N ∈Λ

F ( xN )
∑

|e|=1,e>0

∇N,∗e

(
ax,e∇Ne G

)
( xN )(3.55)

=
∑

x
N or

x+e
N ∈Λ;|e|=1,e>0

ax,e∇Ne F ( xN )∇Ne G( xN ).

Proof. The left hand side of (3.53) is rewritten as∑
x
N ∈Λ

F ( xN )N
{
G(x−eN )−G( xN )

}
= N

∑
x+e
N ∈Λ

F (x+e
N )G( xN )−N

∑
x
N ∈Λ

F ( xN )G( xN )

=
∑

x
N ,

x+e
N ∈Λ

∇Ne F ( xN )G( xN ) +
∑

x
N 6∈Λ,

x+e
N ∈Λ

NF (x+e
N )G( xN )−

∑
x
N ∈Λ,

x+e
N 6∈Λ

NF ( xN )G( xN )

=
∑

{ xN ,
x+e
N ∈Λ}∪{ xN ∈Λ,

x+e
N 6∈Λ}∪{ xN 6∈Λ,

x+e
N ∈Λ}

∇Ne F ( xN ) ·G( xN ).

The last equality holds since F ( xN ) = 0 if x
N 6∈ Λ for the second term and F (x+e

N ) = 0 if
x+e
N 6∈ Λ for the third term. This shows (3.53). The identity (3.54) is immediate from (3.53)

by taking Ḡ( xN ) := āxG( xN ) instead of G( xN ). For (3.55), first consider Ḡ( xN ) := ax,eG( xN )
instead of G( xN ) for each fixed e, and then take the sum in e.
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4 Schauder estimate for the first discrete derivatives

We are now ready to show the Schauder estimate for the first discrete derivatives. We
consider the linear discrete PDE (1.6) under the assumption that the coefficients a(t) =
{ax,e(t)}|e|=1 satisfy the α-Hölder continuity condition (A.2) stated below. By (2.17) in
Corollary 2.3, the nonlinear discrete PDE (1.1) falls in this class with α = σ.

We preview the main results. In Section 4.1, we study the equation (1.6) and state
Theorem 4.1, which is an analog of Theorem 4.8 of [41]. Then, in Theorem 4.2, we improve
the regularity at t = 0 for C2-initial values. In Section 4.2, these results are applied for the
nonlinear equation (1.1); see Corollaries 4.3 and 4.4. The outline of the proof of Theorem
4.1 is given in Section 4.1 and the main part of the proof is postponed to later. In Section
4.3, we show the discrete version of the interpolation inequality. In Section 4.4, we apply
Proposition 3.4 and two basic lemmas (Lemmas 3.6 and 3.7 or its variant 4.9) together
with the summation by parts formula (Lemma 3.8) to show a useful energy inequality and
a main Hölder estimate. Finally, Section 4.5 gives an estimate on the time varying norm.

We will make use of the solution of the discrete heat equation (1.20) or (3.2), which
will be denoted by vN to distinguish it from the solution uN of (1.6). We will compare uN

to vN as in (4.31) or (4.34) and will apply the estimates for vN obtained in Proposition
3.4.

4.1 Schauder estimate for (1.6) with Hölder continuous coefficients

We consider the linear discrete PDE (1.6) with coefficients a(t) and g(t) continuous in t,
that is,

∂tu
N = LNa(t)u

N + g(t, xN ), x
N ∈

1
NTnN .(4.1)

Our basic assumptions for a(t) and g(t) are:

(A.1) (symmetry, nondegeneracy, boundedness) a(t) ∈ A(c−, c+), t ≥ 0,

(A.2) (Hölder continuity) [a]∗,Nα ≤ A <∞, α ∈ (0, 1),

(A.3) (boundedness of g) ‖g‖∞ ≤ G∞ <∞.

The assumption (A.2) means that [ae]
∗,N
α ≤ A holds for each e and for the seminorm

defined in (3.42) by regarding ax,e(t) as a function of (t, xN ) ∈ ΩN . Note that, by (2.17),
the coefficient a(t) determined from the nonlinear Laplacian as in (1.7) and (1.8) in the
equation (1.1) satisfies (A.2) with α = σ and A = C(K + 1); see Corollary 4.3. The
bound on ‖g‖∞ in (A.3) is used in the proof of Lemma 4.11, but a weaker bound on
supt∈[0,T ] ‖g(t)‖L1(TnN ) is sufficient at most places.

With respect to the solution uN (t, xN ) of (4.1), define the polylinear spatial interpo-
lation ũN (t, z) following the prescription in (3.11).

Set also, for α ∈ (0, 1),

U1+α := [ũN ]∗1+α = sup
X 6=Y ∈Ω

(d(X) ∧ d(Y ))1+α |∇N ũN (X)−∇N ũN (Y )|
|X − Y |α

,
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U1 := |∇N ũN |(1)
0 ≡ max

|e|=1,e>0
|∇Ne ũN |

(1)
0 ,(4.2)

U := U1+α + 〈uN 〉∗,N1+α,

and the seminorm

|ũN |∗1+α := U1 + U ≡ [ũN ]∗1+α + 〈uN 〉∗,N1+α + |∇N ũN |(1)
0 .(4.3)

Here, we may recall Lemma 3.5 for the consistency of two seminorms 〈uN 〉∗,N1+α and 〈ũN 〉∗1+α.

We now come to the main estimate of this section.

Theorem 4.1. (First Schauder estimate, cf. Theorem 4.8 of [41]) For the equation (1.6),
assume (A.1), (A.2), (A.3) and

sup
N
‖uN‖∞ ≡ sup

N
sup
ΩN

|uN (t, xN )| <∞.(4.4)

Then, we have

|ũN |∗1+α ≤ C
[
(A+ 1)1+ 1

α ‖uN‖∞ +G∞
]
.(4.5)

In particular, we have

|∇Ne uN (t, xN )| ≤ Ct−
1
2
[
(A+ 1)

1
α ‖uN‖∞ + (A+ 1)−1G∞

]
(4.6)

Here, the constants C = C(n, c±, T, α).

Proof. We outline the proof of Theorem 4.1, referring to results proved later.

We first prove (4.5). Recalling U = U1+α + 〈uN 〉∗,N1+α, we show in Proposition 4.10
that

U1+α = [ũN ]∗1+α ≤ C̄[(A+ 1)U1 +G∞] + δU ,

for every δ > 0, where C̄ = C̄(n, c±, α, δ). Moreover, in Proposition 4.12, we estimate that

〈uN 〉∗,N1+α ≤ Ĉ[AU1 + U1+α +G∞]

where Ĉ = Ĉ(n, c+, T, α). Thus, by these two estimates, we have

U = U1+α + 〈uN 〉∗,N1+α ≤ ĈAU1 + (Ĉ + 1)U1+α + ĈG∞

≤ [Ĉ + C̄(Ĉ + 1)](A+ 1)U1 + δ(Ĉ + 1)U + [Ĉ + C̄(Ĉ + 1)]G∞.

Choosing δ > 0 small, this implies

U ≤ C[(A+ 1)U1 +G∞](4.7)

and as |ũN |∗1+α = U1 + U that

|ũN |∗1+α ≤
(
C(A+ 1) + 1

)
U1 + CG∞(4.8)

where C = C(n, c±, T, α).
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However, by the interpolation inequality proved in Proposition 4.5 in Section 4.3,

U1 ≤ 3[ũN ]
α

1+α

0

(
[ũN ]0 + [ũN ]∗1+α

) 1
1+α ,(4.9)

where we recall [u]0 = osc
Ω
u in (3.14). Observe also that [ũN ]0 ≤ 2|ũN |0 = 2‖uN‖∞. Thus,

from (4.9), we have that(
C(A+ 1) + 1

)
U1(4.10)

≤
(

2
1
α
(
3
[
C(A+ 1) + 1

]) 1+α
α 2‖uN‖∞

) α
1+α

(
1
2

(
2‖uN‖∞ + U1+α

)) 1
1+α

≤ 2
1
α
(
3
[
C(A+ 1) + 1

]) 1+α
α 2‖uN‖∞ + 1

2

(
2‖uN‖∞ + |ũN |∗1+α

)
,

where C = C(n, c±, T, α) and we have used a trivial bound: ab (≤ ap

p + bq

q ) ≤ ap + bq for

a, b > 0 and 1
p + 1

q = 1. Inserting this into (4.8), we obtain (4.5).

The estimate (4.6) now follows from (4.10) and (4.5).

When the initial value uN (0, ·) is C2, or more precisely, if it satisfies the bound

sup
N
‖uN (0)‖C2

N
≤ C0 <∞,(4.11)

we expect a better regularity estimate at t = 0. Recall (1.10) for the norm ‖ · ‖C2
N

.

Indeed to discuss the equation (1.6), we need the following additional assumptions for the
coefficient ax,e(t):

[a](−α),N
α ≤ B <∞ : |ax1,e(t1)− ax2,e(t2)| ≤ B

{∣∣t2 − t1∣∣α2 +
∣∣x1
N −

x2
N

∣∣α},(4.12)

sup
N,x,e

|∇N,∗e ax,e(0)| ≤ C1 <∞.(4.13)

The condition (4.12) is understood in relation to (A.2) for the seminorm [ae]
(−α),N
α for

each e defined by (3.40) taking a = α, k = 0, b = −α so that a + b = 0. Or [ae]
(−α),N
α is

the seminorm [ae]α in (3.33) with the supremum taken for X 6= Y ∈ ΩN .

Theorem 4.2. We assume (A.1), (A.3), (4.4) in Theorem 4.1 and (4.11), (4.12), (4.13)
stated above. Then, for the solution uN of (1.6), we have

|ũN |1+α ≤ C[(B + 1)1+ 1
α ‖uN‖∞ +G∞ + C2],(4.14)

where |ũN |1+α is the unweighted norm defined in (3.35). In particular, we have

|∇Ne uN (t, xN )| ≤ C
[
(B + 1)

1
α ‖uN‖∞ + (B + 1)−1

(
G∞ + C2]

)]
(4.15)

and the α-Hölder seminorm of ∇Ne uN is uniformly bounded in t ≥ 0:

[∇Ne ũN ]α ≤ C[(B + 1)1+ 1
α ‖uN‖∞ +G∞ + C2].(4.16)

Here, C = C(n, c±, T, α) and C2 = n(C1C0 + c+C0).
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Proof. The proof is similar to that of Theorem 2.5, but to guarantee the condition (A.2)
for the extended system (4.19) below, especially to well-connect at t = 1, we replace ∆N

by LN,0 defined by

LN,0 = −
∑

|e|=1,e>0

∇N,∗e (ax,e(0)∇Ne ·).

Then, consider the discrete linear PDE,

∂sv = LN,0v, s ∈ (0, 1],(4.17)

with initial condition v(0, xN ) = uN (0, xN ) for x ∈ TnN . Define v̂(t) := v(1− t) for 0 ≤ t < 1

and ĥ(t, xN ) := −LN,0v̂(t, xN ). Note, for 0 ≤ t < 1, that v̂ satisfies

∂tv̂ = −LN,0v̂ = LN,0v̂ + 2ĥ.

However, by (4.17), h(t) := ĥ(1− t) = −LN,0v(t) satisfies the discrete PDE ∂th(t) =
LN,0h(t) with initial value h(0) = −LN,0uN (0) and thus, by the maximum principle
(Lemma 2.7) for this equation, we have

|h(t, xN )| ≤ max
y
|LN,0uN (0, yN )|.

But, by the condition (4.11) for uN (0) and by (4.13) for ax,e(0), we have, applying (2.9),

‖ĥ‖∞ =
∥∥∥ ∑
|e|=1,e>0

{
∇N,∗e a·,e(0) · ∇Ne uN (0, ·) + a·−e,e(0)∇N,∗e ∇Ne uN (0, ·)

}∥∥∥
∞

≤ n(C1C0 + c+C0) =: C2.

Define now

âx,e(t) =

{
ax,e(t− 1) for t ≥ 1

ax,e(0) for 0 ≤ t < 1,
(4.18)

and ĝ(t, xN ) by (2.22) in the present setting. Consider the extended system, for t ≥ 0,

∂tû
N = LNâ(t)û

N + ĝ(t, xN ).(4.19)

Note that â satisfies (A.1) and [â]∗,Nα ≤ T
α
2B <∞ from the condition (4.12) (which

holds also at t1, t2 = 0), and ‖ĝ‖∞ ≤ ‖g‖∞ + 2C2. Also, by the maximum principle, v
is uniformly bounded by ‖v(s)‖∞ ≤ ‖uN (0)‖∞, s ∈ [0, 1]. Therefore, ûN is bounded by
‖uN‖∞. Then, Theorem 4.1 yields

| ˜̂uN |∗1+α ≤ C
[
(B + 1)1+ 1

α ‖uN‖∞ +G∞ + 2C2

]
.

where C = C(n, c±, T, α). We observe, by specializing to times 1 ≤ t ≤ T + 1 and noting
û(t, ·) = uN (t − 1, ·), that (4.14) holds for the solution u = uN of (1.6). Similarly, (4.15)
follows from (4.6). (4.16) is immediate from (4.14).
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4.2 Schauder estimate in the context of (1.1)

We now consider the solution uN (t, xN ) of the discrete nonlinear PDE (1.1). Recall u± in
(1.2) and c± in (1.9) in this context.

The following is a corollary of Theorem 4.1.

Corollary 4.3. For the solution uN (t, xN ) of (1.1) satisfying (1.2), we have

|ũN |∗1+σ ≤ C(K1+ 1
σ + 1),

where σ ∈ (0, 1) is as in Theorem 2.2, and C = C(n, c±, T, σ, ‖f‖∞, ‖ϕ′′‖∞, u±). In

particular, from the last term in the seminorm |ũN |∗1+σ in (4.3), noting d(X) = t
1
2 , we

obtain
|∇Ne uN (t, xN )| ≤ Ct−

1
2 (K

1
σ + 1), t ∈ (0, T ].

From the first term in (4.3), that is U1+α in (4.2), we see that the σ-Hölder seminorm of

∇Ne uN has the singularity (t−
1
2 )1+σ = t−

1
2

(1+σ) near t = 0.

Proof. We first observe that g = Kf(uN ) is such that ‖g‖∞ ≤ ‖f‖∞K := G∞ by (1.2).
Next, we have that a(t) := a(uN (t)), that is ax,e(u) in (1.8) taking u = uN (t), satisfies (A.1)

and by Corollary 2.3, [a]∗,Nσ ≤ C(n, c±, T, ‖uN (0)‖∞, ‖f‖∞, ‖ϕ′′‖∞)(K + 1) := A. The
condition (4.4) follows from (1.2). Therefore, the corollary is a consequence of Theorem
4.1.

We have the following better regularity estimate at t = 0 assuming (4.11). Recall the
constant C0 in (4.11).

Corollary 4.4. For the solution uN of (1.1) satisfying (1.2), when the initial data satisfies
(4.11), we have

|ũN |1+σ ≤ C(K + C0 + 1)1+ 1
σ ,(4.20)

where σ ∈ (0, 1) is as in Theorem 2.2 and C = C(n, c±, T, σ, ‖f‖∞, ‖ϕ′′‖∞, u±). Recall
‖f‖∞ and ‖ϕ′′‖∞ defined in Corollary 2.3. In particular,

|∇Ne uN (t, xN )| ≤ C(K + C0 + 1)
1
σ(4.21)

and the σ-Hölder seminorm of ∇Ne uN is uniformly bounded in t ≥ 0,

[∇Ne ũN ]σ ≤ C(K + C0 + 1)1+ 1
σ .(4.22)

Proof. Note that the condition (4.12) follows from (2.25) in Corollary 2.6 with

B = C(K‖f‖∞ + ‖uN (0)‖∞ + C0)

where C = C(n, c±, T, ‖ϕ′′‖∞). Moreover, since ax,e(0) = ax,e(u
N (0)) is determined

by (1.8), it satisfies (A.1) and the condition (4.13), |∇N,∗e ax,e(0)| ≤ C1 where C1 =
C(‖ϕ′′‖∞)C0, due to the ‘mean-value’ Lemma 2.4 and (4.11). Thus, with ‖g‖∞ =
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K‖f‖∞ = G∞ and C2 = n(C1C0 + c+C0) ≤ C(n, c+, ‖ϕ′′‖∞)[C2
0 + 1], the corollary follows

from Theorem 4.2. Note that we obtain the bound

|ũN |1+σ ≤ C
(
(K + C0 + 1)1+ 1

σ + C2
0 + 1

)
and the others. However, since σ ∈ (0, 1), both C2

0 and 1 are bounded by (K+C0 + 1)1+ 1
σ

so that the desired three estimates (4.20)–(4.22) are shown.

4.3 Interpolation inequality

We adapt the (4.2c) in Proposition 4.1 of [41] to our discrete context. Recall (3.31) for
the continuous space gradient ∇Nu(t, z) defined for a function u on Ω = [0, T ]× Tn.

Proposition 4.5. (cf. (4.2c) in Proposition 4.1 of [41]) Let α ∈ (0, 1). Then, for every
function u on Ω,

U1 := |∇Nu|(1)
0

(
= max
|e|=1,e>0

|∇Ne u|
(1)
0

)
≤ 3[u]

α
1+α

0

(
[u]0 + [u]∗1+α

) 1
1+α .(4.23)

Moreover,

U2 := |∇Nu|(2)
0 ≤ 5(|u|(1)

0 )
α

1+α
(
|u|(1)

0 + [u]
(1)
1+α

) 1
1+α .(4.24)

Proof. We argue now the first statement and later discuss the second inequality.

Consider ∇Ne u(X) for X = (t, z) ∈ Ω for fixed e. For simplicity, let us assume that e
is the vector 〈1, 0, . . . , 0〉. We will write z = 〈z1, z2, . . . , zn〉 ∈ Tn.

Let Y = (t, y) be such that y = (y1, z2, z3, . . . , zn〉 and z1 − y1 has the same sign as
∇Ne u(X) ∈ R. Take Y also such that |z− y| = |z1− y1| = εd(X) for an ε ∈ (0, 1

2 ]. We note
that in this argument that t > 0 is fixed, and so d(X) = d(Y ) =

√
t.

Then, since z1 − y1 has the same sign as ∇Ne u(X) and |z − y| = |z1 − y1|, we have

|∇Ne u(X)| = ∇Ne u(X) · z1 − y1

|z − y|
(4.25)

=
( 1

|z − y|

∫ y1

z1

∇Ne u(t, w)dw1

)
· z1 − y1

|z − y|

+
(
∇Ne u(X)− 1

|z − y|

∫ y1

z1

∇Ne u(t, w)dw1

)
· z1 − y1

|z − y|
,

where w = 〈w1, z2, . . . , zn〉. However, the above integral term can be rewritten as∫ y1

z1

∇Ne u(t, w)dw1 = N

∫ y1

z1

[u(t, w + e
N )− u(t, w)]dw1

= N
{∫ y1+

1
N

z1+
1
N

u(t, w)dw1 −
∫ y1

z1

u(t, w)dw1

}
= N

∫ z1+
1
N

z1

[
u(t, w + y − z)− u(t, w)

]
dw1,
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Thus, by (4.25) and recalling [u]0 = osc
Ω

(u) and [u]∗1+α in (3.37), (3.42), we have

|∇Ne u(X)| ≤ N

|z − y|

∫ z1+
1
N

z1

∣∣u(t, w + y − z)− u(t, w)
∣∣dw1(4.26)

+
( 1

|z − y|

∫ y1

z1

[∇Ne u(X)−∇Ne u(t, w)]dw1

)
· z1 − y1

|z − y|

≤ [u]0
|z − y|

+
[u]∗1+α

|z − y|

∣∣∣ ∫ y1

z1

(d(X) ∧ d(W ))−(1+α)|z − w|αdw1

∣∣∣,
where W = (t, w). As remarked earlier, as t > 0 is fixed, d(X) = d(W ) =

√
t for the

points considered above. Also,
∣∣ ∫ y1
z1
|z − w|αdw1

∣∣ ≤ 1
1+α |z − y|

1+α ≤ |z − y|1+α.

From these computations, we have

|∇Ne u(X)| ≤ [u]0
|z − y|

+ d(X)−(1+α)[u]∗1+α|z − y|α

=
[u]0
εd(X)

+
εα[u]∗1+α

d(X)
.

Multiply by d(X) and take supremum in X to get

U1 ≤
[u]0
ε

+ εα[u]∗1+α.

We would like to choose ε ∈ (0, 1
2 ] as follows: If [u]0 < [u]∗1+α, then take ε =

1
2([u]0/[u]∗1+α)1/(1+α)(< 1

2). We get in this case

U1 ≤ 2
(
[u]∗1+α

)1/(1+α)
[u]

α/(1+α)
0 + 2−α[u]

α/(1+α)
0

(
[u]∗1+α

)1/(1+α)

≤ 3
(
[u]∗1+α

)1/(1+α)
[u]

α/(1+α)
0 ,

which is bounded by the right hand side of (4.23). Otherwise, when [u]0 ≥ [u]∗1+α, choose
ε = 1/2. Then,

U1 ≤ 2[u]0 + 2−α[u]∗1+α ≤ 3[u]0,

which is also bounded by the right hand side of (4.23). Thus, the first inequality (4.23)
follows.

The second inequality (4.24) follows the same scheme. Indeed, in (4.26), one bounds

|u(t, w + y − z) − u(t, w)| ≤ |u(t, w + y − z)| + |u(t, w)| ≤ 2d(X)−1|u|(1)
0 and |∇Ne u(X) −

∇Ne u(t, w)| ≤ [u]
(1)
1+αd(X)−(2+α)|z − w|α, recall (3.36) for |u|(1)

0 . Multiplying through by

d2(X) = (
√
t)2 at this point, we may follow the derivation of the first inequality to obtain

the second statement.

4.4 Energy inequalities and estimate on U1+α = [ũN ]∗1+α

For an open domain D ⊂ Tn, we define its discrete interior by

(4.27) DN := D ∩ 1
NTnN .
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The outer boundary ∂+
NDN and the closure DN of DN are defined as in (3.52) taking

Λ = DN , respectively. Recall Ω = [0, T ]× Tn and ΩN = [0, T ]× 1
NTnN .

Take Y = (t1, y) ∈ Ω and r : 0 < r < 1
2d(Y ) = 1

2 t
1
2
1 . Recall Q(r) ≡ Q(Y, r) =

(t1− r2, t1)×D(y, r), where D(y, r) = {z ∈ Tn; |z− y| < r} with the distance |z− y| as in
(2.13), and set QN (r) ≡ QN (Y, r) = (t1−r2, t1)×DN (y, r) (= Q(r)∩ΩN ), where DN (y, r)
is the discrete interior of D(y, r). Define the parabolic outer boundary of QN (Y, r) by

(4.28) P+
NQN (Y, r) := {t1 − r2} ×DN (y, r) ∪ (t1 − r2, t1]× ∂+

NDN (y, r),

where ∂+
NDN (y, r) and DN (y, r) are the outer boundary and closure of DN (y, r) defined

as above, respectively. We also denote

(4.29) QN (Y, r) := [t1 − r2, t1]×DN (y, r).

In the following, Y is fixed until it moves in the proof of Proposition 4.10. All constants
will be uniform in Y .

Let u = uN be the solution of the linear discrete PDE (4.1) or equivalently (1.6) on
ΩN :

La(·)u ≡ (LNa(t) − ∂t)u = −g(t)

with a(t) and g(t) satisfying the assumptions (A.1), (A.2) and (A.3).

Take the closest point ỹ ∈ 1
NTnN to y, in particular, |y − ỹ| ≤

√
n

2N holds, and set

Ỹ := (t1, ỹ) ∈ ΩN . Note that d(Ỹ ) = d(Y ) = t
1
2
1 . Let v = vN = vN,Q(r) be the solution of

the discrete heat equation (3.2) or equivalently (1.20) on QN (r) = QN (Y, r):

Lav ≡ (∆N
a − ∂t)v = 0(4.30)

with constant coefficients ae := ae(Ỹ ) ≡ aNỹ,e(t1) ≥ c− > 0 under the boundary condition

v = u at P+
NQN (Y, r). We will consider the case that r >

√
n
N (in the proof of Lemma 4.8),

in particular, QN (r) 6= ∅.
Set

w ≡ wN := u− v ≡ uN − vN on QN (Y, r).(4.31)

Then, the following discrete energy inequality holds.

Lemma 4.6. Assume 0 < r < 1
2d(Y ) = 1

2 t
1
2
1 and QN (r) 6= ∅. Then, we have∫ t1

t1−r2
N−n

∑
x
N or x+e

N
∈DN (y,r);|e|=1,e>0

|∇Ne w|2(X)dt(4.32)

≤ CA2(
r+

1+
√
n

N
d(Y ) )2α(r + 1

N )nr2 sup
X or X+ e

N
∈QN (r);|e|=1,e>0

|∇Ne u(X)|2

+ CG∞(r + 1
N )n( r

d(Y ))1+α sup
X∈QN (r)

|w(X)|,

where X = (t, xN ) and X+ e
N = (t, x+e

N ), and recall QN (r) ≡ QN (Y, r). Here, the constants
C = C(n, c−, T ).
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Proof. The proof is divided into steps.

Step 1. First from ∂tw = LNa(t)u+ g(t)−∆N
a v on QN (r), and then applying (3.55) in

Lemma 3.8 since w(t, ·) = 0 at the boundary ∂+
NDN (y, r), we have

1
2∂t

(
N−n

∑
x
N ∈DN (y,r)

w2(X)

)

= N−n
∑

x
N ∈DN (y,r);|e|=1,e>0

w(X)
(
−∇N,∗e (ae(Ỹ )∇Ne w)

)
(X)

+N−n
∑

x
N ∈DN (y,r);|e|=1,e>0

w(X)
(
−∇N,∗e ((ae(X)− ae(Ỹ ))∇Ne u)

)
(X)

+N−n
∑

x
N ∈DN (y,r)

w(X)g(X)

= −N−n
∑
∗
ae(Ỹ )|∇Ne w|2(X)

−N−n
∑
∗

(ae(X)− ae(Ỹ ))∇Ne w(X) · ∇Ne u(X)

+N−n
∑

x
N ∈DN (y,r)

w(X)g(X)

=: −I1 + I2 + I3,

where X = (t, xN ), ae(X) := ax,e(t) and
∑
∗

means the sum over x and e such that x
N or

x+e
N ∈ DN (y, r) and |e| = 1, e > 0. Note that we put a minus sign in I1 so that I1 ≥ 0.

Step 2. Integrate both sides in t ∈ [t1 − r2, t1]. Since w(t1 − r2, ·) = 0, the left hand
side is

1
2N
−n

∑
x
N ∈DN (y,r)

w2(t1,
x
N ) ≥ 0.

On the other hand, for every ε > 0,∫ t1

t1−r2
|I2|dt ≤ ε

∫ t1

t1−r2
N−n

∑
∗
|∇Ne w|2(X)dt

+
1

ε

∫ t1

t1−r2
N−n

∑
∗
|ae(X)− ae(Ỹ )|2|∇Ne u|2(X)dt.

Here, we estimate |∇Ne u|2(X) ≤ supX or X+ e
N
∈QN (r) |∇Ne u|2, and by [a]∗,Nα ≤ A,

|ae(X)− ae(Ỹ )| ≤ A(d(X) ∧ d(Ỹ ))−α|X − Ỹ |α ≤ A2αd(Y )−α(r + 1+
√
n

N )α,

since |X − Ỹ | ≤ |X − Y | + |Y − Ỹ | ≤ (r + 1
N ) +

√
n

2N ≤ r + 1+
√
n

N for X ∈ QN (r) (note

that, when X + e
N ∈ QN (r), it happens that X ∈ QN (r)) and r < 1

2d(Y ) = 1
2d(Ỹ ) implies

d(X) ≥ 1
2d(Y ) (note the time direction is not enlarged by 1

N ) as

d(Y ) = t
1
2
1 ≤ t

1
2 + |t− t1|

1
2 ≤ d(X) + r ≤ d(X) + 1

2d(Y ),(4.33)
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so that d(X) ∧ d(Ỹ ) = d(X) ≥ 1
2d(Y ). Moreover,∫ t1

t1−r2
N−n

∑
x
N or x+e

N
∈DN (y,r);|e|=1,e>0

1dt ≤ C(n)(r + 1
N )nr2.

Note that, even for very small r > 0, DN (y, r) may contain a single point so that we pick
up the factor + 1

N . Therefore, recalling ae(Ỹ ) ≥ c− > 0, we obtain∫ t1

t1−r2
|I2|dt ≤

ε

c−

∫ t1

t1−r2
I1dt

+
1

ε
C(n)22αA2(

r+
1+
√
n

N
d(Y ) )2α(r + 1

N )nr2 sup
X or X+ e

N
∈QN (r);|e|=1,e>0

|∇Ne u|2.

Step 3. For I3, since |QN (r)| ≤ C(n)Nn(r + 1
N )nr2 (we pick up + 1

N similarly as
above), by ‖g‖∞ ≤ G∞,∫ t1

t1−r2
|I3|dt ≤ G∞C(n)(r + 1

N )nr2 sup
QN (r)

|w|

= cG∞(r + 1
N )n( r

d(Y ))1+α( r
d(Y ))1−αd(Y )2 sup

QN (r)
|w|

≤ (1
2)1−αTC(n)G∞(r + 1

N )n( r
d(Y ))1+α sup

QN (r)
|w|,

since r
d(Y ) ≤

1
2 and d(Y )2 ≤ T . Summarizing these estimates, we have

(1− ε
c−

)

∫ t1

t1−r2
I1dt ≤

1

ε
C(n)22αA2(

r+
1+
√
n

N
d(Y ) )2α(r + 1

N )nr2 sup
X or X+ e

N
∈QN (r);|e|=1,e>0

|∇Ne u|2

+ (1
2)1−αTC(n)G∞(r + 1

N )n( r
d(Y ))1+α sup

QN (r)
|w|.

Choosing ε > 0 small and noting ae(Ỹ ) ≥ c− > 0, we have shown (4.32).

We now give estimates on three terms in (4.32) in terms of polylinear interpolations.
First recall that ũ = ũN (t, z), (t, z) ∈ Ω was defined as the polylinear interpolation of
u = uN (t, xN ) in Section 4.1.

Next, taking r1
N = r +

√
n+1
N , consider the solution v ≡ vN,r(X) := vN,Q(Y,r1N )(X),

X ∈ QN (Y, r1
N ) of the discrete heat equation (4.30) on QN (Y, r1

N ) with the boundary
condition v = u at P+

NQN (Y, r1
N ). Then, set as in (4.31)

w ≡ wN,r := u− v ≡ uN − vN,r on QN (Y, r1
N ).(4.34)

We consider v = vN,r on a domain QN (Y, r1
N ) slightly enlarging QN (Y, r). By this choice,

the polylinear interpolations ṽ = ṽN,r(X) and w̃ = w̃N,r(X) of v and w, respectively, are
well-defined for X ∈ Q(r) ≡ Q(Y, r). Moreover, ∇Ne ṽ(X) and ∇Ne w̃(X) are also defined

for X ∈ Q(r) and ∇̃Ne w = ∇Ne w̃ holds on Q(r) from (3.46); recall the discussions above
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Corollary 3.3 and Proposition 3.4. Furthermore, the estimate (3.25) in Proposition 3.4 is

applicable for v = vN,r(X) by taking R = r1
N so that 0 < ρ < r ≤ r1

N −
√
n+1
N = r.

Recall (4.2) for U1 and U defined from ũN and uN .

Lemma 4.7. Assume 0 < r < 1
2d(Y ) = 1

2 t
1
2
1 . Then, we have∫

Q(r)
|∇̃Nw|2(X)dX ≤

∫ t1

t1−r2
N−n

∑
x
N ∈DN (y,r+

√
n
N );|e|=1,e>0

|∇Ne w|2(t, xN )dt,(4.35)

sup
X or X+ e

N
∈QN (r);|e|=1,e>0

|∇Ne u(X)|2 ≤ 4U2
1

d(Y )2
,(4.36)

sup
X∈QN (r)

|w(X)| ≤ C(n)U( r
d(Y ))1+α.(4.37)

Note that, in the left hand side of (4.35), differently from X = (t, xN ) in its right

hand side, that X = (t, z) ∈ Ω is a continuous variable. Also recall |∇̃Nw(X)| :=

max|e|=1,e>0 |∇̃Ne w(X)|.

Proof. To show (4.35), noting from (3.11) (with ∇Ne w instead of uN ) that ∇̃Ne w is a convex
combination of ∇Ne w at neighboring sites, we observe

(4.38) |∇̃Ne w(t, z)| ≤ max
v∈{0,1}n

∣∣∇Ne w(t, [Nz]+v
N

)∣∣.
However, since

∣∣z − [Nz]+v
N

∣∣ ≤ √nN , we have [Nz]+v
N ∈ DN (y, r+

√
n
N ) for z ∈ D(y, r). Thus,

(4.38) proves (4.35).

To show (4.36), since ∇Ne u(X) = ∇Ne ũ(X) for X = (t, xN ) with x ∈ TnN , recalling
(4.2) for U1, bound for each e that

sup
X or X+ e

N
∈QN (r)

|∇Ne u(X)| ≤ sup
X∈Ω:d(X)≥(d(Y )2−r2)1/2

|∇Ne ũ(X)|

≤ U1 sup
d(X)≥(d(Y )2−r2)1/2

d(X)−1.

However, as we saw in (4.33) in the proof of Lemma 4.6, d(X) ≥ 1
2d(Y ) and this shows

(4.36).

To demonstrate (4.37), we divide |w(X)| into two terms when DN (r) ≡ DN (y, r) is
non-empty, as otherwise the estimate holds trivially. For X = (t, xN ), Z = (t′, zN ) ∈ QN (r),

|w(X)| ≤ |u(X)− u(Z)−∇Nu(Z) · x−zN |+ |v(X)− u(Z)−∇Nu(Z) · x−zN |,

where · means the inner product in Rn. The first term, writing u = uN , is further bounded
from above by

|uN (X)− uN (X ′)|+ |uN (X ′)− uN (Z)−∇NuN (Z) · x−zN |
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≤ 〈uN 〉∗,N1+α(2r)1+α
(
d(X) ∧ d(X ′)

)−(1+α)
+ 1

N

∑
j

|∇NuN (Zj)−∇NuN (Z)|

≤ 22+2α〈uN 〉∗,N1+α

(
r

d(Y )

)1+α
+ 41+α√n [ũN ]∗1+α(r +

√
n
N )1+α · d(Y )−(1+α)

where X ′ is taken as X ′ = (t′, xN ) for X = (t, xN ) and Z = (t′, zN ), and {Zj = (t′,
zj
N )} is

a sequence of points in QN (r) connecting X ′ and Z by moving along in nearest-neighbor
steps. The sum over j consists of at most |x − z|L∞ so that

√
n|x − z| terms. Note that

d(X) ∧ d(X ′) ≥ 1
2d(Y ), d(Zj) ∧ d(Z) ≥ 1

2d(Y ) from (4.33) and |Zj − Z|α ≤
(
2(r +

√
n
N )
)α

for Zj , Z ∈ QN (r) (or even ∈ QN (r)).

When there are two distinct space points x
N ,

z
N ∈ DN (r), necessarily 1

N < r. When
there is only one space point in DN (r), we have x = z in the above sequence. Hence,
covering both cases and recalling U = [ũN ]∗1+α + 〈uN 〉∗,N1+α, we bound the first term, noting
α < 1, as

|u(X)− u(Z)−∇Nu(Z) · x−zN | ≤ C(n)U
(

r
d(Y )

)1+α
.

The second term V (X) := vN (X) − uN (Z) − ∇NuN (Z) · x−zN on QN (r), noting the
boundary value is the same as the first term, by applying the maximum principle for the
discrete heat equation (3.2), it has the same bound as the first term. Therefore, we have

|w| ≤ 2C(n)U( r
d(Y ))1+α,

on QN (r). This shows (4.37).

We now combine the bounds in Lemmas 4.6, 4.7 and also Proposition 3.4 to obtain
the following estimate. Recall Q(·) = Q(Y, ·).

Lemma 4.8. For ρ ∈ (0, r), when r > 0 satisfies rN = r + 1+2
√
n

N < 1
2d(Y ), we have

ω(ρ) ≤C̄
(ρ
r

)n+4
ω(r) + σ(rN ),(4.39)

where

ω(r) =

∫
Q(r)
|∇̃Nu− {∇̃Nu}r|2dX,

σ(r) = Ĉ[A2U2
1 +G∞U ]rn+2+2αd(Y )−(2+2α)

(4.40)

and C̄ = C̄(n, c±), Ĉ = Ĉ(n, c±, T ).

Proof. Recall that, setting r1
N = r +

√
n+1
N for each r > 0, we consider the solution

v = vN ≡ vN,r of the discrete heat equation (4.30) on QN (r1
N ) with boundary condition

vN = uN at P+
NQN (r1

N ) and set w ≡ wN,r = uN − vN,r on QN (r1
N ) as in (4.34).

Then, from (4.35) in Lemma 4.7, then applying Lemma 4.6 (with r replaced by r+
√
n
N )

and (4.36), (4.37) in Lemma 4.7 (with r replaced by r +
√
n
N ), we obtain∫

Q(r)
|∇̃Nw|2(X)dX ≤ C̄[A2U2

1 +G∞U ]rnN ( rN
d(Y ))2+2α,(4.41)
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for all r > 0 such that rN = r + 1+2
√
n

N < 1
2d(Y ) where C̄ = C̄(n, c−, T ).

Moreover, v solves the discrete heat equation (3.2) on QN (r1
N ). Thus, from (3.25) in

Proposition 3.4 (with R = r1
N ), we have∫

Q(ρ)
|∇̃Ne v − {∇̃Ne v}ρ|2dX ≤ Ĉ

(ρ
r

)n+4
∫
Q(r)
|∇̃Ne v − {∇̃Ne v}r|2dX,(4.42)

for ρ ∈ (0, r) where Ĉ = Ĉ(n, c±).

Now, let us show the estimate (4.39) for ω(ρ) and ρ ∈ (0, r). We first rewrite u in

the integrand |∇̃Nu−{∇̃Nu}ρ|2 in ω(ρ) as u = w+ v ≡ wN,r + vN,r (note that we take w

and v those determined from r and not by ρ) and estimate it by 3
(
|∇̃Nw|2 + {∇̃Nw}2ρ +

|∇̃Nv − {∇̃Nv}ρ|2
)
. Then, we have

ω(ρ) ≤3

∫
Q(ρ)
|∇̃Nw|2dX + 3{∇̃Nw}2ρ · |Q(ρ)|+ 3

∫
Q(ρ)
|∇̃Nv − {∇̃Nv}ρ|2dX

≤6

∫
Q(r)
|∇̃Nw|2dX + 3Ĉ

(ρ
r

)n+4
∫
Q(r)
|∇̃Nv − {∇̃Nv}r|2dX

≤6C̄[A2U2
1 +G∞U ]rnN ( rN

d(Y ))2+2α

+ 3Ĉ
(ρ
r

)n+4
[
3

∫
Q(r)
|∇̃Nw|2dX + 3{∇̃Nw}2r · |Q(r)|+ 3ω(r)

]
≤6C̄[A2U2

1 +G∞U ]rnN ( rN
d(Y ))2+2α

+ 3Ĉ
(ρ
r

)n+4 · 6C̄[A2U2
1 +G∞U ]rnN ( rN

d(Y ))2+2α + 9Ĉ
(ρ
r

)n+4
ω(r).

Here, for the second inequality, we have estimated {∇̃Nw}2ρ ≤ 1
|Q(ρ)|

∫
Q(ρ) |∇̃Nw|

2dX and

then simply enlarged the domain of integral to Q(r) for the first and second terms. We
also used (4.42) for the last term. For the third inequality, we have used (4.41) for the
first term and a similar estimate to the first inequality for the second term. For the fourth
inequality, we use (4.41) again. Finally, estimating

(ρ
r

)n+4 ≤ 1 in the second term, we
obtain (4.39).

We now apply Lemma 3.7 in our setting. This iteration lemma improves σ((R0)N ),
in (4.39) with r = R0, to σ(rN ).

Lemma 4.9. Assume (4.39) in Lemma 4.8. Then, we have

ω(r) ≤ C
[(

r
R0

)n+2+2α
ω(R0) + σ(rN )

]
,

for 0 < r ≤ R0, where R0 <
1
2d(Y )− 1+2

√
n

N , rN = r + 1+2
√
n

N and C = C(n, c±).

Proof. We may check that σ(rN ) satisfies the condition (3.50) in place of σ(r), that is,

(4.43) r−δσ(rN ) ≤ s−δσ(sN ) if 0 < s ≤ r ≤ R0,
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where δ = n+ 2 + 2α, ᾱ ∈ (δ, β), β = n+ 4 (note α ≤ 1), σ(r) = Ĉ(n, c±, T )rδ from (4.40)
and rN = r + c

N . Indeed,

r−δσ(rN ) = r−δ(r + c
N )δ = (1 + c

Nr )δ

is decreasing in r.

Thus, the conclusion follows by applying Lemma 3.7 and the comment after it: In
our situation, (4.15)′ of [41] holds with β = n+ 4, that is ω(τr) ≤ Cτβω(r) +σ(rN ) for all
small τ and C = C(n, c±). Then, (3.51) in Lemma 3.7 holds for any δ < ᾱ < β, choosing
τ ∈ (0, 1) such that Cτβ < τ ᾱ.

Note that the increasing property of σ(rN ) is clear, while that of ω(r) follows by
showing ω′(r) ≥ 0. Indeed, ω is increasing in its integral domain Q(r) and another
term coming from the derivative of {∇Ne ũ}r in r vanishes:

∫
Q(r)

(
∇Ne ũ − {∇Ne ũ}r

)
dX ·

∂r{∇Ne ũ}r = 0.

We are at the position to give the estimate on U1+α. It is important that the coefficient
δ of U in the estimate (4.44) can be made arbitrary small. This is because our estimate is
shown in terms of

√
U .

Proposition 4.10. We have

U1+α = [ũN ]∗1+α ≤ C[(A+ 1)U1 +G∞] + δU(4.44)

for all small δ > 0 with some C = C(n, c±, T, δ).

Proof. We apply Lemma 4.9 to get

ω(r) ≤C
(
r
R0

)n+2+2α
ω(R0) + C[A2U2

1 +G∞U ]rn+2+2α
N d(Y )−(2+2α),(4.45)

for 0 < r ≤ R0, taking R0 = 1
3d(Y ), if 1

3d(Y ) < 1
2d(Y )− 1+2

√
n

N , that is, if d(Y ) > 6(1+2
√
n)

N
holds. Recall rN = r + c

N with c = 1 + 2
√
n (later in the proof we may take c larger).

Here, C = C(n, c±, T ).

However, ω(R0) is bounded as

ω(R0) ≤ 2

∫
Q(R0)

|∇N ũ|2dX + 2|Q(R0)| {∇N ũ}2R0

≤ 4

∫
Q(R0)

|∇N ũ|2dX

≤ C(n)U2
1R

n+2
0 d(Y )−2.

Here, the first line is from the definition of ω(R0) in (4.40), the second is by Schwarz’s
inequality applied for the second term, and the third is from (4.36) taking r = R0.

Thus, first by Schwarz’s inequality and then recalling R0 = 1
3d(Y ) so that the first

term in the right hand side of (4.45) is bounded by the second term with A2 replaced by
A2 + 1, we have∫

Q(r)
|∇Ne ũ− {∇Ne ũ}r|dX ≤

√
|Q(r)|

√
ω(r)(4.46)
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≤ C
√

(A2 + 1)U2
1 +G∞U d(Y )−(1+α)rn+2+α

N

≤
{
C ′[(A+ 1)U1 +G∞] + δU

}
d(Y )−(1+α)rn+2+α

N ,

for every δ > 0 with some C ′ = C ′(n, c±, T, δ) > 0, for 0 < r ≤ 1
3d(Y ), if d(Y ) > 6(1+2

√
n)

N .

We have estimated C
√
G∞U ≤ δU + C2

δ G∞ as usual.

In the case that d(Y ) ≤ 6(1+2
√
n)

N , we can apply (4.51) in Lemma 4.11 stated below
by making c > 0 in rN larger if necessary. Indeed, by (4.51), we can estimate for 0 < r ≤
1
3d(Y ) ∫

Q(r)
|∇Ne ũ− {∇Ne ũ}r|dX ≤

∫
Q(r)

dX

|Q(r)|

∫
Q(r)
|∇Ne ũ(X)−∇Ne ũ(Z)|dZ(4.47)

≤ C(n, c+)rn+2 · rα
(
U1+α + U1A+G∞

)
d(Y )−(1+α).

Here, note that |X − Z| ≤ 2r ≤ c1
N with c1 = 4(1 + 2

√
n) and also d(X), d(Z) ≥

√
8

3 d(Y )
for X,Z ∈ Q(r). However, from r ≤ 1

3d(Y ) ≤ c2
N with c2 = 2(1 + 2

√
n), one can obtain

rn+2+α ≤ ( c2
c2+c)

2+n+αr2+n+α
N ≤ δ

C r
2+n+α
N ,(4.48)

for every δ > 0, since c2
c2+c can be small by making c large enough.

From (4.46)–(4.48), recalling U1+α ≤ U , we have shown (without any restriction on
d(Y )) ∫

Q(Y,r)
|∇Ne ũ− {∇Ne ũ}r|dX ≤

{
C[(A+ 1)U1 +G∞] + δU

}
d(Y )−(1+α)rn+2+α

N ,(4.49)

for 0 < r ≤ 1
3d(Y ) and any Y = (t1, y) ∈ Ω, where C = C(n, c±, T, δ).

Now we apply Lemma 3.6. We fix any X0 = (t0, z0) ∈ Ω and take R = 1
4d(X0) =

1
4

√
t0. Then, (4.49) shows that the condition (3.47) in Lemma 3.6 holds for any Y ∈

Q(X0, R), r ∈ (0, R) with

F = ∇Ne ũ, UF = U1+α, G(Y, r) = {∇Ne ũ}r
and H = {C[(A+ 1)U1 +G∞] + δU} d(Y )−(1+α).

Indeed, for Y = (t1, y) ∈ Q(X0, R), we have 0 < t0−t1 < R2 = 1
16 t0 so that

√
t1 >

√
15
4

√
t0

and, combined with r < R = 1
4

√
t0, this shows r < 1

4
4√
15

√
t1 = 1√

15

√
t1 <

1
3d(Y ) so that

(4.49) is applicable.

Therefore, by Lemma 3.6, we see that, for every δ > 0 and M > 0, there exists
C = Cδ,M (n, c±, T ) > 0 such that

|∇Ne ũ(Y )−∇Ne ũ(Y1)| ≤
(
C[(A+ 1)U1 +G∞] + δU + δU1+α

)
(4.50)

×
(
d(Y ) ∧ d(Y1)

)−(1+α)|Y − Y1|α,

holds if Y, Y1 ∈ Q(X0, R) satisfy |Y − Y1| ≥ 1
MN .
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The case |Y − Y1| ≤ 1
MN is covered by (4.52) in Lemma 4.11 stated below, and we

obtain (4.50) for any Y, Y1 ∈ Q(X0, R).

Thus, movingX0, we have shown (4.50) for any Y, Y1 ∈ Ω. This implies the concluding
estimate (4.44) on U1+α by recalling the definition of U1+α in (4.2), U1+α ≤ U and by
changing δ > 0 to 1

2δ.

Remark 4.1. At this point, we comment that estimation in terms of the solution vN to
the discrete heat equation (3.2) was an important device to derive the power n+ 4 in the
bounds in Lemma 4.8 and the bound (4.44), leading to the desired α-Hölder continuity of
∇Ne ũ.

The following Hölder estimate (4.52) for ∇Ne ũ in the short distance regime |Y −Y1| ≤
1

MN was used in the proof of Proposition 4.10. This complements the Hölder estimate
for |Y − Y1| ≥ 1

MN obtained by applying Lemma 3.6. It is essential that the front factor
(especially that of U1+α) can be taken arbitrary small by choosing M ≥ 1 large enough.
By the polylinearity, at least in spatial directions, the function is Lipschitz continuous and
therefore, in view of the Hölder estimate, the front factor can be made small in the short
distance regime.

Lemma 4.11. (1) If |Y − Y1| ≤ c1
N , we have

|∇Ne ũ(Y )−∇Ne ũ(Y1)|≤ C
(
U1+α + U1A+G∞

)(
d(Y ) ∧ d(Y1)

)−(1+α)|Y − Y1|α,(4.51)

for some C = C(n, c+, c1) > 0.
(2) Furthermore, for every δ > 0, there exists M = M(n, c+, α) ≥ 1 such that

|∇Ne ũ(Y )−∇Ne ũ(Y1)| ≤ δ
(
U1+α + U1A+G∞

)(
d(Y ) ∧ d(Y1)

)−(1+α)|Y − Y1|α,(4.52)

holds if |Y − Y1| ≤ 1
MN .

Proof. We now show (4.52). For (4.51), we may take 1
M = c1 in the proof.

Step 1. (spatial direction) Let Y = (t, z(1)) and Y1 = (t, z(2)) have the same t

coordinate. We will assume first that z(1) = (z
(1)
i )ni=1 and z(2) = (z

(2)
i )ni=1 belong to the

same 1
N -box, so that [Nz(1)]

N = [Nz(2)]
N =: z̄ = (z̄i)

n
i=1 ∈ 1

NTnN are common, and also that

z
(1)
j = z

(2)
j =: zj except j = i. Recall ∇Ne ũ(Y ) = ∇̃Ne u(Y ) as in (3.46) so that

∇Ne ũ(z) =
∑

v∈{0,1}n
ϑN (v, z)∇Ne u

(
z̄ + v

N

)
,

from (3.11), where we have now only specified the spatial variable. Then,

∇Ne ũ(z(1))−∇Ne ũ(z(2))

=
∑

v∈{0,1}n

(
ϑN (vi, z

(1)
i )− ϑN (vi, z

(2)
i )
)∏
j 6=i

ϑN (vj , zj)∇Ne u
(
z̄ + v

N

)
.

However, ∑
vi=0,1

ϑN (vi, z
(1)
i )∇Ne u

(
z̄ + v

N

)
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= N(z
(1)
i − z̄i)∇

N
e u
(
z̄ + ei+v̂i

N

)
+ (1−N(z

(1)
i − z̄i))∇

N
e u
(
z̄ + v̂i

N

)
,

where v̂i is defined below (3.12) from v. Therefore, noting |ϑN (vj , zj)| ≤ 1, we have∣∣∇Ne ũ(z(1))−∇Ne ũ(z(2))
∣∣

≤
∑

v∈{0,1}n−1

∣∣∣N(z
(1)
i − z

(2)
i )∇Ne u

(
z̄ + ei+v̂i

N

)
−N(z

(1)
i − z

(2)
i )∇Ne u

(
z̄ + v̂i

N

)∣∣∣
=

∑
v∈{0,1}n−1

N |z(1) − z(2)|
∣∣∣∇Ne u(z̄ + ei+v̂i

N

)
−∇Ne u

(
z̄ + v̂i

N

)∣∣∣
≤ 2n−1N |z(1) − z(2)| · U1+α( 1

N )αd(Y )−(1+α).

Here, recalling |Y − Y1| ≤ 1
MN , we estimate

|z(1) − z(2)| = |z(1) − z(2)|α · |z(1) − z(2)|1−α ≤ |z(1) − z(2)|α( 1
MN )1−α,

and obtain ∣∣∇Ne ũ(z(1))−∇Ne ũ(z(2))
∣∣ ≤ |z(1) − z(2)|α( 1

M )1−α · 2n−1U1+αd(Y )−(1+α).(4.53)

When z(1) and z(2) belong to different 1
N -boxes, we consider the segment connecting

these two points, divided into pieces belonging to the same 1
N -boxes and apply the above

result. Thus, the desired Hölder estimate (4.52) in the spatial direction is shown by taking
M large, as 1− α > 0.

Step 2. (temporal direction) Let Y = (t, z) and Y1 = (s, z); we may assume z = x
N ∈

1
NTnN . By the equation (1.6) or equivalently (4.1), for X = (t, z), we have

∂t∇Ne u(X) = −1
2

∑
e′:|e′|=1

∇Ne ∇
N,∗
e′
(
ax,e′(t)∇Ne′ u

)
(X) +∇Ne g(X).

We apply the following rough estimates to the right hand side: By (2.9) applied for ∇N,∗e′

and (A.1)–(A.3),

|∇Ne ∇
N,∗
e′
(
ax,e′(t)∇Ne′ u

)
(X)| ≤ 2N2

{
c+ sup

X′
|∇Ne′ u(X ′ − e′

N )−∇Ne′ u(X ′)|

+ U1d(X)−1 sup
X′=(t,x′)

|ax′−e′,e′(t)− ax′,e′(t)|
}

≤ 2N2
{
c+U1+α + U1A

}
( 1
N )αd(X)−(1+α),

and |∇Ne g(X)| ≤ 2NG∞. Therefore, we have

|∇Ne u(t, z)−∇Ne u(s, z)| ≤2nN2−α|t− s|
{
c+U1+α + U1A

}(
d(Y ) ∧ d(Y1)

)−(1+α)

+ 2N |t− s|G∞.

Here, we estimate

|t− s| = |t− s|
α
2 |t− s|1−

a
2 ≤ |t− s|

α
2 ( 1

MN )2−α,
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by noting |t− s| ≤ ( 1
MN )2 from |Y − Y1| ≤ 1

MN . Thus, we obtain

|∇Ne u(t, z)−∇Ne u(s, z)|

≤ |t− s|
α
2 ( 1

M )2−α
[
2n
{
c+U1+α + U1A

}(
d(Y ) ∧ d(Y1)

)−(1+α)
+ 2G∞

]
.

The desired Hölder estimate (4.52) in the temporal direction is shown by taking M large,
as 2− α > 0.

The proof of the lemma is completed by combining the results obtained in Steps 1
and 2.

4.5 Estimate on 〈uN〉∗,N1+α

The purpose of this subsection is to provide an estimate on 〈uN 〉∗,N1+α used in the proof of
Theorem 4.1. The argument, although different in our discrete setting, is inspired by that
of Theorem 4.8 (p. 58) of [41]. Recall (4.2) for U1, U1+α and the assumptions (A.1)–(A.3)
for a(t) and g(t), especially for the constants A and G∞.

Proposition 4.12. We have

〈uN 〉∗,N1+α ≤ C[AU1 + U1+α +G∞]

where C = C(n, c+, T, α).

Proof. Step 1. Let X = (s, y/N) and Y = (t, y/N) be given with y ∈ TnN and 0 ≤ t < s ≤
T such that s− t = r2, 0 < r < 1

2d(Y ). Let

SN (r, y) =
{
x ∈ TnN : | xN −

y
N |L∞ ≤ r

}
be a square with center y

N with width r. Note that |SN (r, y)| = (2[Nr] + 1)n, recall that
[Nr] denotes the integer part of Nr. Define, for y ∈ TnN and t ∈ [0, T ],

U(t) =
1

|SN (r, y)|
∑

x∈SN (r,y)

uN (t, xN ),

and divide

|uN (Y )− uN (X)| ≤ |uN (t, yN )− U(t)|+ |U(t)− U(s)|+ |U(s)− uN (s, yN )|.(4.54)

We will develop bounds for each of these terms.

Step 2. First, we rewrite the second term of (4.54) as

U(s)− U(t) =
1

|SN (r, y)|
∑

x∈SN (r,y)

∫ s

t
∂qu

N (q, xN )dq(4.55)

=
1

|SN (r, y)|
∑

x∈SN (r,y)

∫ s

t

{
−

∑
|e|=1,e>0

∇N,∗e

(
ax,e(q)∇Ne uN

)(
q, xN

)
+ g
(
q, xN

)}
dq
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=
N

|SN (r, y)|
∑

|e|=1,e>0

∫ s

t

{ ∑
x∈SN (r,y)

ax,e(q)∇Ne uN
(
q, xN

)
−

∑
x∈SN (r,y−e)

ax,e(q)∇Ne uN
(
q, xN

)}
dq

+
1

|SN (r, y)|
∑

x∈SN (r,y)

∫ s

t
g
(
q, xN

)
dq

=:
∑

|e|=1,e>0

M1
e +M2,

where we use the equation (4.1) for the second line and then recall ∇N,∗e = ∇N−e for the
third line.

One can write ax,e(q) = ay,e(q) +
(
ax,e(q)− ay,e(q)

)
and insert so that

M1
e =

N

|SN (r, y)|

∫ s

t

{ ∑
x∈SN (r,y)

(
ax,e(q)− ay,e(q)

)
∇Ne uN

(
q, xN

)
−

∑
x∈SN (r,y−e)

(
ax,e(q)− ay,e(q)

)
∇Ne uN

(
q, xN

)}
dq

+
N

|SN (r, y)|

∫ s

t
ay,e(q)

{ ∑
x∈SN (r,y)

∇Ne uN
(
q, xN

)
−

∑
x∈SN (r,y−e)

∇Ne uN
(
q, xN

)}
dq

=: J1,e + J2,e.

Further, as the difference of sums of ∇Ne uN
(
q, yN

)
, which does not depend on x, over

x ∈ SN (r, y − e) and x ∈ SN (r, y) vanishes, we may rewrite J2,e as

J2,e =
N

|SN (r, y)|

∫ s

t
ay,e(q)

{ ∑
x∈SN (r,y)

[
∇Ne uN

(
q, xN

)
−∇Ne uN

(
q, yN

)]
−

∑
x∈SN (r,y−e)

[
∇Ne uN

(
q, xN

)
−∇Ne uN

(
q, yN

)]}
dq.

Step 3. Note that the size of the symmetric difference satisfies

|SN (r, y)∆SN (r, y − e)| = 2
(
2[Nr] + 1)n−1.

We now see that, recalling s− t = r2,

|J1,e| ≤ 2
2[Nr]+1AU1Nr

2
(√
n(r + 1

N )
)α
d(Y )−(1+α),

since, for x ∈ SN (r, y−e)∪SN (r, y), we have |x−y|L∞ ≤ r+ 1
N so that |ax,e(q)−ay,e(q)| ≤

A
(√
n(r + 1

N )
)α
d(Y )−α noting that d((q, xN )) ≥ d(Y ) for q ∈ [t, s], and also

|∇Ne uN
(
q, xN

)
| ≤ |∇Ne uN |

(1),N
0 d(Y )−1 = U1d(Y )−1,

by (3.43) and (3.46) in Lemma 3.5.
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On the other hand, for J2,e, since 0 < ay,e(q) ≤ c+ and also∣∣∇Ne uN(q, xN )−∇Ne uN(q, yN )∣∣ ≤ U1+αd(Y )−(1+α)| xN −
y
N |

α,

by (3.44) in Lemma 3.5, we observe that

|J2,e| ≤ 2
2[Nr]+1c+U1+αNr

2
(√
n(r + 1

N )
)α
d(Y )−(1+α).

Hence, if r > 1
N ,

|M1
e | = |J1,e + J2,e| ≤ 2

(
AU1 + c+U1+α

)Nr2d(Y )−(1+α)

[Nr] + 1
(2
√
nr)α.

Since [Nr] + 1 ≥ Nr, further

|M1
e | ≤ 2(2

√
n)α
(
AU1 + c+U1+α

)
r1+αd(Y )−(1+α).(4.56)

However, if r ≤ 1
N , as [Nr] + 1 ≥ 1 and 0 < α < 1, then

N
(√
n(r + 1

N )
)α
r2

[Nr] + 1
≤ (2
√
n)αN1−αr2 ≤ (2

√
n)αr1+α.

Hence, in this case also we recover the same estimate on M1
e in (4.56).

Moreover, as α < 1, d(Y ) ≤
√
T and r2 ≤ T so that r1−α ≤

√
T

1−α
, we bound the

term M2 by

|M2| ≤ 1

|SN (r, y)|
∑

x∈SN (r,y)

∣∣∣ ∫ s

t
g
(
q, xN

)
dq
∣∣∣(4.57)

≤ G∞r2 ≤ G∞r
1+αd(Y )−(1+α)T 1+α.

Hence, from (4.55), (4.56) and (4.57), we obtain the bound

|U(t)− U(s)| ≤ C(AU1 + c+U1+α +G∞)
(

r
d(Y )

)1+α
(4.58)

where C = C(n, T, α).

Step 4. For the first and third terms of (4.54), noting that
∑

x∈SN (r,y)(
y
N −

x
N ) = 0,

write

|uN (t, yN )− U(t)|

≤
∣∣ 1

|SN (r, y)|
∑

x∈SN (r,y)

∣∣uN (t, yN )− uN (t, xN )−∇NuN (t, yN ) · ( yN −
x
N )
∣∣.

When r < 1
N , as there is a single point in SN (r, y), the above display vanishes.

When r ≥ 1
N and there are multiple points in SN (r, y), as in the proof of (4.37) in

Lemma 4.7, consider a path {(t, zjN )} ⊂ {t}× 1
N SN (r, y) which moves from (t, yN ) to (t, xN )

in nearest-neighbor steps in {t} × SN (r, y) with at most
√
n|x− y| terms. Then,

|uN (t, yN )− uN (t, xN )−∇NuN (t, yN ) · ( yN −
x
N )| ≤ 1

N

∑
j

|∇NuN (t,
zj
N )−∇NuN (t, yN )|
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and, as 1
N |x− y| ≤ r, we have by (3.44) in Lemma 3.5 that

|uN (t, yN )− U(t)| ≤ C(n)[ũN ]∗1+αr
α · rd(Y )−(1+α) = C(n)U1+α( r

d(Y ))1+α.(4.59)

Step 5. Finally, combining (4.58) and (4.59), inputting back into (4.54), we have the
concluding estimate on 〈uN 〉∗,N1+α noting that d(X) ∧ d(Y ) = d(Y ).

5 Schauder estimate for the second discrete derivatives

The goal of this section is to derive uniform L∞ bounds and Hölder estimates for the second
discrete derivatives ∇Ne1∇

N
e2u

N (t, xN ) of the solution of the equation (1.1). To derive such
estimates, as in the proof of Theorem 4.9 of [41], it is natural to consider the equation
for ∇Ne uN (t, xN ) and repeat the same argument for proving Theorem 4.1 for this equation.
However, it turns out to be more convenient in our situation to consider ψN , instead of
uN , defined by the nonlinear transformation

(5.1) ψN (t, xN ) := ϕ(uN (t, xN ))

and the equation satisfied by its discrete derivatives; see (5.4) below.

In Section 5.1, we study the system of linear discrete PDEs (5.4), which is obtained
as above and has a different form from (1.6), but as we will see, a similar application of the
energy inequality works well for this equation. In Theorem 5.5, we give Schauder bounds
for (5.4) which suit our applications; see Remark 5.6 for an alternative. In Section 5.2, we
return to the original setting and formulate corresponding Schauder estimates there; see
Corollary 5.8. When the initial value is smooth enough, we also give in Corollary 5.10 an
improved regularity estimate.

5.1 Schauder bounds for the associated linear discrete PDE (5.4)

From (1.1), ψN defined by (5.1) satisfies

(5.2) ∂tψ
N = ā∂tu

N = ā{∆NψN +Kf(uN )},

where the last term can also be written as Kf(ϕ−1(ψN )) in terms of ψN and

(5.3) ā ≡ ā(t, xN ) := ϕ′(uN (t, xN )).

Note that the coefficient ā is a site function, while ax,e(u) in (1.8), which appears
in (1.1) by (1.5) and (1.7), depends also on the edges or directions e. In the continuous
setting, these two functions are the same.

For e ∈ Zn : |e| = 1, e > 0, consider the discrete derivative of ψN in the direction e:

ξe ≡ ξNe (t, xN ) := ∇Ne ψN (t, xN ).

By acting ∇Ne on the equation (5.2) and recalling (2.3) for ∆N , {ξe}e satisfies the system
of equations

∂tξe = −∇Ne
{
ā(X)

∑
|e′|=1,e′>0

∇N,∗e′ ξe′
}

+∇Ne g,(5.4)
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where X = (t, xN ) and

g(X) ≡ gN (t, xN ) := Kā(t, xN )f(uN (t, xN )).(5.5)

One may view the system (5.4) as a perturbation of a closed ‘diagonal’ or ‘decoupled’
system over {e}: Noting (2.9), and (2.3) and (2.4) to write the term with ∆N , we have

∂tξe = ā(X)∆NξNe −∇Ne ā(X)
∑

|e′|=1,e′>0

∇N,∗e′ ξe′(X + e
N ) +∇Ne g,(5.6)

where X + e
N = (t, x+e

N ) as in Lemma 4.6.

In the following, apart from (5.2) and similarly to Section 4.1, we will study the
equation (5.4), where ξe is in the form of a gradient of abstract function ψ, that is ξe =
∇Ne ψ, with functions ā and g satisfying the following abstract assumptions:

(B.1) (nondegeneracy, boundedness) c− ≤ ā ≤ c+,

(B.2) (Hölder continuity) [ā]∗,Nα ≤ Ā <∞, α ∈ (0, 1),

(B.3) (boundedness of ∇Ng) |∇Ng|(1),N
0 ≡ max

e:|e|=1
|∇Ne g|

(1),N
0 ≤ G1

0 <∞.

We always assume the continuity of g(t) in t. Note that ā defined by (5.3) from the
solution uN of (1.1) with (1.2) satisfies the conditions (B.1) and (B.2) with α = σ noting
(2.16) in Corollary 2.3 and ϕ ∈ C2([u−, u+]) is strictly increasing. Also, we will observe
that g satisfying (5.5) satisfies (B.3) as a consequence of the Schauder estimate proved for
uN in Theorem 4.1. See Section 5.2 for these computations.

One might think that an L∞ bound on ∇Ng could be substituted instead of (B.3).
However, without further regularity, if one only assumes an L∞ bound on the initial data
uN (0, ·), then (B.3) is natural in view of the bound of ∇NuN in Theorem 4.1.

To begin, we need to rewrite Lemma 4.6 to adjust in the present setting; see Lemma

5.1 below. Take Y = (t1, y) ∈ Ω = [0, T ] × Tn and r : 0 < r < 1
2d(Y ) = 1

2 t
1
2
1 . Recall that

QN (Y, r) = (t1−r2, t1)×DN (y, r) with the discrete interior DN (y, r) of the minimal cover
of D(y, r) by 1

N -boxes, and P+
NQN (Y, r) is the parabolic outer boundary of QN (Y, r).

Take the closest point ỹ ∈ 1
NTnN to y, in particular, |y− ỹ| ≤

√
n

2N and set Ỹ := (t1, ỹ) ∈
ΩN . For each e : |e| = 1, e > 0, let ζe = ζNe = ζ

N,Q(r)
e (t, xN ) be the solution of the discrete

heat equation (with direction-independent coefficient) on QN (r) = QN (Y, r):

∂tζe(t,
x
N ) = ā(Ỹ )∆Nζe(t,

x
N ),(5.7)

satisfying ζe = ξe at P+
NQN (r), and set

We ≡WN
e := ξe − ζe on QN (r).

Recall (4.28) and (4.29) for P+
NQN (r) and QN (r), respectively. Note, as before, by (2.3)

and (2.4), that

−∇Ne
{
ā(Ỹ )

∑
|e′|=1,e′>0

∇N,∗e′ ξ
N
e′

}
= −∇Ne

{
ā(Ỹ )

∑
|e′|=1,e′>0

∇N,∗e′ ∇
N
e′ψ

N
}

(5.8)
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= ā(Ỹ )∆N∇Ne ψN = ā(Ỹ )∆NξNe .

We have the following discrete energy inequality for We.

Lemma 5.1. Assume 0 < r < 1
2d(Y ) = 1

2 t
1
2
1 and QN (r) 6= ∅. Then, for each e, we have∫ t1

t1−r2
N−n

∑
x
N or x+e′

N
∈DN (y,r);|e′|=1,e′>0

|∇Ne′We|2(X)dt(5.9)

≤ CĀ2(
r+

1+
√
n

N
d(Y ) )2α(r + 1

N )nr2 sup
X or X+ e

N
∈QN (r);|e′|=1,e′>0

|∇Ne′ ξNe′ |2(X)

+ CG1
0(r + 1

N )nr2d(Y )−1 sup
X∈QN (r)

|We(X)|,

where X = (t, xN ) and X + e
N = (t, x+e

N ). Here, the constants C = C(n, c−).

Proof. The proof is similar to that of Lemma 4.6. Rewriting as ā(X) = ā(Ỹ ) + (ā(X) −
ā(Ỹ )) in (5.4), noting (5.8), and from (5.7), we have

∂tWe(t,
x
N ) =ā(Ỹ )∆NWe(t,

x
N )

−∇Ne
{

(ā(X)− ā(Ỹ ))
∑

|e′|=1,e′>0

∇N,∗e′ ξe′
}

(t, xN ) +∇Ne g(t, xN ).

Noting that We(t, ·) = 0 at the boundary ∂+
NDN (y, r), by (3.54) in Lemma 3.8, we have

1
2∂t

(
N−n

∑
x
N ∈DN (y,r)

W 2
e (X)

)

= −N−nā(Ỹ )
∑

x
N ∈DN (y,r)

We(X)
∑

|e′|=1,e′>0

(
∇N,∗e′ ∇

N
e′We

)
(X)

−N−n
∑

x
N ∈DN (y,r)

We(X)∇Ne
{

(ā(X)− ā(Ỹ ))
∑

|e′|=1,e′>0

∇N,∗e′ ξ
N
e′

}
(X)

+N−n
∑

x
N ∈DN (y,r)

We(X)∇Ne g(X)

= −N−nā(Ỹ )
∑
∗
|∇Ne′We|2(X)

−N−n
∑
∗∗

(ā(X)− ā(Ỹ ))∇N,∗e We(X)
∑

|e′|=1,e′>0

∇N,∗e′ ξ
N
e′ (X)

+N−n
∑

x
N ∈DN (y,r)

We(X)∇Ne g(X)

=: −I1 + I2 + I3,
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where X = (t, xN ),
∑
∗

means the sum over (x, e′) such that x
N or x+e′

N ∈ DN (y, r) and

|e′| = 1, e′ > 0, while
∑
∗∗

means the sum over x such that x
N or x−e

N ∈ DN (y, r). Note that

I1 ≥ 0.

Integrate both sides in t ∈ [t1 − r2, t1]. Since We(t1 − r2, ·) = 0, the left hand side is

1
2N
−n

∑
x
N ∈DN (y,r)

W 2
e (t1,

x
N ) ≥ 0.

On the other hand, for every ε > 0,∫ t1

t1−r2
|I2|dt ≤ ε

∫ t1

t1−r2
N−n

∑
∗∗
|∇N,∗e We|2(X)dt

+
n

ε

∫ t1

t1−r2
N−n

∑
∗∗
|ā(X)− ā(Ỹ )|2

∑
|e′|=1,e′>0

|∇N,∗e′ ξ
N
e′ |2(X)dt.

Here, for the first term, since ∇N,∗e = ∇N−e implies ∇N,∗e We(X) = −∇Ne We(X − e
N ), we

have ∑
∗∗
|∇N,∗e We|2(X) =

∑
∗∗
|∇Ne We|2(X − e

N )

=
∑

x
N

or x+e
N
∈DN (y,r)

|∇Ne We|2(X),

by replacing X − e
N by X. For the second term, by a similar replacement, we estimate

|∇N,∗e′ ξ
N
e′ |2(X) ≤ JN,r := sup

X or X+ e
N
∈QN (r);|e′|=1,e′>0

|∇Ne′ ξNe′ |2(X),

and by [ā]∗,Nα ≤ Ā,

|ā(X)− ā(Ỹ )| ≤ Ā(d(X) ∧ d(Ỹ ))−α|X − Ỹ |α ≤ Ā2αd(Y )−α(r + 1+
√
n

N )α,

since |X − Ỹ | ≤ r + 1+
√
n

N for X ∈ QN (r) and r < 1
2d(Y ) = 1

2d(Ỹ ) implies d(X) ≥ 1
2d(Y )

as in (4.33) so that d(X) ∧ d(Ỹ ) ≥ 1
2d(Y ). Moreover,∫ t1

t1−r2
N−n

∑
x
N or x−e

N
∈DN (y,r)

1dt ≤ C(n)(r + 1
N )nr2.

Therefore, recalling ā(Ỹ ) ≥ c− > 0, we obtain∫ t1

t1−r2
|I2|dt ≤

ε

c−

∫ t1

t1−r2
I1dt

+
n2

ε
C(n)22αĀ2(

r+
1+
√
n

N
d(Y ) )2α(r + 1

N )nr2JN,r.
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For I3, since |QN (r)| ≤ C(n)Nn(r + 1
N )nr2, we obtain by |∇Ne g|

(1),N
0 ≤ G1

0,∫ t1

t1−r2
|I3|dt ≤ G1

0C(n)(r + 1
N )nr2d(Y )−1 sup

QN (r)
|WN

e |.

Summarizing these estimates, we have

(1− ε
c−

)

∫ t1

t1−r2
I1dt ≤

n2

ε
c22αĀ2(

r+
1+
√
n

N
d(Y ) )2α(r + 1

N )nr2JN,r

+ C(n)G1
0(r + 1

N )nr2d(Y )−1 sup
QN (r)

|WN
e |.

Choosing ε > 0 small and noting ā(Ỹ ) ≥ c− > 0 and α < 1, we have shown (5.9) in terms
of a C = C(n, c−).

We now rewrite the discrete estimate obtained in Lemma 5.1 into a continuous one
via polylinear interpolation. We will take ζNe = ζ

N,Q(r1N )
e as the solution of the discrete

heat equation (5.7) on the wider domain QN (Y, r1
N ) with boundary condition ζNe = ξNe on

P+
NQN (Y, r1

N ), where r1
N = r +

√
n+1
N . As before, WN

e = ζNe − ξNe on QN (Y, r1
N ). Set

U2+α,e := [ξ̃Ne ]
(1)
1+α,

U2 := max
e1,e2
|∇Ne1 ξ̃

N
e2 |

(2)
0 = max

e1,e2
sup
X∈Ω

d2(X)|∇Ne1 ξ̃
N
e2(X)|,

U1
e := [ξ̃Ne ]

(1)
1+α + 〈ξNe 〉

(1),N
1+α ,

(5.10)

and also

U2+α := max
e
U2+α,e, U1 := max

e
U1
e .(5.11)

Recall (3.37) and (3.41) for [ξ̃Ne ]
(1)
1+α and 〈ξNe 〉

(1),N
1+α , respectively. We have the following

estimate extending (4.41) in the present setting.

Lemma 5.2. We have∫
Q(r)
|∇̃NWe|2(X)dX ≤ C[Ā2U2

2 +G1
0U1

e ]rnN ( rN
d(Y ))2+2αd(Y )−2,(5.12)

for every r > 0 such that rN = r+ 1+2
√
n

N < 1
2d(Y ), where C = C(n, c−, T, α). Recall here

Q(r) = Q(Y, r).

Proof. By the same argument given for (4.37), except that we multiply and divide by one
more factor of d(Y ) ≤

√
T , we have

sup
X∈QN (r)

|We(X)| ≤ C(n, T )U1
e ( r

d(Y ))1+αd(Y )−1,(5.13)

for 0 < r < 1
2d(Y ).
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The main link now is given by Lemma 4.7. In fact, by (4.35) for ∇NWe in place of

∇Nw, then by Lemma 5.1 (with r replaced by r +
√
n
N ) and (4.36) in Lemma 4.7 and also

(5.13) (with r replaced by r +
√
n
N ), we obtain similarly to (4.41) that∫

Q(r)
|∇̃Ne′We|2(X)dX ≤ C

[
Ā2U2

2d(Y )−2 +G1
0U1

e ( rN
d(Y ))1−α]rnN ( rN

d(Y ))2+2α(5.14)

≤ C[Ā2U2
2 +G1

0U1
e ]rnN ( rN

d(Y ))2+2αd(Y )−2

for every e, e′: |e| = |e′| = 1, e > 0, e′ > 0 and all r > 0 if it satisfies rN < 1
2d(Y ). For the

second line, note that 1 − α > 0 and 2rN/d(Y ) ≤ 1 ≤ Td(Y )−2. Here, C = C(n, c−, T )
changed line to line.

Since ∇Ne′ ζe solves the discrete heat equation, analogous to the derivation of (4.42),
we obtain ∫

Q(ρ)
|∇̃Ne′ ζe − {∇̃Ne′ ζe}ρ|

2dX ≤ C
(ρ
r

)n+4
∫
Q(r)
|∇̃Ne′ ζe − {∇̃Ne′ ζe}r|

2dX,(5.15)

for ρ ∈ (0, r) and C = C(n, c±). Indeed, in the present setting, the coefficient ā(Ỹ ) is
direction-independent and one can directly apply (3.25) in Proposition 3.4.

Therefore, combined with (5.12) in Lemma 5.2, we have as in Lemma 4.8,

ω(ρ) ≤C̄
(ρ
r

)n+4
ω(r) + σ(rN ),(5.16)

for ρ ∈ (0, r) if rN = r + 1+
√
n

N < 1
2d(Y ) is satisfied, where

ω(r) ≡ ωe(r) =

∫
Q(r)
|∇̃Nξe − {∇̃Nξe}r|2dX,

σ(r) ≡ σe(r) = Ĉ[Ā2U2
2 +G1

0U1
e ]rn+2+2αd(Y )−(4+2α).

(5.17)

Here, C̄ = C̄(n, c±) and Ĉ = Ĉ(n, c±, T ).

To derive the bound on U2+α analogous to Proposition 4.10, we need the following
Hölder estimates for ∇Ne′ ξ̃e in a short distance regime as in Lemma 4.11.

Lemma 5.3. (1) If |Y − Y1| ≤ c1
N , we have

|∇Ne′ ξ̃e(Y )−∇Ne′ ξ̃e(Y1)|≤ C
(
U2+α + U2Ā+G1

0

)(
d(Y ) ∧ d(Y1)

)−(2+α)|Y − Y1|α,(5.18)

for some C = C(n, c+, c1) > 0.
(2) Furthermore, for every δ > 0, there exists M = M(n, c+) ≥ 1 such that

|∇Ne′ ξ̃e(Y )−∇Ne′ ξ̃e(Y1)| ≤ δ
(
U2+α + U2Ā+G1

0

)(
d(Y ) ∧ d(Y1)

)−(2+α)|Y − Y1|α,(5.19)

holds if |Y − Y1| ≤ 1
MN .
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Proof. We only outline the proof following that of Lemma 4.11.

For the spatial direction, we give the estimate in terms of U2+α instead of U1+α. This
yields an extra factor of d(Y )−1 and, instead of (4.53), we obtain∣∣∇Ne′ ξ̃e(z(1))−∇Ne′ ξ̃e(z(2))

∣∣ ≤ |z(1) − z(2)|α( 1
M )1−α · 2n−1U2+α,ed(Y )−(2+α).

For the temporal direction, by the equation (5.4), we have

∂t∇Ne′ ξe(X) = −
∑

|e1|=1,e1>0

∇Ne′∇Ne
(
ā(X)∇N,∗e1 ξe1

)
(X) +∇Ne′∇Ne g(X).

We apply the following rough estimates to the right hand side: By (2.9) and (B.1)–(B.3),

|∇Ne′∇Ne
(
ā(X)∇N,∗e1 ξe1

)
(X)| ≤ 2N2

{
c+ sup

X′
|∇N,∗e1 ξe1(X ′ + e

N )−∇N,∗e1 ξe1(X ′)|

+ U2d(X)−2 sup
X′
|ā(X ′ + e

N )− ā(X ′)|
}

≤ 2N2
{
c+U2+α + U2Ā

}
( 1
N )αd(X)−(2+α),

and |∇Ne′∇Ne g(X)| ≤ 2NG1
0d(X)−1. Therefore, similarly to Step 2 in the proof of Lemma

4.11, we obtain

|∇Ne u(t, z)−∇Ne u(s, z)|

≤ C|t− s|
α
2 ( 1

M )2−α
[{
U2+α + U2Ā

}(
d(Y ) ∧ d(Y1)

)−(1+α)
+G1

0

](
d(Y ) ∧ d(Y1)

)−1
,

where Y = (t, z), Y1 = (s, z) and C = C(n, c+). This concludes the proof of the lemma.

We are at the position to give the bound on U2+α, analogous to Proposition 4.10.

Proposition 5.4. We have

U2+α = max
|e|=1,e>0

[ξ̃Ne ]
(1)
1+α ≤ C

[
(Ā+ 1)U2 +G1

0

]
+ δU1,(5.20)

for every δ > 0 with some C = C(n, c±, T, δ).

Proof. We apply Lemma 4.9, combining with (5.16), to get

ω(r) ≤C
(
r
R0

)n+2+2α
ω(R0) + C[Ā2U2

2 +G1
0U1

e ]rn+2+2α
N d(Y )−(4+2α),

for 0 < r ≤ R0 = 1
3d(Y ), if d(Y ) > 6(1+2

√
n)

N . Here, C = C(n, c±, T ) and recall rN = r+ c
N

with c = 1 + 2
√
n.

However, ω(R0) is bounded as

ω(R0) ≤ 4

∫
Q(R0)

|∇N ξ̃e|2dX ≤ C(n)U2
2R

n+2
0 d(Y )−4.
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Therefore, we have∫
Q(r)
|∇Ne′ ξ̃e − {∇Ne′ ξ̃e}r|dX ≤ C

√
(Ā2 + 1)U2

2 +G1
0U1

e d(Y )−(2+α)rn+2+α
N(5.21)

≤ {C ′[(Ā+ 1)U2 +G1
0] + δU1

e } d(Y )−(2+α)rn+2+α
N ,

for every δ > 0 with some C ′ = C ′(n, c±, T, δ) > 0, for 0 < r ≤ 1
3d(Y ), if d(Y ) > 6(1+2

√
n)

N .

In the case that d(Y ) ≤ 6(1+2
√
n)

N , we can apply (5.18) in Lemma 5.3 by making c > 0
in rN larger if necessary. Indeed, we obtain for 0 < r ≤ 1

3d(Y )∫
Q(r)
|∇Ne′ ξ̃e − {∇Ne′ ξ̃e}r|dX ≤ Crn+2+α

(
U2+α + U2Ā+G1

0

)
d(Y )−(2+α)(5.22)

where C = C(n, c+).

From (5.21), (5.22), making c > 0 in rN large as in the proof of Proposition 4.10 and
recalling U2+α ≤ U1, we have shown∫

Q(Y,r)
|∇Ne′ ξ̃e − {∇Ne′ ξ̃e}r|dX ≤ {C[(Ā+ 1)U2 +G1

0] + δU1} d(Y )−(2+α)rn+2+α
N ,(5.23)

for 0 < r ≤ 1
3d(Y ) and any Y = (t1, y) ∈ Ω where C = C(n, c±, T, δ).

We now fix any X0 = (t0, z0) ∈ Ω and take R = 1
4d(X0) = 1

4

√
t0. Then, by Lemma

3.6 (with a proper modification in UF,1+α), we see that, for every δ > 0 and M > 0, there
exists C = Cδ,M (n, c±, T ) > 0 such that

|∇Ne′ ξ̃e(Y )−∇Ne′ ξ̃e(Y1)| ≤
(
C[(Ā+ 1)U2 +G1

0] + δU1 + δU2+α

)
(5.24)

×
(
d(Y ) ∧ d(Y1)

)−(2+α)|Y − Y1|α,

holds if Y, Y1 ∈ Q(X0, R) satisfy |Y − Y1| ≥ 1
MN .

The case |Y − Y1| ≤ 1
MN is covered by (5.19) in Lemma 5.3, and we obtain (5.24) for

any Y, Y1 ∈ Q(X0, R). Thus, moving X0, we have shown (5.24) for any Y, Y1 ∈ Ω. This
implies the concluding estimate (5.20) on U2+α.

Now, by the same argument given for Proposition 4.12, using in place of U1+α, U1

and G∞ the quantities U2+α,e, U2 and G1
0 (which introduce an extra factor of d(Y )−1), we

have

〈ξNe 〉
(1),N
1+α ≤ C

′[ĀU2 + U2+α,e +G1
0

]
(5.25)

and so

U1
e = U2+α,e + 〈ξNe 〉

(1),N
1+α ≤ U2+α,e + C ′

[
ĀU2 + U2+α,e +G1

0

]
(5.26)

where C ′ = C ′(n, c+, T, α).

Hence, inserting (5.26), maximized over e, into (5.20) in Proposition 5.4, we obtain

U2+α ≤ C
[
(Ā+ 1)U2 +G1

0 + δ
{
U2+α + C ′[ĀU2 + U2+α +G1

0

]}]
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and by choosing δ > 0 small that

U2+α ≤ C ′′
[
(Ā+ 1)U2 +G1

0

]
(5.27)

where C ′′ = C ′′(n, c±, T, α).

However, by applying the interpolation inequality (4.24) in Lemma 4.5 to U2,

U2 ≤ 5 max
e′

(|ξ̃Ne′ |
(1)
0 )

α
1+α
(
|ξ̃Ne′ |

(1)
0 + [ξ̃Ne′ ]

(1)
1+α

) 1
1+α .(5.28)

Denote
|ξ̃N· |

(1)
0 := max

e′
|ξ̃Ne′ |

(1)
0 .

Then, from (5.28), we have in view of (5.27) that

C ′′(Ā+ 1)U2 ≤
(

2
1
α
(
5C ′′(Ā+ 1)

) 1+α
α |ξ̃N· |

(1)
0

) α
1+α

(
1
2

(
|ξ̃N· |

(1)
0 + U2+α

)) 1
1+α

(5.29)

≤ 2
1
α
(
5C ′′(Ā+ 1)

) 1+α
α |ξ̃N· |

(1)
0 + 1

2

(
|ξ̃N· |

(1)
0 + U2+α

)
,

where we have used a trivial bound: ab (≤ ap

p + bq

q ) ≤ ap + bq for a, b > 0 and 1
p + 1

q = 1.
Inserting this into (5.27), we obtain

U2+α ≤ C̄
[
(Ā+ 1)1+

1
α |ξ̃N· |

(1)
0 +G1

0

]
(5.30)

where C̄ = C̄(n, c±, T, α).

Reporting these estimates, as an extension of Theorem 4.1, we arrive at the following
bound for U2 and

|ξ̃N· |
(1)
1+α := U2 + U2+α + max

e
〈ξNe 〉

(1),N
1+α .

Theorem 5.5. Under the assumptions (B.1), (B.2) and (B.3), we have

|ξ̃N· |
(1)
1+α ≤ C

[
(Ā+ 1)1+

1
α |ξ̃N· |

(1)
0 +G1

0

]
,(5.31)

and

U2 ≤ C
[
(Ā+ 1)

1
α |ξ̃N· |

(1)
0 + (Ā+ 1)−1G1

0

]
(5.32)

where C = C(n, c±, T, α).

Proof. For (5.31), it is enough to bound each term in |ξ̃N· |
(1)
1+α by the right hand side. For

U2+α, the bound follows from (5.30). For U2, we can use (5.29), where multiplying the

right hand side of (5.30) (or (5.31)) by (Ā + 1)−1 gives (5.32). Finally for 〈ξNe 〉
(1),N
1+α , we

may use (5.25) together with (5.29) and (5.30).

Theorem 5.5 shows a form of the first Schauder estimate for the linear discrete PDE
(5.4). It is an estimate in terms of norms which weight more near the boundary t = 0. In
fact, the estimate (5.32) on U2 yields the singularity 1

t for ∇Ne1ξ
N
e2 near t = 0. However,

we note here an analog of Theorem 4.1 and (4.8) for the equation (5.4), which exhibits a
weaker singularity 1√

t
; see the second estimate in (5.33).
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Corollary 5.6. Under the assumptions (B.1), (B.2) and ‖∇Ng‖∞ <∞ (replacing (B.3)),
and also ‖ξN· ‖∞ <∞ (compare with (1.2)), we have

|ξ̃N· |∗1+α ≤ C
[
(Ā+ 1)1+ 1

α ‖ξN· ‖∞ + ‖∇Ng‖∞
]
,

|∇NξN· |
(1)
0 ≤ C

[
(Ā+ 1)

1
α ‖ξN· ‖∞ + (Ā+ 1)−1‖∇Ng‖∞

]
,

(5.33)

where C = C(n, c±, T, α).

Proof. The argument follows the same proof as for Theorem 5.5. Observe that the semi-

norms |ξ̃N· |
(1)
1+α, |ξ̃N· |

(1)
0 , |∇Ng|(1),N

0 all involve just one more weight d(X) compared to

|ξ̃N· |∗1+α, ‖ξN· ‖∞, ‖∇Ng‖∞, respectively; see also the proof of Corollary 5.9.

Now, as in Theorem 4.2, when the initial value of ψ and ξNe = ∇Ne ψ are smooth
enough, we will obtain a more regular estimate at t = 0 without any singularity. We will
suppose that ψ is C4 and so ξNe is C3 in the sense that

sup
N
‖ψ(0)‖C4

N
≤ C0 <∞ and so sup

N
‖ξNe (0)‖C3

N
≤ C0 <∞.(5.34)

We will need to following additional assumptions for the coefficient ā, similar to (4.12)
and (4.13):

[ā](−α),N
α ≤ B̄ <∞ : |ā(t1,

x1
N )− a(t2,

x2
N )| ≤ B̄

{
|t2 − t1|

α
2 +

∣∣x2
N −

x1
N

∣∣α},(5.35)

sup
N
‖ā(0, ·)‖C4

N
≤ C1 <∞.(5.36)

Also, we assume that ∇Ng satisfies

sup
N,e
|∇Ne g|0 ≤ G1

∞ <∞.(5.37)

Theorem 5.7. Consider the discrete PDE (5.4), satisfying (B.1), (5.35), (5.36), (5.37),
such that

sup
N,e
|ξNe |0 ≤W∞ <∞,(5.38)

and with initial value given in (5.34). Then, with respect to the unweighted norms,

|ξ̃N· |1+α ≤ C
[
(B̄ + 1)1+ 1

α
(
W∞ + C6

)
+G1

∞ + C7

]
(5.39)

|∇N ξ̃N· |0 ≤ C
[
(B̄ + 1)

1
α
(
W∞ + C6

)
+ (B̄ + 1)−1(G1

∞ + C7)
]
.(5.40)

[∇N ξ̃N· ]α ≤ C
[
(B̄ + 1)1+ 1

α
(
W∞ + C6

)
+G1

∞ + C7

]
,(5.41)

where C = C(n, c±, T, α) and C6, C7, specified in the proof, depend on B̄, C0, C1 and α.

In particular, we have polynomial bounds in B̄, C0 and C1, in terms of a universal
constant C,

C6 ≤ C(B̄ + 1)
1
αC0(1 + C5

1) and C7 ≤ C(B̄ + 1)
2
αC0(1 + C11

1 ).
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Proof. We will apply the same sort of scheme as given for Theorem 4.2, where now Theo-
rem 5.5 will be invoked with respect to a time extended system. Recall equation (5.4) for
t > 0,

∂tξ
N
e = ∇Ne

{
− ā(X)

∑
|e′|=1,e′>0

∇N,∗e′ ξ
N
e′
}

+∇Ne g,(5.42)

where {ξNe = ∇Ne ψ}|e|=1 is a gradient of the function ψ. As before, the idea now is to
extend the evolution below time t = 0.

Consider ā evaluated at time t = 0, and define b(X) := ā
(
0, xN

)
. Note that b does

not depend on time t or direction e, and satisfies c− ≤ b ≤ c+ from (B.1). We will need to
consider the reciprocal 1/b in the following. Note by (5.36) that ‖(1/b)‖C4

N
≤ C(n, c±)C4

1 .

For t ≥ 0, define Z by

∂tZ = −
∑

|e′|=1,e′>0

∇N,∗e′
(
b∇Ne′Z

)
(5.43)

with initial condition Z(0) = 1
bψ(0). Note as supN ‖(1/b)‖C4

N
≤ C(n, c±)C4

1 that we have

supN ‖Z(0)‖C4
N
≤ C(n, c±)C0(1 + C4

1). Note also that equation (5.43) is at the level of

(5.2) for ψ = ψN , but we divide it by b to make the equation in divergence form so that
we can apply the gradient bounds obtained in Theorem 4.2.

By the maximum principle (Lemma 2.7), ‖Z‖∞ ≤ ‖Z(0)‖∞ ≤ C(c−)C0. Moreover,
we may apply Theorem 4.2 to bound gradients of Z: We have b satisfies (A.1) and also

(4.12) and (4.13) with B = [b]
(−α),N
α ≤ B̄ and C1 = supN,e |∇Ne b0| ≤ C1. Here, G∞ = 0,

C0 = supN ‖Z(0)‖C2
N
≤ C(n, c±)C0(1 +C4

1), and (4.4) holds with bound ‖Z‖∞ ≤ C(c−)C0.

Then, by (4.15),

max
e
|∇Ne Z|0 ≤ C(n, c±, T, α)

[
(B + 1)

1
α |Z|0 + (B + 1)−1

{
G∞ + C2

}]
(5.44)

≤ C(n, c±, T, α)C3

where

C2 = n(C1C0 + c+C0) ≤ C(n, c±)C0(1 + C5
1),(5.45)

C3 = (B̄ + 1)
1
αC0 + (B̄ + 1)−1C0(1 + C5

1)

≤ C(B̄ + 1)
1
αC0(1 + C5

1),

in terms of a universal constant C.

Define now, and noting (2.9),

h1 :=
∑

|e′|=1,e′>0

∇N,∗e′
(
b∇Ne′Z

)
(5.46)

= −b∆NZ +
∑

|e′|=1,e′>0

∇N,∗e′ b · ∇
N
e′Z(X + e

N ).
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Observe that h1 satisfies (5.43). Then, by the maximum principle, and previous bounds
b ≤ c+, maxe |∇Ne b|0 ≤ C1 in (5.36), and ‖Z(0)‖C4

N
≤ C(n, c±)C0(1 + C4

1), we have

‖h1‖∞ ≤ ‖h1(0)‖∞ ≤ C(n, c±)C0(1 + C5
1).(5.47)

Hence, noting (5.46), by (5.44) and triangle inequality, we also have

‖∆NZ‖∞ ≤ C(n, c±, T, α)C1C3 + C(n, c±)C0(1 + C5
1).(5.48)

Further, by Theorem 4.2, as in the set-up of (5.44), we obtain an estimate for
the gradient of h1: Indeed, as Z = 1

bψ and ‖Z(0)‖C4
N
≤ C(n, c±)C0(1 + C4

1), noting

(5.36), we have C0 = supN ‖h1(0)‖C2
N
≤ C(n, c±)C0(1 + C5

1). Also, as before, C1 =

supN,e |∇Ne b|0 ≤ C1, B = [b]
(−α),N
α ≤ B̄ and G∞ = 0. Hence, in this context (cf. (5.45)),

C2 ≤ C(n, c±)C0(1 + C6
1). By (5.47), |h1|0 ≤ CC0(1 + C5

1). Then,

max
e
|∇Ne h1|0 ≤ C(n, c±, T, α)

[
(B + 1)

1
α |h1|0 + (B + 1)−1

{
G∞ + C2

}]
(5.49)

≤ C(n, c±, α, T )C4

where, in terms of a universal constant C,

C4 = (B̄ + 1)
1
αC0(1 + C5

1) + (B̄ + 1)−1C0(1 + C6
1)

≤ C(B̄ + 1)
1
αC0(1 + C6

1).

By considering the equation for Ze := ∇Ne Z,

∂tZe = −
∑

|e′|=1,e′>0

∇N,∗e′
(
b∇Ne′Ze

)
−

∑
|e′|=1,e′>0

∇N,∗e′
(
(∇Ne b)Ze′(X + e

N )
)
,(5.50)

we may bound second gradients ∇Ne1∇
N
e2Z. Indeed, ηe := ∇Ne (bZ) is more natural object

that we consider below, which is parallel to ξe, but here we consider Ze to deduce the
second gradient bounds.

Observe here that C0 = supN ‖Ze(0)‖C2
N
≤ C(n, c±)C0(1 + C4

1). As before, in this

context, C1 = supN,e |∇Ne b|0 ≤ C1, B = [b]
(−α),N
α ≤ B̄ and C2 ≤ C(n, c±)C0(1 + C5

1) (cf.

(5.45)). However, here |∇Ne2Z|0 ≤ C(n, c±, T, α)C3 and, by (5.44) and (5.48),

G∞ =
∥∥ ∑
|e′|=1,e′>0

∇N,∗e′
(
(∇Ne b)Ze′(X + e

N )
)∥∥
∞ ≤ C(n)C1 max

e
‖Ze‖∞ + C1‖∆NZ‖∞

= C(n, c±, T, α)
{
C1C3 + C1

[
C1C3 + C0(1 + C5

1)
]}
.

Then, by Theorem 4.2 applied to (5.50), we have

max
e1,e2
|∇Ne1∇

N
e2Z|0 ≤ C(n, c±, T, α)

[
(B + 1)

1
α |∇Ne1Z|0 + (B + 1)−1

{
G∞ + C2

}]
(5.51)

≤ C(n, c±, T, α)C5,
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where

C5 = (B̄ + 1)
1
αC3 + (B̄ + 1)−1

{
C1C3 + C1

[
C1C3 + C0(1 + C5

1)
]

+ C0(1 + C5
1)
}

≤ C(B̄ + 1)
2
αC0(1 + C7

1),

incorporating the expression for C2 and C3 in (5.45) in terms of a universal constant C.

Let now Ẑ(t) = Z(1− t) and ĥ1(t) = h1(1− t) for 0 ≤ t < 1. Then,

∂tẐ = −
∑

|e′|=1,e′>0

∇N,∗e′
(
b∇Ne′ Ẑ

)
+ 2ĥ1.

Define Ψ̂ = bẐ to be back to the level of ψ = ψN . Then, by using (2.9),

∂tΨ̂ = b∆N Ψ̂− bĥ2 + 2bĥ1,

where
ĥ2 =

∑
|e′|=1,e′>0

∇N,∗e′
[
b(∇Ne′ 1

b )Ψ̂(X + e′

N )
]
.

We have by the previous bounds (5.34), (5.36), (5.44) and ‖(1/b)‖C4
N
≤ C(n, c±)C4

1 , noting

Ψ̂ = bẐ, that

‖ĥ2‖∞ ≤ C(n, c±) max
e′

{
|∇N,∗e′

[
b(∇Ne′ 1

b )(X)b(X + e′

N )
]
|0|Z|0(5.52)

+ |b(∇Ne′ 1
b )(X)b(X + e′

N )|0|∇N,∗e′ Z|0
}

≤ C(n, c±, T, α)
{
C0C4

1(1 + C1) + C4
1C3

}
.

Analogously, using also (5.51), we have

‖∇Ne ĥ2‖∞ ≤ C(n, c±) max
e′

{
|∇Ne ∇

N,∗
e′
[
b(∇Ne′ 1

b )(X)b(X + e′

N )
]
|0|Z|0(5.53)

+ |b(∇Ne′ 1
b )(X)b(X + e′

N )|0|∇Ne ∇
N,∗
e′ Z|0

+ |∇N,∗e′
[
b(∇Ne′ 1

b )(X)b(X + e′

N )
]
|0|∇Ne Z|0

+ |∇Ne
[
b(∇Ne′ 1

b )(X)b(X + e′

N )
]
|0|∇N,∗e′ Z|0

}
≤ C(n, c±, T, α)

{
C0C4

1(1 + C2
1) + C4

1C5 + C3C4
1(1 + C1)

}
.

Now define η̂e = ∇Ne Ψ̂ for |e| = 1 to be at the level of ξNe . Then,

∂tη̂e = ∇Ne
{
− b

∑
|e′|=1,e′>0

∇N,∗e′ η̂e′
}
−∇Ne (bĥ2) + 2∇Ne (bĥ1).(5.54)

Note that η̂e(1) = ∇Ne (bZ(0)) = ∇Ne ψ(0) = ξNe (0), matching the initial data to (5.42).
Also, by (5.34), (5.36) and (5.44), noting Z = 1

bψ and via (2.9) ∇Ne (bẐ) = (∇Ne b)Ẑ +

b∇Ne Ẑ(X + e
N ),

‖η̂e‖∞ = ‖∇Ne (bẐ)‖∞ ≤ C(n, c±, T, α)
[
C0C1 + C3

]
(5.55)
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=: C(n, c±, T, α)C6

where, incorporating the expression for C3 in (5.45), in terms of a universal constant C,

C6 = C0C1 + C3 ≤ C(B̄ + 1)
1
αC0(1 + C5

1).

Now, as in (4.18), define

â =

{
ā(t− 1) for t ≥ 1

b for 0 ≤ t < 1,
and ĝ =

{
∇Ne g for t ≥ 1

2∇Ne (bĥ1)−∇Ne (bĥ2) for 0 ≤ t < 1.

Note that â satisfies condition (B.1), and also (B.2) with

[â]∗,Nα ≤ (T + 1)
α
2 [ā](−α),N

α ≤ C(T )B̄ = Ā

since b = ā(0) does not depend on time t and d(X) ≤
√
T + 1.

Also, (B.3) holds, noting the bounds (5.36), (5.37), (5.47), (5.49), (5.52) (5.53), via
(2.9), with

|ĝ|(1)
0 ≤ (T + 1)

α
2
{
G1
∞ + 2|∇Ne (bĥ1)|0 + |∇Ne (bĥ2)|0

}
= C(n, c±, T, α)

{
G1
∞ + C7

}
= G1

0

where

C7 = |∇Ne b|0|ĥ1|0 + |∇Ne ĥ1|0 + |∇Ne b|0|ĥ2|0 + |∇Ne ĥ2|0
≤ C1

[
C0(1 + C5

1)
]

+ C4 + C1

[
C0C4

1(1 + C1) + C4
1C3

]
+ C0C4

1(1 + C2
1) + C4

1C5 + C3C4
1(1 + C1)

≤ C
{
C0C1(1 + C5

1) + C3C4
1(1 + C1) + C4 + C5C4

1

}
≤ C(B̄ + 1)

2
αC0(1 + C11

1 ).

The last line follows by incorporating the expressions of C3 in (5.45), C4 below (5.49), and
C5 below (5.51). Here, the constants C are universal.

We now formulate the extended system for t ≥ 0, which corresponds to (5.54) when
0 ≤ t < 1 and (5.42) when t ≥ 1, as

∂tVe = ∇Ne
{
− â(X)

∑
|e′|=1,e′>0

∇N,∗e′ Ve′(X)
}

+ ĝ(X).

Observe, by (5.38) and (5.55), that

|Ve|(1)
0 ≤ (T + 1)

α
2
{

max
e
|ξNe |0 + max

e
|ηe|0

}
≤ C(n, c±, T, α)

(
W∞ + C6

)
.

We may now apply Theorem 5.5 to the system {Ve}|e|=1. As ξe(t) = Ve(t + 1) for t ≥ 0,
the desired statements (5.39), (5.40), and (5.41) follow.
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5.2 Second Schauder estimate for (1.1)

We now specialize to the setting introduced at the beginning of this section and apply
Theorem 5.5, Corollary 5.6, and Theorem 5.7 to the equation (1.1) satisfying (1.2). See,
correspondingly, Corollaries 5.8, 5.9 and 5.10 below, in which we obtain estimates of the
second discrete derivatives of uN (t, xN ) exhibiting singularities 1

t ,
1√
t
, 1, respectively, near

t = 0, without assuming or assuming some regularity conditions for the initial value uN (0).
Recall the correspondences at the beginning of Section 5.1.

Corollary 5.8. Consider the nonlinear discrete PDE (1.1) satisfying (1.2). Then, we
have

|ξ̃Ne |
(1)
1+σ ≤ C

(
K1+ 2

σ + 1
)
,(5.56)

for every e, and

|ξNe (X)| ≤ C(K
1
σ + 1)√
t

,(5.57)

|∇Ne1ξ
N
e2(X)| ≤ C(K

2
σ + 1)

t
,(5.58)

|∇Ne1∇
N
e2u

N (X)| ≤ C(K
2
σ + 1)

t
,(5.59)

for every e, e1, e2 and X = (t, xN ) ∈ ΩN where C = C(n, c±, T, σ, ‖f‖∞, ‖f ′‖∞, ‖ϕ(i)‖∞, u± :
i = 1, 2).

Also, (5.56) implies a σ-Hölder estimate for ∇Ne1∇
N
e2u

N (X), that is

[∇Ne1∇
N
e2u

N ](3−σ)
σ ≤ C

(
K

3
σ + 1

)
(5.60)

for every e1, e2, where C = C(n, c±, T, σ, ‖f‖∞, ‖f ′‖∞, ‖ϕ(i)‖∞, u± : 1 ≤ i ≤ 3) and
‖h‖∞ := ‖h‖L∞([u−,u+]) for a function h.

The Hölder seminorm [ · ](3−σ)
σ in (5.60) is weaker than [ · ](2)

σ which is expected from
(5.56). The reason is that a larger diverging factor appears from ∇Ne1∇

N
e2ax,e(t) in the Tay-

lor expansion; see the estimates for J1 in the proof. However, in the next two corollaries,
the diverging factor matches better.

We remark that we can also get an estimate 〈∇Ne uN 〉
(1)
1+σ ≤ C(K1+

2
σ + 1) (and

therefore for 〈∇Ne ũN 〉
(1)
1+σ by Lemma 3.5), by elements of the proof of the bound (5.60),

but this is not detailed here. Similar estimates would also hold in the next two corollaries.

Proof. To apply Theorem 5.5, we estimate the right hand sides of (5.31) and (5.32) in
terms of K in the context of (1.1) or (5.2). First, by the Hölder continuity of uN given in
(2.16) of Corollary 2.3 with α = σ, we have

[ā]∗,Nσ = [ϕ′(uN )]∗,Nσ ≤ ‖ϕ′′‖∞[uN ]∗,Nσ ≤ C ′(K + 1)(5.61)
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where C ′ = C ′(n, c±, T, ‖f‖∞, ‖ϕ′′‖∞, ‖uN (0)‖∞). Next for g in (5.5), by noting (2.9), we
have

|∇Ng|(1),N
0 ≤ KC(ϕ, f)|∇NuN |(1),N

0 ,(5.62)

where C(ϕ, f) := ‖ϕ′′‖∞‖f‖∞ + ‖ϕ′‖∞‖f ′‖∞. However, by Corollary 4.3,

|∇NuN |(1),N
0 ≤ C ′′(K

1
σ + 1)(5.63)

where C ′′ = C ′′(n, c±, T, σ, ‖f‖∞, ‖ϕ′′‖∞, u±). Thus, one can take Ā = C ′(K + 1) and

G1
0 = C(ϕ, f)C ′′(K1+ 1

σ +K) in the assumptions (B.2) and (B.3), respectively.

Next, for |ξ̃Ne |
(1)
0 , seen in (5.31) and (5.32),

|ξNe |
(1),N
0 = |∇Ne ϕ(uN )|(1),N

0 ≤ ‖ϕ′‖∞|∇Ne uN |
(1),N
0 .(5.64)

Thus, by Lemma 3.5 and (5.63), we have

|ξ̃Ne |
(1)
0 = |ξNe |

(1),N
0 ≤ C ′′′(K

1
σ + 1)

where C ′′′ = C ′′′(n, c±, T, σ, ‖f‖∞, ‖f ′‖∞, ‖ϕ′‖∞, ‖ϕ′′‖∞, u±). Therefore, we can apply
Theorem 5.5 to obtain the desired bounds: (5.56) from (5.31), (5.57) from (5.64) and
(5.58) from (5.32), respectively.

We now argue the bound (5.59). As ϕ has a strictly increasing C2 inverse, (5.59)
follows from (5.57) and (5.58). Indeed, set

a0
x,e(t) =

(
ax,e(t)

)−1 ≡
(
ax,e(u

N (t))
)−1

.(5.65)

Note, by the Lipschitz property of ϕ, and also the proof of Lemma 2.4 and (5.64), that

1
c+
≤ a0

x,e ≤ 1
c−

and(5.66)

|∇Ne a0
x,e′(t)| =

∣∣∣ ∇Ne ax,e′(t)
ax+e,e′(t)ax,e′(t)

∣∣∣ ≤ C(c±) max
z
|∇Ne ϕ(uN (t, zN )|

≤ C(c±, ‖ϕ′‖∞) max
z
|∇Ne uN (t, zN | ≤

C(c±, ‖ϕ′‖∞)C ′′′√
t

(K
1
σ + 1).

Calculate, noting ∇Ne2u
N (X) =

ξNe2 (X)

ax,e(uN (t))
= a0

x,e(t)ξ
N
e2(X) and by (2.9),

∇Ne1∇
N
e2u

N (X) = ∇Ne1
(
a0
x,e2(t)ξNe2(X)

)
(5.67)

= ∇Ne1a
0
x,e2(t) · ξNe2(X + e1

N ) + a0
x,e2(t) · ∇Ne1ξ

N
e2(X).

Now, the desired estimate (5.59) holds, by inputting (5.66), (5.57) and (5.58) into (5.67),
with constant C = C(n, c±, T, σ, ‖f‖∞, ‖f ′‖∞, ‖ϕ(i)‖∞, u± : i = 1, 2).

Finally, to show the Hölder estimate in (5.60), by (5.67), write

∇Ne1∇
N
e2u

N (X)−∇Ne1∇
N
e2u

N (Y )

(5.68)
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=
(
∇Ne1a

0
x,e2(t)−∇Ne1a

0
y,e2(s)

)
ξNe2(X + e1

N ) +∇Ne1a
0
y,e2(s)

(
ξNe2(X + e1

N )− ξNe2(Y + e1
N )
)

+
(
a0
x,e2(t)− a0

y,e2(s)
)
∇Ne1ξ

N
e2(X) + a0

y,e2(s)
(
∇Ne1ξ

N
e2(X)−∇Ne1ξ

N
e2(Y )

)
=: J1 + J2 + J3 + J4.

Recall, in the following, |X − Y |σ = max
{
| xN −

y
N |

σ, |t− s|
σ
2

}
.

The term J4, as |a0|0 ≤ c−1
− , is bounded via (5.56):

|J4| = a0
y,e2(s)

∣∣∇Ne1ξNe2(X)−∇Ne1ξ
N
e2(Y )

∣∣ ≤ C

(t ∧ s)1+σ
2

(
K1+ 2

σ + 1
)
|X − Y |σ.(5.69)

To bound J3, note by the argument for Corollary 2.3 via Lemma 2.4, that [a0]∗,Nσ ≤
C(n, c±, T, ‖f‖∞, ‖ϕ′′‖∞)(K + 1). Hence,∣∣a0

x,e2(t)− a0
y,e2(s)

∣∣ ≤ C

(t ∧ s)
σ
2

(K + 1)|X − Y |σ.(5.70)

Then, by (5.70) and also the gradient bound (5.58), we obtain

|J3| =
∣∣a0
x,e2(t)− a0

y,e2(s)
∣∣|∇Ne1ξNe2(X)| ≤ C

(t ∧ s)1+σ
2

(K + 1)(K
2
σ + 1)|X − Y |σ.(5.71)

Recall the definition of ax,e(t) (cf. (1.8)). To deal with the terms J1 and J2, it will be
helpful to observe ∇Ne ϕ(uN (t, xN )) = ax,e(t)∇Ne uN (t, xN ) and so, by the Lipschitz property
of ϕ, that

|ξNe (X)− ξNe (Y )| = |∇Ne ϕ(uN (t, x1N ))−∇Ne ϕ(uN (s, x2N ))|(5.72)

≤ |ax1,e(t)− ax2,e(s)||∇Ne uN (t, x1N )|+ ax2,e(s)|∇Ne uN (t, x1N )−∇Ne uN (s, x2N )|.

Moreover, by Corollary 2.3, we have |ax1,e(t) − ax2,e(s)| ≤ C(K + 1)(t ∧ s)−
σ
2 |X − Y |σ

and, by the Schauder estimate and gradient bound in Corollary 4.3, we have |∇Ne uN (X)−
∇Ne (Y )| ≤ C(t ∧ s)−

1+σ
2 (K1+ 1

σ + 1)|X − Y |σ and |∇Ne uN (X)| ≤ Ct−
1
2 (K

1
σ + 1).

Then, equation (5.72) is bounded

|ξNe (X)− ξNe (Y )| ≤ C

(t ∧ s)
σ
2

(K + 1)|X − Y |σ · C√
t
(K

1
σ + 1)(5.73)

+
C

(t ∧ s)
1+σ
2

(K1+ 1
σ + 1)|X − Y |σ.

We now bound J2. By the bound |∇Ne1a
0
y,e2(s)| ≤ C maxz |∇Ne1u

N (s, zN )| ≤ C√
s
(K

1
σ +1)

in (5.66), and (5.72), (5.73), we have

|J2| = |∇Ne1a
0
y,e2(x)|

∣∣ξNe2(X + e1
N )− ξNe2(Y + e1

N )
∣∣(5.74)

≤ |∇Ne1a
0
y,e2(x)|

[
|ax1,e(t)− ax2,e(s)||∇Ne uN (t, x1N )|

+ ax2,e(s)|∇Ne uN (t, x1N )−∇Ne uN (s, x2N )
]
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≤ C

(t ∧ s)1+σ
2

(K1+ 2
σ + 1)|X − Y |σ.

We now address the term J1. We rewrite the quantity ∇Ne1a
0
x,e2(t)−∇Ne1a

0
y,e2(s) into

two terms, one where time t is fixed, and the other where space y is fixed:

∇Ne1a
0
x,e2(t)−∇Ne1a

0
y,e2(s) =

(
∇Ne1a

0
x,e2(t)−∇Ne1a

0
y,e2(t)

)
+
(
∇Ne1a

0
y,e2(t)−∇Ne1a

0
y,e2(s)

)
=: J1,1 + J1,2.

To bound J1,1, we observe that it has the same form as ∇Ne1ax,e2(t) − ∇Ne1ay,e2(t) except
now the dependent variable is ϕ(uN ) in the composition ϕ−1(ϕ(uN )), instead of simply
uN . Hence, the same proof of the Hölder estimate (6.18) via Lemma 6.5 and Remark 6.3,
applied to a0, gives

|J1,1| ≤ C(‖ϕ′′‖∞, ‖ϕ′′′‖∞)
[

max
e,z
|∇Ne ϕ

(
uN (t, x+z

N )
)
−∇Ne ϕ

(
uN (t, y+z

N )
)
|(5.75)

+ max
e,e′,z,z′

|∇Ne ϕ
(
uN (t, zN )

)
||∇Ne′ϕ

(
uN (t, z

′

N )
)
||X − Y |σ

]
.

Since ξNe = ∇Ne uN , we may now bound the first term on the right-hand side of (5.75)
by (5.72) and (5.73). The second term on the right-hand side of (5.75), by the Lipschitz
property of ϕ, is bounded by C maxe,e′,z,z′ |∇Ne uN (t, zN )||∇Ne′ uN (t, z

′

N )||X−Y |σ and further

bounded using the gradient bound for |∇Ne uN (X)| ≤ Ct−
1
2 (K

1
σ + 1) in Corollary 4.3.

Then, together, we have

|J1,1| ≤ C
[

max
e,z
|ax,e(t)− ay,e(t)||∇Ne uN (t, zN )|

(5.76)

+ max
e,z
|∇Ne uN (t, x+z

N )−∇Ne uN (t, y+z
N )|

+ max
e,e′,z,z′

|∇Ne uN (t, zN )||∇Ne′ uN (t, z
′

N )||X − Y |σ
]

≤ C

t
1+σ
2

(K1+ 1
σ + 1)|X − Y |σ +

C

t
(K

2
σ + 1)|X − Y |σ ≤ C

t
(K

2
σ + 1)|X − Y |σ.

When |J1,1| is multiplied by |ξNe2(X + e1
N )|, since

|ξNe2(X)| ≤ ‖ϕ′‖∞|∇Ne2u
N (X)| ≤ C√

t
(K

1
σ + 1),(5.77)

by the gradient bound in Corollary 4.3, we have

|J1,1| · |ξNe2(X + e1
N )| ≤ C

t
3
2

(K
3
σ + 1)|X − Y |σ.(5.78)

The argument with respect to J1,2 is analogous. By the proof of (6.19) discussed in
Remark 6.4, we obtain

|J1,2| ≤ C(‖ϕ′′‖∞, ‖ϕ′′′‖∞)
[

max
e,z
|∇Ne ϕ(uN (t, zN ))−∇Ne ϕ(uN (s, zN ))|
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+ max
z

|ϕ(uN (t, zN ))− ϕ(uN (s, zN ))|√
|t− s|

+ max
e,e′,z,z′

max
r≥t∧s

|∇Ne ϕ(uN (r, zN ))||∇Ne′ϕ(uN (r, z
′

N ))||X − Y |σ
]
.

The first term on the right-hand side is bounded via (5.72) and (5.73) again. By the
Lipschitz property of ϕ, the other two terms can be bounded in terms of uN and the

Hölder estimate |uN (t, zN )− uN (s, zN )| ≤ C(t ∧ s)−
1+σ
2 (K1+ 1

σ + 1)|t− s|
1+σ
2 and gradient

bound |∇Ne uN (X)| ≤ Ct−
1
2 (K

1
σ + 1) in Corollary 4.3.

Then,

|J1,2| ≤ C
[

max
e,z
|ax,e(t)− ay,e(t)||∇Ne uN (t, zN )|(5.79)

+ max
e,z
|∇Ne uN (t, x+z

N )−∇Ne uN (t, y+z
N )|

+ max
z

|uN (t, zN )− uN (s, zN )|√
|t− s|

+ max
e,e′,z,z′

max
r≥t∧s

|∇Ne uN (r, zN )||∇Ne′ uN (r, z
′

N )||X − Y |σ
]

≤ C

(t ∧ s)
1+σ
2

(K1+ 1
σ + 1)|t− s|

σ
2 +

C

t ∧ s
(K

2
σ + 1)|X − Y |σ.

Multiplying the estimate of J1,2 in (5.79) by |ξNe2(X + e1
N )|, noting the bound (5.77), we

obtain

|J1,2| · |ξNe2(X + e1
N )| ≤ C

(t ∧ s)
3
2

(K
3
σ + 1)|X − Y |σ.(5.80)

Hence, by combining the bounds (5.78) and (5.80), we have

|J1| ≤
C

(t ∧ s)
3
2

(K
3
σ + 1)|X − Y |σ =

C

(t ∧ s)
3−σ+σ

2

(K
3
σ + 1)|X − Y |σ.

Collecting the bounds for the terms J1, J2, J3, J4 gives (5.60) with respect to a con-
stant C = C(n, c±, T, σ, ‖f‖∞, ‖f ′‖∞, ‖ϕ′‖∞, ‖ϕ′′‖∞, ‖ϕ′′′‖∞, u±). In fact, we remark that
the estimate for J1 is the dominant one.

A better estimate can be derived when the initial value uN (0, ·) has some smoothness,
namely when condition (4.11) holds:

sup
N
‖uN (0)‖C2

N
≤ C0.

A sufficient condition for (4.11) is when the initial data is between u− and u+ such that
uN (0, ·) = u0(·) for u0 ∈ C2(Tn).

Consider the weighted norm, for fixed e,

|ξ̃Ne |∗1+σ := [ξ̃Ne ]∗1+σ + 〈ξNe 〉∗1+σ + |∇N ξ̃Ne |
(1)
0 ,

analogous to that given in (4.3).
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Corollary 5.9. Consider the solution of the discrete PDE (1.1) satisfying (1.2). When
uN (0, ·) satisfies the condition (4.11), we have

|ξ̃Ne |∗1+σ ≤ CK
1+ 2

σ
0 ,

|ξNe (X)| ≤ CK
1
σ
0 ,

for every X = (t, xN ) ∈ ΩN and e, and

|∇Ne1ξ
N
e2(X)| ≤ C√

t
K

2
σ
0 ,

|∇Ne1∇
N
e2u

N (X)| ≤ C√
t
K

2
σ
0 ,

for every e1, e2, where K0 = K+C0+1 and C = C(n, c±, T, σ, ‖f‖∞, ‖ϕ(i)‖∞, u± : i = 1, 2).

Moreover, we have the Hölder estimate:

[∇Ne1∇
N
e1u

N ](1)
σ ≤ CK

3
σ
0 ,(5.81)

for every e1, e2 where C = C(n, c±, T, σ, ‖f‖∞, ‖ϕ(i)‖∞, u± : 1 ≤ i ≤ 3).

Proof. When the condition (4.11) is satisfied, by Corollary 4.4, (5.63) is improved as

‖∇NuN‖∞ = |∇N ũN |∗0 ≤ CK
1
σ
0 .(5.82)

Then, the desired bound for ξN· follows,

‖ξN· ‖∞ ≤ ‖ϕ′‖∞‖∇NuN‖∞ ≤ CK
1
σ
0(5.83)

and also (5.62) is improved to

‖∇Ng‖∞ ≤ C(ϕ, f)K‖∇NuN‖∞ ≤ CKK
1
σ
0 .(5.84)

In these bounds, C = C(n, c±, T, σ, ‖f‖∞, ‖f ′‖∞, ‖ϕ′‖∞, ‖ϕ′′‖∞, u±).

We have Ā = C(n, c±, T, ‖f‖∞, ‖ϕ′′‖∞, u±)K0 (cf. (5.61)) in the estimate of [ā]∗,Nσ by
Corollary 2.6.

By Corollary 5.6, and the bound (5.83) shown for ξNe above, we obtain the desired
estimates for |ξ̃Ne |∗1+σ and |∇Ne1ξ

N
e2 |
∗
0. Indeed, by (5.33), we have

|ξ̃Ne |∗1+σ ≤ CK
1+ 2

σ
0

and

|∇Ne1ξ
N
e2 |

(1)
0 ≤ CK

2
σ
0 ,

with C = C(n, c±, T, σ, ‖f‖∞, ‖f ′‖∞, ‖ϕ′‖∞, ‖ϕ′′‖∞, u±).
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The desired bound on ∇Ne1∇
N
e2u

N now follows as in the proof of Corollary 5.8. Indeed,
in the present context, by (5.67), we need to bound

∇Ne1a
0
x,e2(t) · ξNe2(X + e1

N ) + a0
x,e2(t) · ∇Ne1ξ

N
e2(X).

The first term, noting (5.66), is bounded |∇Ne1a
0
x,e2 ·ξ

N
e2 | ≤ C(c±) maxe ‖ξNe ‖2∞. The second

term, also noting (5.66), is bounded |a0
x,e2∇

N
e1ξ

N
e2 | ≤ C(c−)|∇e1ξNe2 |. The estimate follows

now by inserting the already proven bounds for ξNe and ∇Ne1ξ
N
e2 , with respect to a constant

C = C(n, c±, T, σ, ‖f‖∞, ‖f ′‖∞, ‖ϕ′‖∞, ‖ϕ′′‖∞, u±).

Finally, the Hölder bound (5.81) follows by scheme given in Corollary 5.8, using
the proven bounds of |ξ̃Ne |∗1+σ and |∇Ne1ξ

N
e2 |
∗
0 and now Corollaries 4.4 and 2.6 instead

of Corollaries 4.3 and 2.3. Indeed, consider the decomposition (5.68) of the difference
∇Ne1∇

N
e2u

N (X) − ∇Ne1∇
N
e2(Y ) = J1 + J2 + J3 + J4. By (5.69), (5.71), and (5.74), we may

bound J4, J3 and J2 respectively. By adding (5.76) to (5.79), multiplied by maxe′ |ξNe′ | ≤
C(‖ϕ′‖∞) maxe′ |∇Ne′ uN |0, we may bound J1.

In particular, noting (5.66) and (5.70), with respect to (5.69) and (5.71), we have

|J4|+ |J3| ≤ C
[
|∇Ne1ξ

N
e2(X)−∇Ne1ξ

N
e2(Y )|(5.85)

+ max
z
|uN (t, zN )− uN (s, zN )| · |∇Ne1ξ

N
e2(X)|

]
.

By Corollary 4.4, we may bound |uN (t, zN )− uN (s, zN )| ≤ CK0|t− s|
σ
2 . Then, noting the

already proven bounds for [∇Ne1ξ
N
e2 ]

(1)
σ ≤ |ξ̃N· |∗1+σ and for |∇Ne1ξ

N
e2(X)|, we have the further

bound

|J4|+ |J3| ≤
C

(t ∧ s)
1+σ
2

K
3
σ
0 |X − Y |

σ.

Also, note the estimate |∇Ne a0
x,e′(t)| ≤ C maxz |∇Ne uN (t, zN )| in (5.66), ax,e ≤ c+, and

|ax,e(t)− ay,e(s)| ≤ CK0|X − Y |σ in Corollary 2.6. Then, by the uniform bounds for uN

in Corollary 4.4, we have, with respect to (5.74), that

|J2| ≤ C|∇Ne1u
N |0
[
|ax1,e(t)− ax2,e(s)||∇Ne uN (t, x1N )|(5.86)

+ ax2,e(s)|∇Ne uN (t, x1N )−∇Ne uN (s, x2N )|
]

≤ CK
3
σ
0 |X − Y |

σ.

Finally, from adding (5.76) to (5.79) and then multiplying by maxe′ |∇Ne′ uN |0, we have

|J1| ≤ C max
e′
|∇Ne′ uN |

(
J1,1 + J1,2

)
≤ C max

e′
|∇Ne′ uN |

[
max
e,z
|ax,e(t)− ay,e(t)||∇Ne uN (t, zN )|

+ max
e,z
|∇Ne uN (t, x+z

N )−∇Ne uN (t, y+z
N )|

+ max
z

|uN (t, zN )− uN (s, zN )|√
|t− s|
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+ max
e,e′,z,z′

max
r≥t∧s

|∇Ne uN (r, zN )||∇Ne′ uN (r, z
′

N )||X − Y |σ
]
.

By the bounds for uN in Corollary 4.4, we obtain

|J1| ≤ CK
3
σ
0 |X − Y |

σ.(5.87)

Note that the constant C = C(n, c±, T, σ, ‖f‖∞, ‖f ′‖∞, ‖ϕ(i)‖∞, u± : 1 ≤ i ≤ 3), with
respect to J1, whereas with respect to J2, J3, J4 the constant does not depend on ‖ϕ′′′‖∞.
Therefore, combining the bounds for J1, J2, J3, J4, we arrive at the desired Hölder estimate
for∇Ne1∇

N
e2u

N , with constant C = C(n, c±, T, σ, ‖f‖∞, ‖f ′‖∞, ‖ϕ(i)‖∞, u± : 1 ≤ i ≤ 3).

Still more can be said with a more regular initial condition at the level of Theorem
5.7. Consider the initial value

ξNe (0, xN ) = ∇Ne ϕ(uN (0, xN )),(5.88)

where

sup
N
‖uN (0)‖C4

N
≤ C̄0 <∞.(5.89)

Recall (1.10) for the discrete C4-norm. A sufficient condition, when ϕ ∈ C4, is that
uN (0, xN ) = u0( xN ) for x ∈ TnN and u0 ∈ C4(Tn).

We now observe that supN ‖ϕ(uN (0, ·))‖C4
N
≤ C0 and so supN ‖ξNe (0)‖C3

N
≤ C0 where

C0 = C(‖ϕ(i)‖∞ : 1 ≤ i ≤ 4)
[
C̄0 + C̄2

0 + C̄3
0 + C̄4

0

]
.(5.90)

Indeed, recalling (1.8) and denoting ax,e3(0) := ax,e3(uN (0)), by (2.9), the second deriva-
tive of ξNe3(0) is written as

∇Ne1∇
N
e2ξ

N
e3(0, xN )

= ∇Ne1∇
N
e2∇

N
e3ϕ(uN (0, xN ))

= ∇Ne1∇
N
e2

[
ax,e3(0)∇Ne3u

N (0, xN )
]

= [∇Ne1∇
N
e2ax,e3(0)]∇Ne3u

N (0, x+e2+e1
N ) + [∇Ne2ax,e3(0)]∇Ne1∇

N
e3u

N (0, x+e2
N )

+ [∇Ne1ax,e3(0)]∇Ne2∇
N
e3u

N (0, x+e1
N ) + ax,e3(0)∇Ne1∇

N
e2∇

N
e3u

N (0, xN ).

An analogous but longer expression can be written for ∇Ne1∇
N
e2∇

N
e3ξ

N
e4(0, xN ).

Uniform bounds over e1, e2, e3 of ∇Ne1ax,e4(0), ∇Ne1∇
N
e2ax,e4(0) and ∇Ne1∇

N
e2∇

N
e3ax,e4(0),

in terms of ϕ and C̄0, follow now from ‘mean-value’ formulas (6.23) (or Lemma 2.4) and
(6.27), as well as Remark 6.5 in the next section.

We remark that we will use that ϕ ∈ C5 in the following corollary. This is the only
place where the property that ϕ is five times continuously differentiable is used.

Corollary 5.10. Consider the solution of the discrete PDE (1.1) satisfying (1.2). When
uN (0, ·) satisfies the condition (5.89), we have, for every e1, e2, that

|ξ̃Ne1 |1+σ ≤ C
[
K̄

1+ 2
σ

0 (1 + C̄24
0 ) + K̄

2
σ
0 C̄

48
0

]
,(5.91)
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|∇Ne1 ξ̃
N
e2 |0 ≤ C

[
K̄

2
σ
0 (1 + C̄24

0 ) + K̄
2
σ
−1

0 C̄48
0

]
,(5.92)

|∇Ne1∇
N
e2u

N (X)| ≤ C
[
K̄

2
σ
0 (1 + C̄24

0 ) + K̄
2
σ
−1

0 C̄48
0

]
,(5.93)

[∇Ne1∇
N
e2u

N ]σ ≤ C
[
K̄

1+ 2
σ

0 (1 + C̄24
0 ) + K̄

2
σ
0 C̄

48
0 + K̄

3
σ
0

]
.(5.94)

Here, K̄0 = K + C̄0 + 1 and C = C(n, c±, T, σ, ‖f‖∞, ‖f ′‖∞, ‖ϕ(i)‖∞, u± : 1 ≤ i ≤ 5).

Proof. We apply Theorem 5.7 with ā = ϕ′(uN ) and g = Kā(t, xN )f(uN (t, xN )) as in (5.3)
and (5.5). First, we see the condition (5.35) for this ā as

[ā](−σ),N
σ ≤ B̄ = C

(
K + C̄0 + 1

)
=: CK̄0

by the proof of Corollary 2.6, where C = C(n, c±, T, ‖f‖∞, ‖ϕ′′‖∞, ‖uN (0)‖∞).

Next, let us check (5.36). We have |∇Ne ā(0)| ≤ ‖ϕ′′‖∞|∇Ne uN (0)|. Also, we have
|∇Ne′∇Ne ā(0)| = |∇Ne′

(
a1
x,e(0)∇Ne uN (0)

)
|, |∇Ne′′∇Ne′∇Ne ā(0)| = |∇Ne′′∇Ne′

(
a1
x,e(0)∇Ne uN (0)

)
|

and in addition |∇Ne′′′∇Ne′′∇Ne′∇Ne ā(0)| = |∇Ne′′′∇Ne′′∇Ne′
(
a1
x,e(0)∇Ne uN (0)

)
|, where

a1
x,e =

{
ϕ′(uN (X+ e

N
)−ϕ′(uN (X))

uN (X+ e
N

)−uN (X)
when uN (X + e

N ) 6= uN (X)

ϕ′′(uN (X)) when uN (X + e
N ) = uN (X).

(5.95)

Note ‖a1
x,e‖∞ ≤ ‖ϕ′′‖∞ and ‖∇Ne′ a1

x,e(0)‖∞ ≤ C(‖ϕ′′′‖∞)‖∇Ne′ uN (0)‖∞ by the proof

of Lemma 2.4. Moreover, |∇Ne′′∇Ne′ a1
x,e(0)| ≤ C(‖ϕ′′′‖∞, ‖ϕ(4)‖∞)

∑2
j=1 ‖uN (0)‖j

C2
N

by

the proof of Lemma 6.5. Also, we have |∇Ne′′′∇Ne′′∇Ne′ a1
x,e(0)| ≤ C(‖ϕ(i)‖∞ : 2 ≤ i ≤

5)
∑3

j=1 ‖uN (0)‖j
C3
N

, applying Remark 6.5 to a1. Hence, by (5.89), we have (5.36) in the

form

‖∇Ne ā(0)‖∞ + ‖∇Ne′∇Ne ā(0)‖∞ + ‖∇Ne′′∇Ne′∇Ne ā(0)‖∞ + ‖∇Ne′′′∇Ne′′∇Ne′∇Ne ā(0)‖∞(5.96)

≤ C(‖ϕ(i)‖∞ : 2 ≤ i ≤ 5)
(
C̄0 + C̄2

0 + C̄3
0 + C̄4

0

)
= C1 ≤ C(ϕ)C0.

Also, by (5.84), we see the condition (5.37) for g:

‖∇Ng‖∞ ≤ C(ϕ, f)K‖∇NuN‖∞ ≤ CKK̄
1
σ
0 = G1

∞

and, by (5.83), we have the condition (5.38):

‖ξNe ‖∞ ≤ ‖ϕ′‖∞‖∇Ne uN‖∞ ≤ CK̄
1
σ
0 = W∞.

Here, C = C(n, c±, T, σ, ‖f‖∞, ‖f ′‖∞, ‖ϕ′‖∞, ‖ϕ′′‖∞, u±).

Now, by Theorem 5.7, recalling K̄0, noting α = σ and C1 ≤ C(ϕ)C0, we have

|ξ̃Ne1 |1+σ ≤ C
[
(K̄0 + 1)1+ 1

σ
(
W∞ +D6

)
+G1

∞ +D7

]
,(5.97)

|∇Ne1 ξ̃
N
e2 |0 ≤ C

[
(K̄0 + 1)

1
σ
(
W∞ +D6

)
+ (K̄0 + 1)−1(G1

∞ +D7)
]
,(5.98)
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with D6 ≤ (K̄0 + 1)
1
σ C0(1 + C5

0) and D7 ≤ (K̄0 + 1)
2
σ C0(1 + C11

0 ). Therefore, bounds (5.91)
and (5.92) follow, noting K̄0 + 1 ≤ 2K̄0 and the forms of G1

∞ and W∞, and C0(1 + C5
0) ≤

C(C̄0 + C̄24
0 ), C0(1 + C11

0 ) ≤ C(C̄0 + C̄48
0 ).

To derive (5.93), as in the proof of Corollaries 5.8 and 5.9, we have

∇Ne1∇
N
e2u

N (X) = ∇Ne1a
0
x,e2(t) · ξNe2(X + e1

N ) + a0
x,e2(t) · ∇Ne1ξ

N
e2(X),

where |∇Ne1a
0
x,e2 · ξ

N
e2 | ≤ C(c−, ‖ϕ′′‖∞) maxe ‖ξNe ‖2∞ and |a0

x,e2 · ∇
N
e1ξ

N
e2 | ≤ C(c−)|∇Ne1ξ

N
e2 |0.

In particular, by (5.98), we have

|∇Ne1∇
N
e2u

N (X)| ≤ C
[
W 2
∞ + (K̄0 + 1)

1
σ
(
W∞ +D6

)
+ (K̄0 + 1)−1(G1

∞ +D7)
]
.(5.99)

The bound (5.93) now follows from the forms of G1
∞ and W∞ above.

Finally, the Hölder estimate (5.94) follows as in Corollary 5.9 (through the method
given for Corollary 5.8), using now (5.97) and (5.98) to bound J3 and J4. Indeed, J1, J2

have the same estimates (5.87) and (5.86) as in the proof of Corollary 5.9.

To bound J3 and J4, by (5.85) and the estimate |uN (t, ·) − uN (s, ·)| ≤ CK̄0|t − s|
σ
2

by Corollary 4.4, we have

|J4|+ |J3| ≤ C
[
|∇Ne1ξ

N
e2(X)−∇Ne1ξ

N
e2(Y )|+ K̄0|∇Ne1ξ

N
e2(X)||X − Y |σ

]
.

We now input the Hölder bound for ∇Ne ξNe′ in (5.97) and the gradient bound in (5.98),
and note that the term with the Hölder bound is dominant:

K̄0

[
K̄

1
σ
0 (W∞ +D6) + K̄−1

0 (G1
∞ +D7)

]
.

Hence,

|J4|+ |J3| ≤ C
[
K̄

1+ 1
σ

0 (W∞ +D6) +G1
∞ +D7

]
|X − Y |σ.

The following bound (5.100) now follows by adding the (equal) bounds (5.87) and (5.86)
for J1 and J2 to the bound for |J4|+ |J5|:

[∇Ne1∇
N
e2u

N ]σ ≤ C
{
K̄

1+ 1
σ

0

(
W∞ +D6

)
+G1

∞ +D7 + (K̄0 + 1)
3
σ

}
(5.100)

and this implies the bound (5.94) similarly as above.

6 Construction and estimates of fundamental solutions

This section presents a different approach to the discrete Schauder estimates. We rely on
the fundamental solutions constructed by the parametrix method of E.E. Levi. This route
is also well-known in PDE theory to derive the Schauder estimates; see Friedman [18]
Chapter 1, Il’in, Kalashnikov and Oleinik [32], Ladyženskaja, Solonnikov and Ural’ceva
[39] p.356– and Eidel’man [14]. Cannizzaro and Matetski [8] used Schauder estimates
shown in this direction to study discrete KPZ equation.

We first construct the fundamental solutions of the linear difference operators of
parabolic type and derive the estimate on its spatial discrete derivatives in Section 6.1.
Then, we apply it to the quasilinear discrete PDE (1.1) in Section 6.2.
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6.1 Fundamental solutions of linear parabolic difference operators

Let L ≡ Lt,x be a linear (elliptic) discrete difference operator of second order with co-
efficients depending on (t, xN ) and let L∗ be its dual operator with respect to the inner
product 〈f, g〉 = 1

Nn

∑
x∈TnN

f( xN )g( xN ).

Definition 6.1. (i) We call p = p(s, yN ; t, xN ), s ≤ t, a fundamental solution (in the forward
sense) of L − ∂t, if (Lt,x − ∂t)p = 0 (L is acting on the variable x

N ) and p(s, yN ; s, xN ) =
Nnδxy, where δxy is the Kronecker’s δ.
(ii) We call p∗ = p∗(s, yN ; t, xN ), s ≤ t, a fundamental solution (in the backward sense) of
L∗ + ∂s, if (L∗s,y + ∂s)p

∗ = 0 and p∗(t, yN ; t, xN ) = Nnδxy.

We recall the following identity from [18], Chapter 1, Theorem 15.

Lemma 6.1. p(s, yN ; t, xN ) = p∗(s, yN ; t, xN ).

Proof. For s ≤ r ≤ t, set

q(r) := 1
Nn

∑
z

p(s, yN ; r, zN )p∗(r, zN ; t, xN ).

Then, its derivative in r vanishes:

∂rq(r) = 1
Nn

∑
z

{
Lr,zp(s,

y
N ; r, zN )p∗(r, zN ; t, xN )− p(s, yN ; r, zN )L∗r,zp

∗(r, zN ; t, xN )
}

= 0.

Thus, we have p∗(s, yN ; t, xN ) = q(s) = q(t) = p(s, yN ; t, xN ).

We specifically consider as L = Lt the linear difference operator of the following form:

Ltu( xN ) = −1
2

∑
|e|=1

ae(t,
x
N )∇N,∗e ∇Ne u( xN ) +

∑
|e|=1

be(t,
x
N )∇Ne u( xN ) + ce(t,

x
N )u( xN ).(6.1)

The coefficients are continuous in t and satisfy the following conditions:

0 < c− ≤ ae(t, xN ) ≤ c+ <∞, ae(t,
x
N ) = a−e(t,

x
N ),

|be(t, xN )|, |ce(t, xN )| ≤ D0,
(6.2)

and Hölder continuity:

|ae(t, xN )− ae(s, yN )| ≤ CH(|t− s|α/2 + | xN −
y
N |

α),

|be(t, xN )− be(t, yN )| ≤ CH | xN −
y
N |

α,(6.3)

|c(t, xN )− c(t, yN )| ≤ CH | xN −
y
N |

α,

for some α ∈ (0, 1) and D0, CH > 0, recall that | · | denotes the distance in Tn and defined
by (2.13). Writing CH for CH ∨D0, we assume D0 = CH for simplicity. The symmetry of
ae in e is assumed without loss of generality, since we have∑

|e|=1

ae∇N,∗e ∇Ne =
∑
|e|=1

ae∇N−e∇Ne =
∑
|e|=1

ae∇Ne ∇N−e =
∑
|e|=1

a−e∇N,∗e ∇Ne
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so that we may take a symmetrization 1
2(ae + a−e) for ae.

Applying the classical parametrix method due to Levi, we can construct the funda-
mental solution p(s, yN ; t, xN ), 0 ≤ s < t, (in the forward sense) of the operator ∂t−Lt and
obtain the following estimate on its (discrete) derivative in x.

Proposition 6.2. The fundamental solution exists and we have the estimate∣∣∇Ne,xp(s, yN ; t, xN )
∣∣ ≤ C√

t− s
eCC

2/α
H g(c(t− s), x−yN ), 0 ≤ s < t ≤ T,(6.4)

for some C = C(n, c±, α, T ), where g(t, xN ) := t−n/2e−|
x
N
|2/t with | xN | defined in (2.13).

Proof. For each fixed (s, yN ), let Z(s, yN ; t, xN ), t > s, be the fundamental solution of
La(s, y

N
) := ∆N

a(s, y
N

)
− ∂t, where ∆N

a(s, y
N

)
is the discrete Laplacian with the constant co-

efficient a(s, yN ) = (ae(s,
y
N ))|e|=1 defined by (2.8). Recall that ∆N

a is defined for a =
(ae)|e|=1 ∈ R2n such that c− ≤ ae ≤ c+ and ae = a−e. Namely, La(s, y

N
)Z(s, yN ; ·, ·) = 0

for t > s, and Z(s, yN ; s, ·) = Nnδ y
N

(·). Since TnN is spatially homogeneous, let us define p̄

by p̄(t− s, x−yN ) = Z(s, yN ; t, xN ). Note that p̄(t, xN ) = Nn
∑

z∈TnN
p∗(N2t, x+ z) with p∗ in

[12]. By (1.9) of [12] for p∗(= pb), we have Aronson estimate:

p̄(t, xN ) ≤ cg(kt, xN ).

Moreover, Gaussian bounds are known on the first and second discrete derivatives of Z:

|∇Ne,xZ(s, yN ; t, xN )| ≤ c1
g(k1(t− s), x−yN )

√
t− s

,(6.5)

|∇Ne′,x∇Ne,xZ(s, yN ; t, xN )| ≤ c2
g(k2(t− s), x−yN )

t− s
,(6.6)

which follow from (1.4) and (1.5) of [12]; we take N2(t − s) for t − s and estimate 1 ∨
N2(t− s) ≥ N2(t− s). Note that here we are in a very simple situation with the discrete
Laplacian ∆N

a with constant coefficient a, and without a random environment as in [12].
The condition a ∈ A(c−, c+, n,Γ) in [12] is satisfied due to the symmetry assumption
ae = a−e in our case. The constants c, c1, c2, k, k1, k2 depend only on n and c±.

Let Φ(s, yN ; t, xN ) be the solution of the integral equation

Φ(s, yN ; t, xN ) = LZ(s, yN ; t, xN ) +

∫ t

s

1
Nn

∑
z

LZ(r, zN ; t, xN ) · Φ(s, yN ; r, zN )dr,(6.7)

where L = Lt − ∂t acts on the variable (t, xN ) (cf. (4.1) of [18]). Then, from (2.8) of [18]
(or (11.13) of [39]),

p(s, yN ; t, xN ) := Z(s, yN ; t, xN ) +

∫ t

s

1
Nn

∑
z

Z(r, zN ; t, xN ) · Φ(s, yN ; r, zN )dr(6.8)

is the fundamental solution of L = Lt − ∂t.
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The equation (6.7) can be solved as

Φ(s, yN ; t, xN ) =
∞∑
k=1

(LZ)k(s,
y
N ; t, xN ),(6.9)

where (LZ)1 = LZ and

(LZ)k+1(s, yN ; t, xN ) =

∫ t

s

1
Nn

∑
z

LZ(r, zN ; t, xN ) · (LZ)k(s,
y
N ; r, zN )dr;(6.10)

see (4.4) and (4.5) of [18] (or (11.23) and (11.24) of [39]). Then, noting that LZ =
LtZ −∆N

a(s, y
N

)
Z, from the bounds with c±, D0(= CH) and Hölder continuity (6.3) of the

coefficients of Lt in (6.1) and using (6.6), we have

|LZ(s, yN ; t, xN )| ≤ C(n, c±)(1 + CH)
{∣∣t− s∣∣α2 +

∣∣x−y
N

∣∣α}g(k2(t− s), x−yN )

t− s
.(6.11)

However, one can estimate g as

g(k2t, z) = (k2t)
−n

2 e
− |z|

2

k2t ≤ Cat−
n
2

(
|z|2
t

)−a
for every a > 0. First, taking a = 1

2(d+ 2− 2µ− α), in terms of a parameter µ,

∣∣t− s∣∣α2 g(k2(t− s), x−yN )

t− s
≤ Ca(t− s)

α
2
−1−n

2

( |x−yN |2

t−s

)−1
2 (n+2−2µ−α)

(6.12)

= Ca
1

(t− s)µ
1

|x−yN |n+2−2µ−α .

Next, taking a = 1
2(d+ 2− 2µ),

∣∣x−y
N

∣∣α g(k2(t− s), x−yN )

t− s
≤ Ca

∣∣x−y
N

∣∣α(t− s)−1−n
2

( |x−yN |2

t−s

)−1
2 (n+2−2µ)

(6.13)

= Ca
1

(t− s)µ
1

|x−yN |n+2−2µ−α .

Thus, from the estimates (6.11), (6.12) and (6.13), we have shown

|LZ(s, yN ; t, xN )| ≤ C(n, c±, µ)(1 + CH)

(t− s)µ
1

| xN −
y
N |n+2−2µ−α (1− α

2 < µ < 1),(6.14)

which corresponds to (4.3) of [18].

Then, by induction using (6.10), one can get for some λ∗0, C1, C2 > 0, depending on
n, c±, α:

|(LZ)m(s, yN ; t, xN )| ≤ C1
(C2CH)m

Γ(mα2 )
(t− s)

mα
2
−n

2
−1 exp

{
−
λ∗0| xN −

y
N |

2

4(t− s)

}
;
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see (11.25) of [39] p.362 and (4.14) of [18]. Indeed, we replace the integral estimates
such as Lemmas 2 and 3 in [18] by those on Riemann sums uniformly in N . Also the

estimates on ∂Z
∂xi
, ∂2Z
∂xi∂xj

in (4.10), (4.11) of [18] are replaced by those on discrete derivatives

∇NeiZ,∇
N
ei∇

N
ejZ given in (6.5), (6.6). We note that two mα in (4.14) of [18] should be mα

2 as

in [39]. In fact, the estimate on (LZ)2 above (4.14) is shown with 2α
2 . In our computation,

we are especially concerned with the dependence of the estimate on the constant CH ,
which should be CmH as above from (6.10). Therefore, from (6.9), we obtain (cf. (4.15) of
[18]), in terms of C3, C4 depending on n, c±, α, T ,

|Φ(s, yN ; t, xN )| ≤ C3e
C4C

2/α
H

(t− s)(n+2−α)/2
exp

{
−
λ∗0| xN −

y
N |

2

4(t− s)

}
,(6.15)

by estimating (t− s)
mα
2 ≤ CmT (t− s)

α
2 for m ≥ 1 and 0 ≤ t− s ≤ T , and

∞∑
m=1

(C2CH)m

Γ(mα2 )
≤ C

∞∑
n=1

(C2CH)
2
α
n

n!
≤ Ce(C2CH)2/α .

Further estimates are similar to [18]. We only note that the estimates on the Riemann
sums are uniform in N as noted above, and by (6.8), we get the estimate (6.4) on∇Ne,xp.

Remark 6.1. A weaker estimate than (6.4) under the average in x (i.e., under N−n
∑

x)
might be available due to the result of [12]. Indeed, such an estimate can be shown at least
if the coefficient a is independent of t so that it is temporally homogeneous, because the
spatial shift acts ergodically.

Remark 6.2. If the coefficients have a singularity t−σ/2 at t = 0 in (6.3) like in (2.17), we
face the following difficulty. Estimates (6.11) and (6.14) can be shown with an additional
factor s−σ/2 in the right hand side. Thus, from (6.7), Φ(s, yN ; r, zN ) has a singularity s−σ/2

near s = 0. This is inherited by pN so that the estimates diverge at s = 0.

6.2 Application to the nonlinear problem

We now apply Proposition 6.2 to show the Schauder estimate for the solution uN =
uN (t, xN ), x ∈ TnN of the quasilinear discrete PDE (1.1). One can rewrite the operator
LN
a(uN (t))

in (1.5), determined from ∆Nϕ(uN (t)) as in (1.7), into the form of (6.1). Indeed,

recalling ∇N,∗e = ∇N−e and then using (2.9), we have

LNa(t)u( xN ) = −1
2

∑
|e|=1

∇N−e
(
ax,e(t)∇Ne u

)
( xN )(6.16)

= −1
2

∑
|e|=1

{
ax−e,e(t)∇N−e∇Ne u( xN ) +∇N−eax,e(t) · ∇Ne u( xN )

}
.

Therefore, we may take ae(t,
x
N ) = 1

4(ax−e,e(t) + ax+e,−e(t)), be(t,
x
N ) = 1

2∇
N
−eax,e(t) and

ce(t,
x
N ) = 0 in (6.1). Unfortunately, as be is given as a discrete derivative of ax,e(t), we

need to use the first Schauder estimate for uN (t) to estimate it.
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In the following, assuming the first Schauder estimate, we illustrate how one can
derive the second Schauder estimate based on the estimates for the fundamental solutions.
Constants C may change line to line, but these are referenced to earlier results.

We will assume the initial value u0 ∈ C2(Tn). Then, ‖uN (0)‖C2
N

is uniformly bounded

in N and K. By (2.25) in Corollary 2.6, ae(X) satisfies

(6.17) |ae(t1, x1N )− ae(t2, x2N )| ≤ CK
{∣∣t1 − t2∣∣σ2 +

∣∣x1
N −

x2
N

∣∣σ}, t1, t2 ≥ 0,

where we simply write K instead of K+1 by assuming K ≥ 1. Furthermore, by Corollary
4.4, under the assumption that u0 ∈ C2(Tn), we have [ũN ]1+σ(≤ |ũN |1+σ) ≤ CK1+ 1

σ and

|∇Ne uN | ≤ CK
1
σ . From this, as we will indicate in Remarks 6.3 and 6.4, be satisfies the

Hölder continuity

|be(t, x1N )− be(t, x2N )| ≤ CK
2
σ

∣∣x1
N −

x2
N

∣∣σ, t ≥ 0,(6.18)

|be(t, xN )− be(s, xN )| ≤ CK
2
σ |t− s|

σ
2 , x ∈ TnN .(6.19)

The constant D0 in (6.2) can be taken as D0 = CK
1
σ by (6.23) below and Corollary 4.4.

Note that (6.19) is unnecessary when we apply Proposition 6.2. It is used to estimate J1,2

in the proof of Corollary 5.8.

Thus, ae and be satisfy the conditions (6.2) and (6.3) with CH = CK
2
σ and α = σ.

Therefore, by Proposition 6.2 and also by Lemma 6.1 noting that LN
a(uN (t))

is symmetric,

we have the estimates on the discrete derivatives both in x and y of the fundamental
solution p(s, yN ; t, xN ) of LN

a(uN (t))
− ∂t:

∣∣∇Ne,xp(s, yN ; t, xN )
∣∣, ∣∣∇Ne,yp(s, yN ; t, xN )

∣∣ ≤ C√
t− s

eCK
4/σ2

g(c(t− s), x−yN ),(6.20)

for 0 ≤ s < t ≤ T .

With the gradient estimate on p in y in hand, we can derive the estimates on
∇Ne1∇

N
e2u

N for the solution uN of (1.1) based on Duhamel’s formula and computations
on commutators of difference operators. The gradient estimate of p in x would be useful
to show the first Schauder estimate, but here we have assumed it.

Our result is the following. Note that this bound is much worse compared to that
obtained in Corollary 5.10, though we assume only u0 ∈ C2 not in C5 here.

Proposition 6.3. Suppose the condition (1.2) holds at t = 0 and u0 ∈ C2(Tn). Then, we
have

|∇Ne1∇
N
e2u

N (t, xN )| ≤ C(‖∇N∇NuN (0)‖L∞ + 1) exp{CeCK4/σ2},(6.21)

for all t ∈ [0, T ], x ∈ TnN , and unit vectors e1, e2.

Here, the constant C = C(n, c±, T, σ, ‖f‖∞, ‖ϕ′′‖∞, ‖ϕ′′′‖∞, u±) > 0.

We defer the proof of Proposition 6.3 until after we develop some estimates. We now
compute the commutator [∇Ne , LNa ] and see that it has a gradient form.
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Lemma 6.4. We have

(6.22) ∇Ne LNa u( xN ) = LNa ∇Ne u( xN ) +
∑

|e′|=1,e′>0

∇Ne′
{
∇Ne ax,e′(u)τe−e′∇Ne u( xN )

}
,

and the bound

(6.23) |∇Ne ax,e′(u)| ≤ C{|∇Ne u( xN )|+ |∇Ne u(x−e
′

N )|},

where C = 1
2‖ϕ

′′‖L∞([u−,u+]).

Proof. The identity (6.22) is shown as

∇Ne LNa u( xN ) =
∑

|e′|=1,e′>0

∇Ne ∇Ne′
{
ax,e′(u)τ−e′∇Ne′ u( xN )

}
=

∑
|e′|=1,e′>0

∇Ne′∇Ne
{
ax,e′(u)τ−e′∇Ne′ u( xN )

}
=

∑
|e′|=1,e′>0

∇Ne′
{
ax,e′(u)∇Ne τ−e′∇Ne′ u( xN ) + τeτ−e′∇Ne′ u( xN ) · ∇Ne ax,e′(u)

}
= LNa ∇Ne u( xN ) +

∑
|e′|=1,e′>0

∇Ne′ {τe−e′∇Ne′ u( xN ) · ∇Ne ax,e′(u)}.

Next, to show the bound (6.23), we write

∇Ne ax,e′(u) = N

{
ϕ(u(x+ e))− ϕ(u(x+ e− e′))

u(x+ e)− u(x+ e− e′)
− ϕ(u(x))− ϕ(u(x− e′))

u(x)− u(x− e′)

}
,(6.24)

where we omit 1
N for the variables of u in the right hand side. Then, applying Lemma

2.4 with a = u(x + e), b = u(x + e − e′), c = u(x), d = u(x − e′), we obtain the bound
(6.23).

For the solution uN = uN (t, xN ) of the discrete PDE (1.1), using (6.22) with e = e2,
we have

∂t∇Ne1∇
N
e2u

N = ∇Ne1∇
N
e2L

N
a u

N +K∇Ne1∇
N
e2f(uN )(6.25)

= ∇Ne1L
N
a ∇Ne2u

N +
∑
e′

∇Ne1∇
N
e′ {∇Ne2ax,e′(u

N )τe2−e′∇Ne2u
N}

+K∇Ne1{gx,e2(uN )∇Ne2u
N}.

Here, gx,e(u) is defined from f(u) in a similar way to ax,e(u) in (1.8). For the second term,
by (2.9), we expand

∇Ne1{∇
N
e2ax,e′(u

N )τe2−e′∇Ne2u
N}(6.26)

= ∇Ne1∇
N
e2ax,e′(u

N )τe2−e′+e1∇Ne2u
N +∇Ne2ax,e′(u

N )τe2−e′∇Ne1∇
N
e2u

N .

We now state the next lemma, in which e1 ∈ Zd does not need to have norm 1.
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Lemma 6.5. We have

∇Ne1∇
N
e2ax,e′(u) =1

2ϕ
′′(u( xN ))

(
∇Ne1∇

N
e2u( xN )−∇Ne1∇

N
e2u(x−e

′

N )
)

(6.27)

+ ϕ′′(u(x+e1
N ))∇Ne1∇

N
e2u( xN ) +RN (x).

where RN (x) is a sum of quadratic functions of {∇Ni uN ( zN ); i = e1, e2, e1 + e2,−e′, z =
x, x+e1, x+e2, x+e1 +e2}, which is explicitly given in the proof. In particular, in RN (x),
the squares of ∇Ne1u

N ( zN ) and ∇Ne1+e2u
N ( zN ) do not appear.

Proof. Omitting 1
N in the variables again, the left hand side of (6.27) is rewritten as

N2
{ϕ(u(x+ e1 + e2))− ϕ(u(x+ e1 + e2 − e′))

u(x+ e1 + e2)− u(x+ e1 + e2 − e′)
− ϕ(u(x+ e2))− ϕ(u(x+ e2 − e′))

u(x+ e2)− u(x+ e2 − e′)

− ϕ(u(x+ e1))− ϕ(u(x+ e1 − e′))
u(x+ e1)− u(x+ e1 − e′)

+
ϕ(u(x))− ϕ(u(x− e′))

u(x)− u(x− e′)

}
= N2

{
ϕ′(u(x+ e1 + e2))

+ 1
2ϕ
′′(u(x+ e1 + e2))(u(x+ e1 + e2)− u(x+ e1 + e2 − e′))

+ 1
6ϕ
′′′(u∗1)(u(x+ e1 + e2)− u(x+ e1 + e2 − e′))2

− ϕ′(u(x+ e2))− 1
2ϕ
′′(u(x+ e2))(u(x+ e2)− u(x+ e2 − e′))

− 1
6ϕ
′′′(u∗2)(u(x+ e2)− u(x+ e2 − e′))2

− ϕ′(u(x+ e1))− 1
2ϕ
′′(u(x+ e1))(u(x+ e1)− u(x+ e1 − e′))

− 1
6ϕ
′′′(u∗3)(u(x+ e1)− u(x+ e1 − e′))2

+ ϕ′(u(x)) + 1
2ϕ
′′(u(x))(u(x)− u(x− e′)) + 1

6ϕ
′′′(u∗4)(u(x)− u(x− e′))2

}
,

by the mean value theorem for some u∗1, .., u
∗
4 ∈ R.

The sum of the terms containing 1
6ϕ
′′′, written as RN1 (x), is given by

RN1 (x) =1
6ϕ
′′′(u∗1)(∇N−e′u(x+ e1 + e2))2 − 1

6ϕ
′′′(u∗2)(∇N−e′u(x+ e2))2

− 1
6ϕ
′′′(u∗3)(∇N−e′u(x+ e1))2 + 1

6ϕ
′′′(u∗4)(∇N−e′u(x))2.

The terms containing ϕ′ are summarized as

N2{ϕ′(u(x+ e1 + e2))− ϕ′(u(x+ e1))− ϕ′(u(x+ e2)) + ϕ′(u(x))}

= N2
{
ϕ′′(u(x+ e1))(u(x+ e1 + e2)− u(x+ e1))

+ 1
2ϕ
′′′(u∗5)(u(x+ e1 + e2)− u(x+ e1))2

− ϕ′′(u(x))(u(x+ e2)− u(x))− 1
2ϕ
′′′(u∗6)(u(x+ e2)− u(x))2

}
= N

{
ϕ′′(u(x+ e1))∇Ne2u(x+ e1)− ϕ′′(u(x))∇Ne2u(x)

}
+ 1

2ϕ
′′′(u∗5)(∇Ne2u(x+ e1))2 − 1

2ϕ
′′′(u∗6)(∇Ne2u(x))2.

However, the first term is rewritten as

ϕ′′(u(x+ e1))∇Ne1∇
N
e2u(x) +N

(
ϕ′′(u(x+ e1))− ϕ′′(u(x))

)
∇Ne2u(x)
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= ϕ′′(u(x+ e1))∇Ne1∇
N
e2u(x) + ϕ′′′(u∗7)∇Ne1u(x)∇Ne2u(x).

Thus, the terms containing ϕ′ are rewritten as

ϕ′′(u(x+ e1))∇Ne1∇
N
e2u(x) +RN2 (x),

where

RN2 (x) = 1
2ϕ
′′′(u∗5)(∇Ne2u(x+ e1))2 − 1

2ϕ
′′′(u∗6)(∇Ne2u(x))2 + ϕ′′′(u∗7)∇Ne1u(x) · ∇Ne2u(x).

Finally, the terms containing 1
2ϕ
′′ are summarized as

1
2N

2
{
ϕ′′(u(x+ e1 + e2))(u(x+ e1 + e2)− u(x+ e1 + e2 − e′))

− ϕ′′(u(x+ e2))(u(x+ e2)− u(x+ e2 − e′))

− ϕ′′(u(x+ e1))(u(x+ e1)− u(x+ e1 − e′)) + ϕ′′(u(x))(u(x)− u(x− e′))
}

= 1
2N

2ϕ′′(u(x))
{

(u(x+ e1 + e2)− u(x+ e1 + e2 − e′))

− (u(x+ e2)− u(x+ e2 − e′))

− (u(x+ e1)− u(x+ e1 − e′)) + (u(x)− u(x− e′))
}

+RN3 (x)

= 1
2ϕ
′′(u(x))

{
∇Ne1∇

N
e2u(x)−∇Ne1∇

N
e2u(x− e′)

}
+RN3 (x),

where RN3 (x) is given and rewritten as

RN3 (x) =− 1
2N
{
ϕ′′(u(x+ e1 + e2))− ϕ′′(u(x))

}
∇N−e′u(x+ e1 + e2)

+ 1
2N
{
ϕ′′(u(x+ e2))− ϕ′′(u(x))

}
∇N−e′u(x+ e2)

+ 1
2N
{
ϕ′′(u(x+ e1))− ϕ′′(u(x))

}
∇N−e′u(x+ e1)

=− 1
2ϕ
′′′(u∗8)∇Ne1+e2u(x)∇N−e′u(x+ e1 + e2)

+ 1
2ϕ
′′′(u∗9)∇Ne2u(x)∇N−e′u(x+ e2)

+ 1
2ϕ
′′′(u∗10)∇Ne1u(x)∇N−e′u(x+ e1).

This completes the proof of (6.27) with RN (x) = RN1 (x) +RN2 (x) +RN3 (x).

Remark 6.3. First recall that (6.27) holds for any e1 ∈ Zd, i.e., not necessarily |e1| = 1.
Taking e1 = x2 − x1, e2 = −e, e′ = e, x = x1 and multiplying by 1

N , (6.27) implies that

be(t,
x2
N )− be(t, x1N ) =1

4ϕ
′′(u(x1N ))

{
∇N−eu(x2N )−∇N−eu(x1N )}

− 1
4ϕ
′′(u(x1N ))

{
∇N−eu(x2−eN )−∇N−eu(x1−eN )}

+ 1
2ϕ
′′(u(x2N ))

{
∇N−eu(x2N )−∇N−eu(x1N )}+ 1

2NR
N (x1N ).

For the first three terms, we recall (1.2). Then, we can apply the first Schauder estimate

[ũN ]1+σ(≤ |ũN |1+σ) ≤ CK1+ 1
σ shown in Corollary 4.4 under the assumption that u0 ∈

C2(Tn), and see that these three terms are bounded by CK1+ 1
σ

∣∣x1
N −

x2
N

∣∣σ. The last term
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is a sum of quadratic functions of {∇Ni uN ( zN )} as indicated in Lemma 6.5. The term with
i = e1 = x2 − x1 is bounded as

|∇Ne1u
N ( zN )| =

∣∣∣ |x2−x1|∑
k=1

∇ẽku
N ( zkN )

∣∣∣ ≤ CK 1
σ |x2 − x1|,

by Corollary 4.4 by choosing ẽk : |ẽk| = 1 and zk properly, where |x1 − x2| = |x1 − x2|L∞ .
Similar for the term with i = e1 + e2. These terms do not appear in squares as we noted.
From these observation, for x1 6= x2,

1
N |R

N (x1N )| ≤ 1
NC{K

1
σ |x1 − x2| ·K

1
σ + (K

1
σ )2} ≤ 2CK

2
σ |x1N −

x2
N |.

Noting σ < 1 so that K1+ 1
σ ≤ K

2
σ , we obtain (6.18) when the time variable is fixed.

Remark 6.4. We comment, by the same style of proof given for Lemma 2.5, we obtain∣∣∇Ne2aNx,e1(t)−∇Ne2a
N
x,e1(s)

∣∣ ≤ C(‖ϕ′′‖∞) max
e,y

∣∣∇Ne uN (t, yN )−∇Ne uN (s, yN )
∣∣(6.28)

+
C(‖ϕ′′′‖∞)

N
max
e,e′,z,z′

max
r≥t∧s

∣∣∇Ne uN (r, zN )
∣∣∣∣∇Ne′ uN (r, z

′

N )
∣∣.

When 1
N ≤ |t − s|

σ
2 , (6.28) and Corollary 4.4 give the formula (6.19) when the space

variable is fixed. On the ther hand, when 1
N ≥ |t − s|

σ
2 , we reduce, by the estimate on

〈uN 〉1+σ in Corollary 4.4 and also Lemma 2.4, that∣∣∇Ne2aNx,e1(t)−∇Ne2a
N
x,e1(s)

∣∣(6.29)

≤ C(‖ϕ′‖∞)N
[
|uN (t, x+e1

N )− uN (s, x+e1
N )|+ |uN (t, xN )− uN (s, xN )|

]
≤ C(K1+ 1

σ + 1) ·N |t− s|
1+σ
2 ≤ C(K1+ 1

σ + 1)|t− s|
1
2

≤ C(K1+ 1
σ + 1)|t− s|

σ
2 ,

yielding (6.19) in this case also.

Remark 6.5. Moreover, recalling ‖ϕ(i)‖∞ = ‖ϕ(i)‖L∞([u−,u+]) as in Corollary 2.3, we
claim that

|∇Ne1∇
N
e2∇

N
e3ax,e4(t)| ≤ C(‖ϕ(i)‖∞ : 1 ≤ i ≤ 4)

3∑
j=1

‖uN (t, ·)‖j
C3
N
.(6.30)

Indeed, omitting 1
N in the variables again, write

ax,e4(t) = ϕ′(uN (t, x)) +
1

2N
ϕ′′(uN (t, x))∇Ne4u

N (t, x)

+
1

3!N2
ϕ′′′(uN (t, x))

[
∇Ne4u

N (t, x)
]2

+
1

4!N3
ϕ(4)(zN (x; t, e4))

[
∇Ne4u

N (t, x)
]3

= I1 + I2 + I3 + I4

where zN (x; t, e4) : TnN → R is the value between uN (t, x) and uN (t, x + e4) (closest to
uN (t, x) if more than one) with respect to the mean-value theorem. Then, we need to
bound ∇Ne1∇

N
e2∇

N
e3Ii for 1 ≤ i ≤ 4.
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Recall the notation for a1 in (5.95). Note, by (2.9),

∇Ne1∇
N
e2∇

N
e3I1 = ∇Ne1∇

N
e2(a1

x,e3∇
N
e3u

N (t, x))

= ∇Ne1
[
∇Ne2a

1
x,e3 · ∇

N
e3u

N (t, x+ e2) + a1
x,e3∇

N
e2∇

N
e3u

N (t, x)
]
.

By the proof of Lemma 6.5, |∇Ne1∇
N
e2a

1
x,e3 | ≤ C

∑2
j=1 ‖uN (t, ·)‖j

C2
N

, with a1
·,· in place of a·,·.

Also, by the proof of Lemma 2.4, |∇Ne1a
1
x,e3 | ≤ C‖∇

NuN‖∞ ≡ C maxe ‖∇Ne uN‖∞. Hence,

using (2.9) again, |∇Ne1∇
N
e2∇

N
e3I1| ≤ C

∑3
j=1 ‖uN (t, ·)‖j

C3
N

.

To same bound for ∇Ne1∇
N
e2∇

N
e3I2, because of the prefactor N−1 and ∇Ne1u(x) =

N
(
u(x+ e1)− u(x), would follow from the estimate |∇Ne2∇

N
e3

[
ϕ′′(uN (t, x))∇Ne4u

N (t, x)
]
| ≤

C
∑3

j=1 ‖uN (t, ·)‖j
C3
N

. We may write ∇Ne3ϕ
′′(uN (t, x)) = a2

x,e3∇
N
e3u

N (t, x) where a2 is de-

fined with ϕ′′ instead of ϕ′ as in the definition of a1. Then, the same type of argument
with respect to the term I1 gives the desired bound.

The same bound for ∇Ne1∇
N
e2∇

N
e3I3, due to the prefactor N−2, follows from the es-

timate |∇Ne3
{
ϕ′′′(uN (t, x))

[
∇Ne4u

N (t, x)
]2}| ≤ C

∑3
j=1 ‖uN (t, ·)‖j

C3
N

, shown by analogous

arguments used for the term I2.

The same bound for ∇Ne1∇
N
e2∇

N
e3I3, due to the prefactor is N−3, follows from the

estimate |ϕ(4)(zN (x))
[
∇Ne4u

N (t, x)
]3| ≤ ‖ϕ(4)‖∞‖∇NuN‖3∞.

Hence, (6.30) is established. We comment that the estimate (6.30) was used to show
(5.90).

Proof of Proposition 6.3. We apply (6.22) again taking e = e1 and u = ∇Ne2u
N for the first

term of (6.25). Then, we have

∂t∇Ne1∇
N
e2u

N = LNa ∇Ne1∇
N
e2u

N +QN (x),

where the remainder term QN (x) is the sum of the second and third terms in the right
hand side of (6.25) and the last term in (6.22) with e = e1 and u = ∇Ne2u

N .

Then, by Duhamel’s formula, we obtain for ve1,e2(t, xN ) := ∇Ne1∇
N
e2u

N (t, xN ),

ve1,e2(t, xN ) = N−n
∑
y

ve1,e2(0, yN )p(0, yN ; t, xN )

+

∫ t

0
dsN−n

∑
y

∑
e′

{τe1−e′∇Ne1∇
N
e2u

N (s, yN ) · ∇Ne1ay,e′(u
N (s))}∇N,∗e′,yp(s,

y
N ; t, xN )

+

∫ t

0
dsN−n

∑
y

∑
e′

∇Ne1{∇
N
e2ay,e′(u

N (s))τe2−e′∇Ne2u
N}(s, yN )∇N,∗e′,yp(s,

y
N ; t, xN )

+K

∫ t

0
dsN−n

∑
y

gy,e2(uN (s))∇Ne2u
N (s, yN )∇N,∗e1 p(s, yN ; t, xN ).

Let v(t, xN ) =
∑

e1,e2
|ve1,e2(t, xN )| and note that |∇NuN (s, yN )| ≤ CK

1
σ from the first

Schauder estimate. Also, note that N−n
∑

y p = 1 by the symmetry of p for the first term.
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In addition, note that gy,e2(u) is bounded and K ·K1/σ ≤ K3/σ for the last term. Then,
we have from (6.20), (6.23), (6.26) and (6.27) that

‖v(t)‖L∞ ≤C‖v(0)‖L∞ + CK
1
σ · eCK4/σ2

(∫ t

0

ds√
t− s

‖v(s)‖L∞ +K
2
σ

√
t
)
,(6.31)

for t ∈ [0, T ]. This implies, by the argument in [19], p. 144 (letting n→∞), that

‖v(t)‖L∞ ≤ C(‖v(0)‖L∞ +K3/σeCK
4/σ2

) exp
{
Ct
(
K

1
σ · eCK4/σ2)2}

(6.32)

concluding the proof of (6.21) by absorbing K
1
σ and also K3/σeCK

4/σ2

in the higher order
exponential by changing C.

Remark 6.6. For the linear Laplacian (i.e., ϕ(u) = cu), we have ∇Nx pN = ∇Ny pN due to

[∇Ne ,∆N ] = 0 or pN = pN (t− s, x− y) so that the computations made in Lemma 6.4 are
unnecessary. In Lemma 6.4, especially (6.22), the second term, which is the error term
obtained by computing [∇Ne , LNa ], is in the form of a gradient. This is important to make
the summation by parts in y and move the discrete derivative ∇Ne′ to p.
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