Schauder estimate for
quasilinear discrete PDEs of parabolic type

Tadahisa Funaki* and Sunder Sethuraman’

June 6, 2024

Abstract

We investigate quasilinear discrete PDEs dju = ANp(u) + K f(u) of reaction-
diffusion type with nonlinear diffusion term defined on an n-dimensional unit torus
discretized with mesh size % for N € N, where A" is the discrete Laplacian, ¢ is
a strictly increasing C® function and f is a C! function. We establish L° bounds
and space-time Holder estimates, both uniform in N, of the first and second spatial
discrete derivatives of the solutions. In the equation, K > 0 is a large constant and we
show how these estimates depend on K. The motivation for this work stems originally
from the study of hydrodynamic scaling limits of interacting particle systems.

Our method is a two steps approach in terms of the Holder estimate and Schauder
estimate, which is known for continuous parabolic PDEs. We first show the dis-
crete Holder estimate uniform in N for the solutions of the associated linear discrete
PDEs with continuous coefficients, based on the Nash estimate. We next establish the
discrete Schauder estimate for linear discrete PDEs with uniform Hélder coefficients.
The link between discrete and continuous settings is given by polylinear interpolations.
Since this operation has a non-local nature, the method requires proper modifications.

We also discuss another method based on the study of the corresponding funda-
mental solutions.
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1 Introduction

In this article, we investigate quasilinear discrete PDEs (partial differential equations)
defined on an n-dimensional unit torus T™ = [0,1)" with periodic boundary discretized
with mesh size % for N € N. The goal is to establish gradient estimates for the solutions,
especially to show L bounds and also space-time Holder estimates, both uniform in NV,
of the first and second spatial discrete derivatives of the solutions. As a model equation,
we take a type of discrete reaction-diffusion equation with nonlinear diffusion term, which
is a variant of Allen-Cahn equation; see (1.1) below.

Such a type of equation arises in the study of the hydrodynamic scaling limit of
interacting particle systems on the n-dimensional periodic integer lattice of size N; see
[15], [16] and [20], [21]. In particular, a motivation of the present article is the use of
bounds of the discrete derivatives, in these studies, to prove the hydrodynamic limits. We
expect that one can extend our results to a wide class of quasilinear discrete PDEs. As
such the results and methods may also be of use in the context of numerical methods
which approximate continuous quasilinear parabolic PDEs; see Section 1.6 for comments
on previous work in this vein.

Our method is based on the two steps approach, which is originally exploited for
continuous linear and quasilinear parabolic PDEs. The first step is to establish the discrete
Hoélder estimate uniform in N for the solutions of linear discrete PDEs, more precisely
linear discrete diffusion equations of divergence form, with an external force term. The
assumptions at this stage are minimal such that the diffusion coefficient is symmetric,
nondegenerate, bounded, continuous in time and the external force term is bounded.
Then, based on the so-called Nash estimate followed by the parabolic Harnack inequality
already known in the discrete setting when there is no external force term, one can easily
extend the uniform Holder estimate in space and time variables to our equation with an
external force term. In particular, such an approach applies to our quasilinear equations.

Once the Holder estimate is in hand, the second step is to improve the regularity by
establishing the discrete Schauder estimate for linear discrete PDEs with uniform Hélder
coefficients. Our main task is to perform this step. The method follows that of Lieberman
[41] for the continuous equations, though the present article is self-contained in that we
do not rely on results in it.

More precisely, we compare the solution of our equation with that of the discrete
heat equation, that is the discrete PDE with a constant diffusion coefficient, and derive a
discrete energy inequality. At this point, we make use of the Holder estimate established
in the first step. Then, we derive an oscillation interior estimate for discrete heat equation,
valid also for the gradient of the solution due to the property that the diffusion coefficient
is constant.

We then note the fact that a certain Campanato-type integral estimate (cf. Section
3.4) implies the Holder property; this is the tack taken for continuous PDE in [41] (which
refers to [7]). We apply this approach for the gradient of the solution of our equation.
To bound the integral estimate, we need a link between discrete and continuous settings,
which will be given by polylinear interpolations. However, since the polylinear operation
has a non-local nature, the method requires proper and substantial modifications. Indeed,
the integral estimation method does not imply the Holder property of the gradient of the



solution in the short distance regime. For the short distance regime, we need to show
the Holder estimate separately. This proves the Schauder estimate for the first discrete
derivatives, with help along the way of a discrete version of the interpolation inequality
and an estimate on the time varying norm.

For the Schauder estimate for the second discrete derivatives, we introduce a nonlinear
transform of the solution and consider its discrete gradient. Though the equation is not
single discrete PDE but a system of linear discrete PDEs, one can apply a similar method
as that for the first Schauder estimate to deduce the second Schauder estimate for the
original equation.

Another method known to derive gradient estimates is based on the study of the
corresponding fundamental solutions. We will also briefly discuss this approach.

In terms of novelty, our results appear to be one of the first to find Schauder estimates
for a general class of semi-discrete (continuous in time but discrete in space) quasilinear
parabolic PDE of both divergence and non-divergence forms. In particular, the work here
provides uniform bounds for discrete first and second order gradients in terms of explicit
dependence on the coefficient of the reaction term. Moreover, in terms of methodology,
our use of Campanato-type integral estimates seems flexible and perhaps new with respect
to obtaining gradient bounds of discrete PDE evolutions. As such we feel the methods of
this work may be of potential use in other discrete PDE contexts.

1.1 Quasilinear discrete PDEs

Let T% = (Z/NZ)" = {1,2,..., N}" be the integer lattice of size N with periodic bound-
ary. Let u = u!V (t, %),z € T, be a solution of the quasilinear discrete PDE

(1.1) diu = ANop(u) + Kf(u), % € xTh,

where AV is the discrete Laplacian on +T% (see (2.3) for precise definition), ¢ is a
strictly increasing function on R whose fifth derivative is bounded ||¢®)| 1~ < oo, and f
is a function on R with bounded derivative ||f'||z =~ < oo satisfying that u - f(u) < 0 for
u € R with large enough |u|. These assumptions are explained later in this section.

In our problem, we are interested in how the estimates depend on K > 0, a large
constant. The goal is to give both L and Holder estimates on first and second discrete
derivatives VYuN (¢, £) and VY VLY uN(t, &) of the solution uniformly in N; see (2.2)
for the definition of discrete derivatives V¥ = {V¥ }eeznije|=1- Roughly, in a stationary
situation, for example for a traveling wave type solution, the second derivative would
behave as AN p(uV) = O(K) so that one would expect VNu" = O(VK) and VY VY uN =
O(K), but actually our results are weaker than this, given the quasilinear nature of the
problem.

As alluded to earlier, discrete PDEs such as (1.1) arise in the study of hydrodynamic
limits of interacting particle systems. Indeed, the ‘relative entropy’ method [44], tries to
compare the dependent variables {7} (x) : z € T%} which count the number of particles
at « € T%, with independent variables with means {u™ (¢, %) : € T%} satisfying a
discretization of the continuum hydrodynamic PDE. Specifically, estimates of the discrete
derivatives of u are used to quantify relative entropy bounds and make successful this



comparison. In the ‘mean-curvature’ problem in [15], a version of the equation (1.1) is
found where K represents the rate of a ‘reaction’ mechanism. To achieve the continuum
limit, K = K(N) will diverge as N 1 co. How the discrete derivatives of u" depend in
terms of K is used in [15] to specify the form of K = K(N) so that the relative entropy
bounds are of the order needed.

Note that the equation (1.1) is a system of ODEs. Given an initial value u" (0, &)
which is uniformly bounded in N,z and K, by the comparison argument for the nonlinear
Laplacian AY¢(u) and noting the condition u - f(u) < 0 for large |u| on f, one can show
that the solution w exists uniquely and globally in time. In addition, one can show that
there exist —oo < u_ < uy < 0o such that

(1.2) u- <uN(t E) <uy

holds for all t > 0 and z € T%; see Section 2.5. In particular, if f(0) > 0 and uV(0, ~)
is uniformly positive, one can take u_ > 0 so that, in this case, we can discuss (1.1) for f
and ¢ defined only on [0, c0). This is in fact the setting where (1.1) arises in the context of
particle systems, where the positive solution vV describes the macroscopic particle density.

Finally, we remark that conditions ||¢®)|z= < oo and |f|z= < oo are used in
estimating the first discrete gradient of " in Section 4.2, while condition ||¢(®||f~ < oo
and || f||Le < oo are used to estimate the second discrete gradient in Section 5.2. We
note only in Corollary 5.10 do we use that ¢ is 5 times differentiable, while in the other
results we use lesser regularity on ¢.

1.2 Linear discrete PDEs

The following linear discrete PDE (1.6) of divergence form is associated to the nonlinear
equation (1.1). To describe the equation, we introduce some notation. For 0 < c_ <
¢t < 00, let A(c—,cy) be the class of functions a = {azc}rery cczn|c|=1 satisfying the
symmetry, uniform positivity (nondegeneracy) and boundedness conditions:

(1.3) Aze = Orte,—e)
(1.4) c— <age < cq.

For a € A(c_,cy), we consider the linear discrete diffusion operator LY with coefficient a
defined by

(1.5) Lyu(%)=N* ) —uly)}
e:le|=1

:—% Z Vév’*(a:p,evévu)(%)a
e:le|=1

where we have used (1.3) for the second line; see (2.4) for V2" and also (2.5) below. In

particular, if @ = 1, then LY = AN. Note that the operator LY is symmetric: (LY)* = LY
with respect to the natural L2-inner product for functions on - ~T7%; see (2.6) below. For
given a(t) € A(c—,c4) and a bounded function g( ¥ ) both continuous in ¢t > 0, we
consider the following linear discrete PDE for u = u (t ~):

(1.6) O = L(]I\Et)u +g(t, %), %£exTh.
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Note that (1.6) has a unique solution globally in time.

1.3 Relation between the quasilinear equation (1.1) and the linear equa-
tion (1.6)

Once we a priori know the solution u = u’¥ of (1.1), the nonlinear equation (1.1) is reduced
to the linear equation (1.6) by taking a(t) = o (¢) and g(t, &) = g (¢, %) as follows. The
nonlinear Laplacian AN ©(u) is regarded as the linear operator L(ZI\EU N (1) s ie.,

(L.7) AN (™ (1)(5) = LY vy

Nt
holds, if we define a(u) = {aze(u)} for u = {u(y)} as a discrete gradient of ¢(u) in
direction e determined by

t

u™(t, &)

P(EE) = §) e e
(18) doel) = 4 () —u(g) TR AR
o' (u(§)), i u(THe) = u(L).
Note that a(u) satisfies the symmetry condition (1.3) and, by (1.2), a(u ( )) € Ale_, cq)
holds with
(19) c_ = UG%EILH ('0/('11,)7 cy = ueI[Zla}1(L+] %) ( )

Moreover, we take g(t, %) = K f(u™(t,%)). Note that g is bounded by (1.2).
Note also that, from (1.7) and (1.8) combined with the ‘mean-value’ lemma (cf.
Lemma 2.4), the Holder estimate of the solution of (1.1), shown by the Nash bound,

implies a like estimate for the coefficient a(u” (t)) when we view (1.1) as a linear equation
(1.6).

1.4 Overview of the main results

Our main results are the L* bounds and the space-time Holder estimates, both uniform in
N, for the first and second discrete derivatives, VYN (¢, &) and VAV uN(t, &), of the
solution of the equation (1.1). To illustrate part of our main estimates, let us introduce
discrete C*-norms for vV = {u™N (%)} and for k =0,1,2,... by

k

(1.10) g =3 Y ma VX )
=0 e1,...,&;

where when k = 0, the norm reduces to ||u" /o = ”UNHLOO('H"X’).

To derive the estimates for the first derivatives, we first study the linear equation
(1.6) with bounded g(t) and the coefficient a(t), which satisfies the uniform a-Holder
estimate; see the assumption (A.2) in Section 4.1. This assumption is reasonable by the
last comment in Section 1.3. We show the uniform estimate on the first derivative of the
solution u® (t) of (1.6):

(1.11) la (0)l e, <



where C' depends on c., Hélder constant and exponent o € (0,1) of a(t), |||, |4 (:)]lcc =
SUPyeo,7] |u™ (t)]|0o, n and T} see (4.6) of Theorem 4.1. We note that the constant C' is
linearly growing in ||g|leo and ||u¥(+)||so, in particular, in ||u’¥(0)|ls due to the linearity
of the equation (1.6). Dependence on c4, n and T stem from the use of an initial Holder
inequality; see Theorem 2.2. A further Holder estimate on VXu® (¢, %) in (¢, &) is given
in (4.5):

a
o nlf 1% %
14« Y

(tl A tQ)T

‘ [0

(1.12)  [VEuN (1, &) — VN (8, 2)| < C 0<tyty <T.

By analyzing how C' depends on a(t) in (1.11), we deduce the following specific
estimate for the solution of the quasilinear equation (1.1):

C(K+ +1)
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where o € (0,1) is the Holder exponent in Nash estimate; see Corollary 4.3. The non-
linearity of the above estimate in K is due to that of the equation (1.1). The constant
C in (1.13) depends on the Holder property of the coefficient a(t), given in Corollary 2.3
applied to the equation (1.1), in terms of the Nash estimate.

(1.13) lu™ (®)ll s, < 0<t<T,

The equation (1.1) can also be expressed in non-divergence form for the variable

Y = p(u):

(1.14) O = ¢ () {AN ¢ + K f(u)}
= (e WN{ANY + K fo~ ()}

To derive L* and Hoélder estimates on the second derivatives V]e\{ Vé\; uN(t), it turns out
to be efficient to use the equation (1.14). As above, we first consider a linear system
of equations associated to the equation satisfied by ¢ = VV¢ = {V N4}, and derive the
estimate for ||€ HCIIV as well as the Holder estimate for V2'¢; see the equation (5.4), Theorem
5.5 and Corollary 5.6.

These results are applied to the nonlinear equation (1.14) and we obtain the uniform
estimate on the second derivatives of the solution u® () of (1.1):

C(K7 +1)

N
(1.15) [ (#)llez, < ram—

0<t<T;
see (5.59) in Corollary 5.8 combining with (1.13). The Holder estimate on V2 V2 u (¢, %)
in (¢, +) is also given in (5.60) of this corollary.

The local in time Schauder estimates (1.11), (1.13) and (1.15) improve the regularity,
but these yield a diverging factor near ¢ = 0, which is inherited from the Holder estimate
we find for uV(¢) in Theorem 2.2 and therefore for a(u'¥(t)) defined by (1.8). This is to
be expected as the initial condition could be rough. To avoid this, we show that such a
diverging factor does not appear in the L* and Holder estimates if we assume regularity
for the initial value; see Section 2.4, Theorems 4.2 and 5.7.



Based on these observations, we obtain

1
(1.16) [u™(®)llcr, < CKg,  te[0,T],
_ 2 _ _2_1_
(1.17) [u™(t)llcz, < C[Kg (L+C3H + Ky G, t€0,T],

in (4.21) and (5.93) in Corollaries 4.4 and 5.10 by improving (1.13) and (1.15) under
the assumptions that Cy = supy HuN(O)HC]zV < oo and Cy = supy ||UN(0)HC;{, < 00,
respectively, where we set

(1.18) Ko=K+Cy+1 and Ky=K+Cy+1.

These estimates clarify the dependence on the initial values. Such a clarification is useful,
since, as we mentioned above, we may consider the situation when VN4V (0) = O(VK)
among others. An intermediate estimate on the second derivatives
N ¢ 2

1.19 (¢t < —K7, telo,T

(1.19) @)y, < K5, e 0.1]
is given in Corollary 5.9 under the assumption Cy < oo, milder than that for (1.17). We
also have an improvement of the Holder estimates; see (4.22), (5.81) and (5.94).

The estimate on |lu® (t)llcz, can be obtained via the parametrix method applied for
the fundamental solution associated with the operator L~ )y — O¢; see Proposition 6.3.
But the result obtained in this way is much weaker than (1.17) in terms of K so that this
approach has a disadvantage. We note that, in the semilinear case with p(u) = cu with
¢ > 0, the gradient estimates of the discrete heat kernel leads to the bound on [ju™Y (t)HC}V ,
which is however reasonable in K see [22], Proposition 4.3 and Remark 2.1 below.

1.5 Methods and contents of the article

In the continuous setting, the Schauder estimate for linear parabolic PDEs is well-known;
see Lieberman [41] Theorems 4.8 and 6.48, cf. [24] for elliptic PDEs. The basic requirement
to derive the Schauder estimate is the Holder continuity of the coeflicients.

In Section 2, as we mentioned above, we show the discrete Holder estimate for the
solution u” of the equation (1.6) uniformly in N. We recall Nash continuity estimate for
(1.6) with ¢ = 0 and then apply Duhamel’s formula to treat the term g. This applies
to the quasilinear equation (1.1). Such a step is fundamental to move to the next step
to establish the discrete Schauder estimate. In this context, we also state the maximum
principle. See [41] Theorem 6.29 in the continuous setting.

We comment to obtain regularity at ¢ = 0, a ‘time-reversal’ method is used to extend
the solution u” () to times ¢ < 0. That is, we consider an evolution vV of the initial
condition ™ (0) by the discrete heat equation where a; j = 6; ;. Then, we define @ (¢) =
vN(1—t)for 0 <t <1and a™(t)=uM(t—1) for 1 <t <T+1. One may see that o™ (¢)
satisfies also a discrete PDE with respect to an a(t) and §g. Applying the (interior time)
Schauder estimates to @ (t) for ¢ > 1 gives non-divergent gradient bounds for u'¥(t) at
t = 0. We comment that boundary regularity of continuous parabolic equations is achieved
in the literature by various methods under different assumptions on a(-) and g(-); see for



instance [18], [39], as well as [45] and references therein. In this respect, our development
has been inspired by notions in [46].

Section 3 is a preparatory section. Some Holder seminorms unweighted or weighted
near t = 0 are introduced. To apply the continuous method, especially two basic lemmas
explained later, we introduce a polylinear interpolation as a link between discrete and
continuous settings by embedding discrete functions u” into continuous ones @"; see (3.11)
below. However, the discrete setting has a minimum unit of size % and the continuous PDE
method does not cover this regime. We have to treat distances less than this minimum
unit from different viewpoint.

In Section 4, recalling the last comment in Section 1.3, we work on the linear equation
(1.6) with a-Hoélder coefficient a(t) and bounded g(¢) in general and derive both L*> and
Holder estimates for VVu. The results are applied to the quasilinear equation (1.1) and
we obtain (1.11), (1.12) and (1.13).

With the a-Hélder assumption (A.2) on a(t) in mind, we couple and compare the
solution u” of (1.6) with the solution v = v¥ of a simpler equation called the discrete
heat equation

(1.20) o = ANy,

where AY := LY with a coefficient a = {@c}|e|=1, which is constant in space and time,
satisfying a. = a_ and c_ < a, < c4; see (2.8) and (3.2) below.

Differently from the continuous setting, the interior estimates of the polylinear inter-
polation #V of vV on the parabolic ball Q(r) of size 7 > 0 (see (3.1)), given the behavior
of vV on a wider discrete parabolic ball @y (R), can be discussed only under the condition

r+ % < R. We call this gap the “non-local nature” of our discrete problem. One reason
for this gap is to guarantee the definability of the polylinear interpolation 9%V of vV on
Q(r). The other is to derive the interior estimate, severing the influence from the outside
area. Thus, we need to consider a band area, that is, a gap region Qn(R) \ Q(r), which
is unnecessary in the continuous setting.

The main idea is to apply two basic lemmas used in [41] in suitably modified forms.
The first is that a Campanato-type integral estimate for oscillation of F' (we take F' =
VNaN) on Q(r) implies Holder estimates for F' (cf. Lemma 3.6), and the other is an
iteration lemma (cf. Lemmas 3.7 and 4.9).

To derive the integral estimate required for Lemma 3.6, as we mentioned, we couple
uV with the solution vV of the discrete heat equation (1.20) with properly chosen a and
derive the discrete energy inequality for V¥ (u?Y — V) based on the summation by parts
formula; see Lemmas 4.6 and 4.7. Here, the Holder property of a(t) plays a role. The
oscillation estimate for VN4 in a smaller domain by that in a wider domain is prepared
in Proposition 3.4, especially (3.25). This is shown essentially by the maximum principle;
cf. Lemmas 3.1 and 3.2. Note that the estimate on the oscillation in time follows from that
in space and, for the small region of size of minimum unit such as r < £, the polylinearity
plays a role. Collecting these estimates, the modified iteration lemma (Lemma 4.9) implies
the integral estimate for oscillation of V¥4 on Q(r) in the L2-sense required for Lemma
3.6; see Proposition 4.10.

However, as formulated in the assumption in Lemma 3.6, the integral estimate can be



shown only with ry = r + & instead of simply r > 0 due to the “non-local nature” of our
discrete problem. As a result, we obtain the uniform Hdélder estimate only for two points
X =(t1,%) and Y = (t2,%2) such that | X — Y| > +1-, i.e., excluding the short distance
regime, in terms of an additional small factor of weighted Holder seminorm of VVNu®.

To fill the gap, we need a short distance regime estimate for | X — Y| < ﬁ for large
enough M. This will be shown separately in Lemma 4.11. In addition, to complete the
program, we need a discrete version of the interpolation inequality and an estimate on the
time varying norm.

In Section 5, to derive the estimates on the second derivatives VNVNu!V(t), we
consider the equation (1.14) of non-divergence form. Setting a(t, %) := ¢'(u” (¢, %)) and
g(t, %) == Ka(t, &) f(u™(t, %)), the equation (1.14) is regarded as a linear discrete PDE
with coefficients a(t) and g(t). We actually study the system of equations obtained by
applying the gradient operator V¥ to (1.14); see (5.4). Then, the method of the discrete
energy inequality works well for this system (see Lemma 5.1), and one can mostly repeat
similar arguments given in Section 4 to obtain Theorem 5.5 and Corollary 5.6.

To derive the estimate such as (1.17) avoiding the singularity near ¢ = 0, it turns
out to be useful to work at the level of the equation (1.14) for 1, especially to apply the
maximum principle; see Theorem 5.7. In other words, the system of equations (5.4) has a
gradient structure. When we apply this result for the discrete PDE (1.1), we require the
following regularity: ||¢®)| 1 < 0o and ||f/||~ < co. In each statement in Corollaries
4.3, 4.4, 5.8, 5.9 and 5.10, we will make clear the regularity assumptions on ¢ and f by
indicating the dependence of the constants C' on the derivatives of ¢ and f.

It is well-known that the Schauder estimate may be shown also by gradient esti-
mates on the associated fundamental solutions, in particular derived by the E.E. Levi’s
parametrix method; see Friedman [18], II'in et al. [32], Ladyzenskaja et al. [39] and Ei-
del'man [14]. We discuss the parametrix method in the discrete setting in Section 6. To
complete this procedure, the Holder estimate with singularity at ¢ = 0 obtained in The-
orem 2.2 is not enough—we will need to avoid it by using the Holder estimate in Section
2.4.

1.6 Further comments

Finally, we give some further comments. Ladyzenskaja et al. [39] took a different method
to show the Holder estimate. They first derive a local energy inequality with a cut-off
function. This implies the parabolic Harnack inequality which then leads to the Holder
estimate. We replaced this route by use of the Nash estimate.

Approaches directly applicable to nonlinear PDEs are also known. Lieberman [41]
discusses gradient bounds for quasilinear parabolic PDEs in Chapter XI. Evans [17] ex-
plains the method of (global) energy inequality. However, the nonlinearity in our equation
impedes in the application of these methods.

Discrete PDEs on complex (random) graphs are well studied in the probability liter-
ature, and the parabolic Harnack inequality, the Gaussian bound called Aronson estimate
on heat kernels, and Holder estimates are known; see [5], [11], [12], [37], [4]. Semilinear
equations with linear discrete Laplacian on general graphs are discussed by [28]. In our
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case, the graph is TR, and it is much simpler than those studied by these authors. See
Section 2.6 for further comments. For a(t) € A(c—,c4), the Holder estimate of the fun-
damental solution pV of LC]L\E o 0y is available, but we do not have its pointwise gradient

estimate in general; see [12].

Related to the stochastic homogenization, a weighted integral estimate on the gradient
of pV in case a(t) = a is obtained in [26], Theorem 3. Especially, their estimate is global
in time with optimal decay in t. See [2], Proposition 2.1 for the gradient estimate of p¥
in a random conductance model and [10], Theorem 1.3 for that on percolation clusters.
See also [25], Lemmas 3.2 and 3.3 for estimates in quenched or annealed sense for the first
and second derivatives of elliptic Green’s function on T%;.

In the context of numerical methods, we mention previous literature on related but
different equations with more regularity assumptions. These include [1], [9] on conver-
gence bounds for types of implicit discretizations of quasilinear parabolic equations with
Lipschitz continuous a, making use of discrete maximal parabolic regularity ideas in [35],
[40]. Also, other literature with respect to gradient bounds of discrete PDE equations with
different structures includes [6], [33], [43] on discrete gradient and Schauder estimates for
types of elliptic problems, and [30], [38] on Schauder estimates for fully nonlinear discrete
equations subject to a concavity assumption. See also Chapter 9 of [34] especially, the
semi-discrete approach) and Section 10.5 of [36] for general discussions about discretization
and convergence of the solution of linear discrete PDEs with boundary conditions.

1.7 Notation

Here, we summarize notation used in this article. As we mentioned, we work on the space
%T’]{, which is a discretization of the continuous torus T™ ~ [0, 1)™ of size 1 with mesh size
%, where T% = {1,2,..., N}" is the discrete torus of size N. The discrete derivatives Vév

and V2" in the direction e € Z" : |e| = 1 are defined in (2.2) acting on functions v on +T%,
and sometimes for those on T"; see (3.31). We denote VV = {vév}eGZ":|e|=1‘ The discrete
Laplacian A" is defined in (2.3). The linear discrete diffusion operator LY of divergence
form is given by (1.5). Its coefficient a = {asz.e}rern cezn|e|=1 is taken from the class
A(c_, cy) satisfying the symmetry condition (1.3) and the nondegeneracy/boundedness
condition (1.4) for 0 < c_ < ¢} < oo. The discrete C*-norms || - ||C];$] for functions on

%T’]{, are defined in (1.10) for £k =0,1,2,...
We link the functions u” = {uV(£)} on +T% to @ = {@V(z)} on T" via the
polylinear interpolation

(1.21) Nz = Y0 0V (2 (TR,
ve{0,1}"

which satisfies uV(£) = @ (%) for every £ € +T% in terms of nonnegative weights
{9 (v, 2) }oeqo,1)n satisfying > vef0,1}n IV (v, z) = 1; see (3.11) below for details.

In the space-time setting, for 7' > 0 fixed, we write Q = [0,7] x T"™ and Qn =
[0,T] x %TR{ For X = (t,2) € Q, set | X| = max{t%, |z|}, called the parabolic norm, and

d(X) = t%, called the parabolic distance to the parabolic boundary P = {t = 0} x T".
For a fixed Xog = (to,20) € €, we define parabolic balls Q(R) := {X € Q;|X — Xo| <
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Rt <to} = (to— R% t9) x {z € T"; |2 — 20| < R} in the continuous setting, and Qx(R) :=
Q(R) N Qp in the discrete setting.

Several Holder norms are introduced in Section 3.3 for functions F on Q and Q. Let
us briefly summarize. For a function F' = F(X) on €2, set

(1.22) [Flo = [|[Fllec := sup [F(X)],
XeN

see (3.32) below. For «a € (0, 1], define the parabolic Hélder seminorms by
F(X)-FY
Pl OO FOO|
x#ven |X=Y]*
IVNE(X) - VNE(Y)|

Fliiq = sup )

Flis XAYEQ X — Y]~
see (3.33) below. For a =0, [Flp = OSC(F) = supy yeq | F(X) — F(Y)] is the oscillation
of F on Q. For 8 € (0,2], define

(1.23)

F(X)-F(Y
(1.24) (F)g:=  sup F(X) E; )
X#AYeQx=y | X — Y’a

see (3.34) below. Adding all these, we define for a € (0, 2], the unweighted Hélder norm
(1.25) |Fla :== [Fla + (F)a + |Flo,

see (3.35) below. We also introduce weighted norms to take care of diverging effects near
t =0. For a =0 and b > 0, define

(1.26) 1F|P) = sup d(X)"|F(X)|.
Xe

For0<a=k+a<2where k=0,1and o € (0,1], and b > 0, let

(1.27) [F](b) = sup (d(X) A d(Y))a‘H’ |(VN)kF(X) - (VN)kF(Y”.
Y x#ven X Y[
B — gy atb [F'(X) — F(Y)|

(1.28) (R o g@zy(d(X) Ad(Y)) YovE

see (3.36), (3.37), (3.38) below. Replacing Q2 by 2y in the definitions (1.26), (1.27), (1.28),
we define, for a function F on Q, seminorms on Qy = [0,7] x +T%:

[E1G7Y, FIPN, (P,
see (3.39), (3.40), (3.41) below. Seminorms with * means (0) so that for a € (0, 2],
(Fli = P10, (FY; = (F)O, [Pl = (IO, (P3N = (RO,

a

see (3.42) below. We will use || F'|| rather than |F|§ or |F|S7N.

We will frequently use the notation ry = r + § for r > 0 with some ¢ > 0 which
reflects the non-local nature of our discrete problem.

Also, we will have occasion to use the notation ||h|[oc := [|h| oo (| y for real-valued

u*vu+}
functions h which may be the kth derivative ¢®) or f, with respect to u+ in (1.2); see for
instance Corollary 2.3. On the other hand, for functions h"V defined on Qy, such as u’¥

we set |2 ||o := supgq,, | (¢, %)|; sece Theorem 4.1.
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2 Holder estimate for the solution of a discrete PDE

We first define spatial gradients and other notation in Section 2.1. Then, in Section 2.2,
recalling Appendix B of Giacomin, Olla and Spohn [23], we formulate a Nash estimate for
the solution of a discrete linear PDE (1.6) with g =0on NZ" instead of + ~ I'y- Based on
this, we derive Holder regularity of the solution u™¥ of (1.6) with g and therefore (1.1) on
%T’]{, in Section 2.3. In Section 2.4, we show that the singularity in Holder estimate at
t = 0 can be removed under a regularity assumption on the initial value u™¥ (0). In Section
2.5, we show (1.2) and formulate the maximum principle.

2.1 Discrete derivatives and Laplacian

For functions u and v on %'H"]{,, we define the inner product by

(2.1) (w,0)y = 5= Y u(H)v(%).

z€T}
For e € Z" : |e| = 1, we define the discrete derivative VY to the direction e and v+ by
(2:2) Veu() = Nu(*9) —u(§)), Ve ulf) = N(u(*5%) — u(§))-

Note that V2™ = = V¥, is the dual operator of V2 with respect to the inner product ( , ).
We also define the discrete Laplacian by

(2.3) AV =N Vvl =— Y virvl=nN) vl

le]=1 le|=1,e>0 le|]=1

Here, e > 0 for e : |e| = 1 means that its nonzero component is 1. To see the second and
third identities in (2.3), we note the following simple fact. Let 7,,y € Z", be the shift

operator defined by 7yu(%) = u(%¥). Then, we have

(2.4) Vi =N, = 7 VY

Yo [y V= VYV = VY, Ve =0
for every e, e’ : le] = |e¢/| = 1, where [A, B] = AB — BA denotes the commutator of two
operators A and B.

The second identity in (2.3) follows from Vév’*VéV = VY, VN* = VN*V]_VE, while
the third identity AN = N jej=1 VY follows from ANu(£) = N3 jej=1.e0 (VNVu(£) -

VN (ac e)) and VN (z e)—T_eVN ( ) VN ( )

4))
we consider the discrete diffusion operator LY defined by (1.5). As an extension of (2.3)
with the relations (2.4) in hand and by (1.3), it can be rewritten as

25) L) (=N Y V) = > I N u) (),

le|=1 le]=1,e>0

Given a = {ag.c}trety ccznije)=1 € Alc—,cq) (recall two conditions (1.3) and (1.

)
)

since we have

VY (g, V) (£) = VY (a0e e VN, u) (£)

—e



= v (T—e(a:c,evévu)) (%)
= VI (ag,e VY ) (£).

Moreover, L]av is symmetric with respect to (, )y and the corresponding Dirichlet form is
given by

(2.6) EN(u,v) == — (LY u,v) Ny = T Z Z axjevgu(%)vgfv(%).

z€TY, |e|=1

Given a(t) € A(c_,cy) for t > 0, we will consider the time-dependent operator L%)'

The following will be used in Section 3 and later. We denote AY := LY in case that
a = {ac}e|=1 does not depend on x and call AN the discrete Laplacian with constant
coefficients. Namely, for given constants a = {ae}M:l satisfying

(2.7) e =Q_e, cC_ < ae<cy,

we set

(2.8) AN == Y aVY*VY = -1 V. VvY = NY a V).
le|=1,e>0 le|]=1 le|=1

The following formulas for discrete derivatives will be useful:
(2.9) Ve (w) (%) = v(5F) VI u(F) + ulf) Ve v(F)
= 3 (0(F) + () VEu(F) + 3(ulF) +u(F)) Ve v

).

2=

In particular,

(2.10) Ve u? (%) = (u(F) +u(5F9)) Ve ulF).

Note also that

(211)  AF(w0)(§) = v(F)ATu(F) +ulF)AJv(F) + D aeVEul(F)VEv(F).

2.2 Nash continuity estimate for linear discrete PDEs on %Z”

In order to apply the results in [23] and [42], we consider the linear discrete PDE (1.6)
with g = 0 for £ € +Z" instead of +T%:

(2.12) Opu = L yu, # € yZ"
Here, the coefficient a(t) = {az.e(t)}rezn cezn:je|=1 € Alc—,cy) satisfying (1.3) and (1.4)

is given for ¢ > 0 and for z € Z" instead of x € TR,. We assume a(t) is continuous in t.
Then, the operator L(]z\Et) is defined by (1.5) (or (2.5)) for x € Z". The inner product (, )N

n (2.1), discrete gradients VY, V2* in (2.2) and discrete Laplacian AN in (2.3) are easily
extended to %Z”.
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We take o = N1 as the scaling parameter « in [23], p.1167— and in [42]. We note
that the factor N2(= a~2) from the time change is hidden in VY and V2 in our case.

The temporally inhomogeneous semigroup generated by L(JI\E ) is denoted by P;}i for
0<s<t< oo, that is, u(t, §) = PNu(%) is the solution of (2.12) for ¢ > s satisfying
u(s, ) = u(:). The corresponding fundamental solution is given by

PN (s, Lit, L) = N"(Pﬁl%)(%)

Note that p" satisfies the forward equation O;p" = L(’l\gt)@pN for t € (s,00) with
pN(s,%;s,%) = N"6,, and the backward equation 9sp" = —Li\gsmpN, for s € (0,t)
with p™ (¢, %it, %) = N0, y; see Definition 6.1 below and recall the symmetry of Li\ét)'

The following proposition is a consequence of the parabolic Harnack inequality.

Proposition 2.1. (Nash continuity estimate) There exist o € (0,1) and C = C(n,c4)
(in particular, uniform in N ) such that for every N € N and ug € L*°(3Z")

It — 5|7 V| —}m)o
b

(tAs)

fort,s >0 and x,y € Z", where |[ug|locc = Supezn [uo(F7)|. In particular, we have

=

[PYuo(%) = Pilto ()] < Cluuofloe

N

Y0, %82y — pN (0, it 2)| < O(1 —t} 415 — 2]+ - L)) (@ At~
p sy N»Y O N p sy N N/ = N N N N .

Proof. See Proposition B.6 of [23] and also Theorem 1.31 of Stroock and Zheng [42]. Note
that [42] deals with the temporally homogeneous case. Note also that the symmetry of
Li\gt) implies that of p" in & and £ by Lemma 6.1 below. O
Remark 2.1. The Holder exponent o € (0, 1) is implicitly determined. Its lower bound
is discussed in [31] in a continuous setting. We note that, in the semilinear case with
p(u) = cu with ¢ > 0, the bound (1.16) is shown with ¢ = 1 under the assumption
sup HuN(O)HC}V < CK; see [22], Proposition 4.3. See also Remark 3.1 below.

2.3 Holder estimate for discrete PDEs with an external term on %']I‘R,

In this subsection, we make use of the Nash estimate (Proposition 2.1) to show Hélder
regularity for the solution u™ (¢, &) of (1.6) with the external term g = g(¢, %) and accord-
ingly (1.1)in (¢, %), t >0, € %T’]{,, uniformly in N. Recall that g is bounded. To apply
Proposition 2.1 with respect to %Z”, we extend the solution u™N (t, %) to %Z” periodically
in x, setting u'(t, N te = ulN(t, +) for every e € Z". Alternatively, we may solve the
discrete PDE (1.6) on #Z" with N-periodically extended coefficients a(t) = {as(t)},
g(t, %) and initial value u™ (0, %), & € Z". Then, by uniqueness of solution, u® (¢, %) is
also periodic.

We now derive a Holder estimate for the solution u¥ of (1.6). The following theorem
holds on %Z” for non-periodic a(t) and g. But, we state it only on %']I“]{, We define
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the distance on T" = [0,1)" and therefore on %']I‘?V as follows. For z1,z9 € T™ and for
T1,T2 € Tyji/'a

2.13 21 — 29| = min |21 — 22 +e 2L 220 .—=  min zL _ 23

@13 |a- ] = min) L

Theorem 2.2. Let u (t, &) be the solution of (1.6) on +T% with a(t) € A(c—,cy) being
continuous in t and initial value u™ (0) satisfying ||[u™ (0)||co < 00. Let o € (0,1) be as in
Proposition 2.1. Then, we have

ot +]%-%
(tl A tg)%

"

(214)  Ju™(t, §) - u (2, ) < Clllgllos + IIUN(O)Hoo)‘

i

for0 < ty,to <T and x1,z9 € TY;, where C = C(n,cx,T) and ||g|loc = HgHLOO([O,T]X%’]T}{,)'

Proof. Step 1. Recall that PS{\Q is the semigroup associated to the discrete linear PDE

(2.12) with periodic a(t). By Duhamel’s formula, the periodically extended solution u™

of (1.6) with g satisfies

(2.15) u™ (t, ¥) = (POAQUN(O))(%) + /0 ds(st?ig(s, ))(%)

where IV and I}’ satisfy
O = Loy LY, 17(0) = u™(0),
Oly = Lol +9(t, %), 12(0) =0,

Observe that the first term I{ (¢, &) is (%, 0)-Hélder continuous and the difference

|11 (t1, &) — I1(t2, %2)| is bounded, with front factor C(n,cs)||u’ (0) oo (t1 A ty)”2, using
Proposition 2.1.

Step 2. The second term I (¢, +) can be estimated as follows. First for z1, 2o € T},
(embedded in Z™), by Proposition 2.1, shifting time by s,

’Iév(t, %) - Iév(tv zﬁz)‘ < /0 dS‘(st,\szg(S? ))(%) - (Pﬁg(s, ))(%)}

)

t
sam%mmaﬂ—%”éu—@z@scm%ﬂwma%—%”

for t € [0, T}, since o € (0,1).

Step 3. Next, let us show the Holder estimate for I3 (¢, %) in ¢. The proof is similar.
For 0 < t1 < 19,
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=: I3 + I3
Here, PN1 = 1 since u(t) = 1 solves du = Lﬁt)u for t > s with u(s) = 1. Also,
[(PN,9(5.)) ()] < llglloo| PY,1] = llg]loo- Hence,
1135] < llgllooltz — ta].

For Ié\fl, by Proposition 2.1 shifting time by s again,

g t o g
\Ié\’[ﬂ < C’(n,ci)|]g|]oo|t2 - t1| 2 / (t1 —s)"2ds < C(n, ci,T)||g||oo’t2 - t1’ 2,
0
Thus, we obtain

11 (t2, %) = 137 (1, %) < Cln,ex, T)|glloo|ta =] 2, 0 <ti,t2 <T.

The theorem is shown by combining these estimates. O

The diverging denominator in the estimate in Theorem 2.2 comes from [ {V (t,x). In
the next subsection, we remove this singularity when u'¥ (0, -) has C?-regularity.

Theorem 2.2 shows the following corollary for the equation (1.1).
Corollary 2.3. Let uV(t, £) be the solution of (1.1) on +T% satisfying (1.2). Then, we
have, with C = C(n,c4,T) that
‘tz —t1‘% + ‘% .

(tl A tz)%

‘ g

(216)  Ju™(t1, F) —u” (t2, ) < CK | f oo + 1™ (0)]]oo)

)

for 0 <ty1,t2 <T and 1,22 € TR, where || flloc = || fll oo (fu_uy))-
Moreover, az ¢(t) := aze(u™ (t)) defined by (1.8) with u = uN(t) satisfies

[t =12 +|% - %I

N
(2.17) |ty (1) = Gay.e(t2)] < COK| floo + [t (0)]|o0) TYSE

)

for 0 < ti,ta < T and z1,22 € TR where C = C(n,ce, T, [|¢"||lo) and ||¢"]|cc =
||90”HL°°([u,,u+})'

Proof. The first estimate (2.16) is immediate from Theorem 2.2 by noting (1.7), (1.9) and
9llco < K| f]lLoo(fu_u))- Note that the continuity of a(t) in ¢ follows from that of ulN (1),

(1.8) and the next Lemma 2.4. The second estimate (2.17) follows from (1.8), Lemma 2.4
and (2.16). O

We state the ‘mean-value’ lemma used in the proof of Corollary 2.3.

Lemma 2.4. If ¢ € C?*([u_,uy]), we have for every a,b,c,d € [u_,u] such that a # b,
c#d,

)gp(a —b<p(b) _ w(czig(d)‘ < C(la— |+ |b—d|),

and also .
020 _ 1(0)] < C(fa— ] + b ).

where we can take C = %”(’DH||L<>O([U77QL+]) and recall (1.2) for uy.
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Proof. We prove the first statement as the second follows from the first by letting d — c.
The left hand side is bounded by

pla)=p(b) w(a)—w(d)) I ‘w(a)—w(d) _ vl =p(d)
a—b a—d a—d c—d ’
so that we may bound each term by C|b — d| and C|a — ¢|, respectively. But these are
essentially the same by symmetry so that we may prove the first one. Fix a and d, and
set

o(b) = £l

a—

—p(b) _ pla)—p(d)
b d -

a—

Then, 6(d) = 0 and by Taylor’s formula

Gl(b) _ =’ (O)(a=b)+(p(a)=p®) _ 1 //(A)

(a—b)? = 2%
for some A € [u_,u4], which implies |6(b)| = |0(b) — 6(d)| < C|b — d|. O
Remark 2.2. Under the N-periodic situation, the fundamental solution p” (s, Xt )
. %€ %T%, on %T?\, can be constructed from the fundamental solution p" (s, £:t, %)

on %Z" as follows:

. ’
Ns, &it, &) = > (s, &t %).
r'€Z™:x'=x mod N

p

2.4 Regularity at t =0

T

)

Here, we improve the Holder regularity near t = 0 of the solution u = u'V(t, ¥)
x € T% to the equation (1.6) given in Theorem 2.2, when the initial condition u (0
has uniformly bounded second derivatives:

2= 2

)

(2.18) sup max |VN N u™ (0, +)| < Co < oo.
N z€TY |e1]|=lez|=1

A sufficient condition is that vV (0,-) = ug(+) for ug € C?(T"). Recall that a = {ai\fe(t)}
satisfies (1.3) and (1.4) for ¢ > 0.

We show the following theorem. The idea of the proof is that the regularity of
uN(0,-) allows to extend the solution backwards in time, say for ¢ € [~1,0]. Then,
after a time-shift by +1, one formulates a new discrete PDE, whose diffusion coefficient
still satisfies symmetry and nondegeneracy/boundedness as in (1.3) and (1.4), but which
matches equation (1.6) for times ¢ > 1. From the Holder estimate (Theorem 2.2) to this
new formulation for times t > 0, one can get a Holder estimate for the original equation
above for times t > 1 but without a diverging divisor as before.

Theorem 2.5. Let o € (0,1) be as in Proposition 2.1 and assume u™ (0,-) satisfies (2.18)
with Cy < co. Then, for the solution u (t, %) of (1.6) with initial value u™ (0, -), we have

(2.19) [ (11, %) — ¥ (12, 5)] < Clllgllo + 16V (0) oo + Co){ t2 = 11| + |5 — 2|7},

for 0 <ty,to <T and x1,22 € T}, where C = C(n,c4,T).
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Proof. Consider the discrete heat equation on %']I”](,:
(2.20) dsv=ANv, s€(0,1],
with initial condition v(0, &) = uV (0, &) for x € T%. Define 9(t) :=v(1—t) for 0 <t <1
and fL(t, N) = —ANG(t, +)- Note, for 0 < ¢ < 1, that ¢ satisfies
0y = —ANo = ANo + 2h.

However, by (2.20), h(t) := h(1 —t) = —ANu(t) satisfies the discrete heat equation
O:h(t) = ANh(t) with initial value h(0) = —AN4N(0) and thus, by the maximum principle
for the discrete heat equation (see Lemma 2.7 below) and by the condition (2.18) for u'¥(0),
we have

A, %) < m;XIANuN(O, )l < Co,

which implies [|A]|s < Co.

Define now

R _f age(t—1) fort>1
(2:21) Gae(t) = { 1 for0<t<1,
and

N gt—1,%) fort>1
2.22 t, L) = LN
(2.22) 9t %) { 2h(t, L) for0<t<1.
Consider the extended system, for ¢ > 0,
(2.23) 0ri™ = Lyt + §(t, %).

Since a satisfies symmetry and nondegeneracy/boundedness, conditions (1.3) and
(1.4) (modify c4 if necessary), and ||§||co < ||g||cc +2Co, Theorem 2.2 yields the following
statement:

‘tQ —t1‘% + ’% -2
(tl AN tg)%

for 0 < ty,to < T+ 1 and z1,22 € T, where C = C(n,c+) > 0 depends on n, c4 given

in (1.4), and T. We obtain, by specializing to times 1 < ¢t < T + 1 and noting that

a(t,-) = u™(t — 1,-), the theorem for the solution u = u’¥ of (1.6). O

"

I

la(t, §) = altz, §)1 < Cllglloo + [u™ (0)]lo + Co)

Theorem 2.5 immediately implies the following corollary for the equation (1.1). The
proof is similar to that of Corollary 2.3.

Corollary 2.6. Let u™ (t, %) be the solution of (1.1) satisfying (1.2). We assume that
the initial value u™ (0,-) satisfies (2.18). Then, we have with C = C(n,c+,T) that

(2.24)
[N (11, %) — (12, )] < OO oo + 1Y (0) o + Co){ 12 — 1] T + |5 — 2|7},

for 0 < ty,ty <T and x1, 72 € T. Moreover, a,(t) := a, (u (t)) satisfies
(225) gy e(t1) = Gue(t2)] < COK | flloo + 1™ O)llow + Co){ |t2 = 11| F + |5 = 5|7},

Jor 0 < ty1,to <T and x1,x9 € T}, where C = C(n,cx, T, [|¢"||o0)-
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2.5 Comparison argument and maximum principle

Here, we show (1.2) for the quasilinear discrete PDE (1.1) and formulate the maximum
principle for linear discrete PDEs.

To show (1.2), take —oo < u_ < uy < oo such that f(u—) > 0, f(u4) < 0 and
u_ < uM(0,%) < uy for all N,z, K. This is possible by our assumptions for f(u) and
1N (0); in particular, recall that u - f(u) < 0 for large enough |u|. We only show the upper
bound in (1.2), since the lower bound is similar.

For a fixed K > 0, take ¢ > 0 small enough such that K f(uy)+¢e <0 and let uy(t)
be the solution of the ODE (%*(t) = K f(us(t)) + € with the initial value u4(0) = wuy.
We easily see that u, (t) < uy holds for all ¢ > 0.

For the solution u® (¢) of (1.1), set 7 := inf{t > 0;uN (¢, %) = u4(t) for some z € TR}
and T = oo if the set {t > 0;---} = 0. If 7 = oo, by definition, we have u™ (¢, £) < u (t) <
uy for all t > 0 and = € T% so that the upper bound in (1.2) holds. Therefore, we may
assume 7 < oo and clearly 7 > 0. Then, at t = 7, uV (7, %) < uy(7) for all z € T} and
uM (7, %) = us (1) for some y € T%. However, by the equation (1.1), we have

= N2 Y {(plus) = e 59 = (plus) = oW §) |+
le]=1

= N? Z (QD(U+) - SD(U’N))(T? yTJre) +e e,
le|=1

where we set u(t, %) = u4(t) for all z. Note ANp(uy) = 0 and that we have used the
increasing property of ¢. This, however, implies that u™ (¢, %) > u(t) for some t € (0,7)
close to 7, which contradicts the definition of 7. Thus, the upper bound in (1.2) is shown.

Now we state the maximum principle. Let az(t) > 0 be given and consider the linear
discrete PDEs of divergence form

(2.26) Ou = LYyu, +€xTh,
and also non-divergence form

(2.27) Ou =LY pu =Y ap(OVI*V U, &€ TR
le]=1

Note that the symmetry condition (1.3) is not assumed for a, ((t). For completeness, we
give a proof.

Lemma 2.7. (1) Let A C T% be given. Assume that u(t, %) is defined on [0,T] x A

and satisfy (LC]L\Et) —0y)u >0 or (Ei\zt) —0y)u >0 on (0,T] x A. Then, we have

(2.28) max_u = maxu,
[0,T]xA I'r

where Tr = {0} x AU (0,T] x Of;A, and see (3.52) for Oy A and A.
(2) For the solutions of the equations (2.26) or (2.27), we have max;>o ety u(t, §) =
maXzGT}{, U(Oa %) and mintZO,wET}(] u(ta %) = minxe'ﬂ"](] U(O, %)
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Proof. (1) First note that, if the function u takes local maximum at % in the sense that
u(£) > u(4E) for every e : e| = 1, then we have LYu(¥%) < 0 and LY (%) < 0. Indeed,
the first inequality is shown as

Lyu(f) = =5 D Vo (ayeViu)(§)

since ay—e.e, aye > 0 and VVu(¥5) > 0, VYu(£) < 0. The second is similar.

Now, set u® = u— et for ¢ > 0 and prove (2.28) for u® instead of u. Once this is done,
(2.28) is shown for u by letting ¢ | 0. If (2.28) does not hold for u®, there exist & € A
and 7 € (0, 7] such that u*(7, §) = maxy 77,4 u(t, 7). Then, by the above observation,

L(JI\QT)ua(T, %) <0 and I_/(JI\QT)U(T, %) < 0 hold. Thus, if the first condition is satisfied by u,

220 o, ) = Outr, ) < < L (e, ) —
= Lfl\éT)UE(T, %) — & S —E.

The same bound holds if the second condition is satisfied.
However, by the definition of 7 and y, we have dju®(7, ) =0 in case of 0 <7 < T
or Oyu®(7, %) > 0 in case of 7 = T. Both contradict (2.29) so that (2.28) is shown for u°.

The assertion (2) follows from (1) by taking A = %T’j{, The statement for the
minimum follows by considering —u. O

2.6 Comments on the probabilistic method to show the Holder estimate

We consider the equation (1.6) in the case g = 0. At least in a temporally homogeneous
case and for the generator of the form

(2'30) Lu(x) = :u;l Z Mxy(u(y) - U(x))v Ha = Z,U«xyy
Yy

yilz—yl=1

the parabolic Harnack inequality is shown ([5], [11]) and, based on it, Hélder continuity,
which is uniform in N, of u™ (¢, %) in (¢, %) and the corresponding fundamental solution
is shown; see Proposition 3.2 and below (4.12) of [5] and also p.100 below Theorem 8.1.5
of [37]. Note that they consider the analysis on a percolation cluster C or disordered
media, which is quite complicated, but if we take the percolation probability p = 1, we
have Coo = Z.

The differences from our situation are the following:
(1) Our generator L(]I\E " is temporally inhomogeneous
(2) L in (2.30) is defined by dividing by u, (cf. CSRW and VSRW, for example in [37],
for the relations of two generators, one not divided by ).

As we see in Section 6, if we have the Holder continuity in (Z, §7) of the fundamental

solution p? (s, Xty %) of Lfl\z H— 0Oy, by the symmetry of Lfl\z £ it is Holder continuous also
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in (s, %) (with diverging front factor for |t — s| small as in (4.14) of [5]). Then, for the
solution of (1.6) with g, one can apply Duhamel’s formula.

A Holder estimate of the fundamental solution is available in the quenched sense.
However, in general, a gradient estimate of the fundamental solution is not available-as
discussed in [12] an annealed gradient estimate holds but not in the quenched sense. Note
that the parabolic Caccioppoli inequality, formulated in Proposition 4.1 of [12], is applied
to obtain the gradient estimate. See also [3], [27] in a continuous setting.

3 Preliminary estimates for the discrete heat equation, poly-
linear interpolation and some norms

Once the Holder estimate is established, one can move to the next stage to prove the
Schauder estimate. We adapt the approach in Chapter IV of [41] originally given for
continuous PDEs. This section summarizes some preparatory facts.

In Section 3.1, we give bounds on the space-time oscillations of the solution of the
discrete heat equation (1.20); see Lemmas 3.1 and 3.2. Then, in Section 3.2, we extend
the approach to continuous space by polylinear interpolations, and rewrite these bounds
in the continuous setting; see Corollary 3.3 and Proposition 3.4.

With Proposition 3.4 in hand, we can consider versions of the arguments in [41]. In
Section 3.3, we introduce space-time Holder norms of u and VNu with weights which
control of diverging factors near t = 0. Then, in Section 3.4, we state Lemmas 3.6 and 3.7,
which correspond to Lemmas 4.3 and 4.6 in [41], respectively, with a proper modification
for Lemma 3.6 in the discrete setting. Finally, in Section 3.5, we state the summation by
parts formula, which will be used in the next section.

We comment that the interior estimate for the discrete heat equation obtained in
Proposition 3.4 is useful, especially, to derive (4.42) for the gradient of the solution later.
Note that the discrete heat equation (1.20) has a simple but special feature, namely that
if vV is a solution then its discrete derivative V2¥o¥ is also its solution for every e, since
the two operators V2 and AL commute with each other.

3.1 Interior estimates for the discrete heat equation

Let T > 0 be a fixed time horizon. Define Q = [0,7] x T" and Qn = [0,7] x & T%. For
X = (t,z) € Q, set | X]| = max{t%, |z|}, where |z| is usually the L? (Euclidean) norm on
T = [—%, %)" In context, to fit in the lattice structure, we will sometimes use the L>
norm, which is denoted by |z|p~ 1= maxi<;<y |2 for 2 = (2;)",, instead of L? norm.

Define the domain Q(R) = Q(Xo, R) in Q for Xo = (¢, 20) € Qand 0 < R (< 1 Av/%)
as

(3.1) Q(R) ={X € | X — Xo| < R,t < to}
=(tg — R* to) x {z € T |z — 20| < R}.

We may regard the spatial part of Q(R) as T™ when R > % and the temporal part as [0, T
when R > /ty. We also define Qn(R) = Q(R) N Q.
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We now show a discrete analog of Lemma 4.4 in [41] for the solution of the discrete
heat equation (1.20); see Lemma 3.1 and Corollary 3.3. If a linear function is defined on a
region of width R and takes values in [—M, M], its slope behaves as %. The next lemma
roughly claims that the solution vV of (1.20) has a similar property.

Lemma 3.1. (cf. Proof of Lemma 4.4 of [41]) Let v™ = vN(t, %) be a solution of the
discrete heat equation (1.20) on Qn(R) with coefficients a such that (2.7) holds, that is,

(3.2) o = ANVN, (¢, &) € Qu(R),

satisfying [v™| < Mg on Qn(R) with R > $¢ for a constant co > v/n+ 1. (The condition
R > ¢ will be removed in the setting of Corollary 3.3). Then, we have

<SR Qulr)

VYN (¢, &)

forr € (0,4c1R) ande € Z" : |e| = 1, where c; = ﬁ(l—‘/zﬂ) €(0,1) andC = C(n,c4).

Here, we take the spatial center zy of Q(R) (and therefore Q(r)) in %T%

Note that, for ANvY in (3.2) to be defined on Qn(R), vV should be given at least
on its closure Qn(R) defined as in (4.29) below.

Proof. The main method is to apply the maximum principle for the equation (3.2). Note
that Vév vV satisfies the same equation, on a smaller domain, due to the commuting
property [AYN VN = 0.

+) be the solution of Lv = 0 on QN (R).
) for v(t, &) for simplicity, we have

(3.3) LOVEW(E)? = ) ae(VIVY0($)),
le/|=1

(3.4) Lo*(%) =D a(VEu(%)),
le|=1

on Qn(R — +). Indeed, by (2.8), (2.10) and LVYv =0 on Qn(R — ), which follows by
noting that (¢, £:¢) € Qn(R) for (t, %) € Qn(R — %),

LVYv($)? = AV (VIu(E)? = 0V v(%)

=N Y aoVI(VY0(£))? —2VEu(£) 0,V u(%)
le’|=1

=N > ac(VYo(%) + V() VIVIu(%)
le’|=1

—2VYu(F)N D aoVIVYu(%)
le’|=1
=N D ao(VYo(HE) - VYu(£) VIV (%)

le'=1
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Lo*(F) = AV (F) - 00 (%)
=N DY aVY0A(E) = 20(£)N D acVVo(§)
le[=1 le]=1
=N Y7 acw(5) —v(ZNVNv(F) = D acl VY v())?
le]=1 le]=1

Step 2. To accommodate the discrete setting, especially to have a proper discrete
boundary in Step 5, instead of Q(R), we consider a domain Q(R), defined similarly to
Q(R) = Q(Xo, R) but where we use the L> norm |z|1 instead of |z|, to define | X — Xj|.
Note that Qn(R) C Qn(R) C Qn(R) C Qn(vn(R + +)) holds, where Qn(R)=Q(R)N
Qn and Qn(R) = Qn(R) U 9 Qn(R) is the domain added the discrete outer boundary;

see below. We will take a smaller ¢; R with ¢ = %(1 - \/zrl) instead of R such that

Qn(vn(ciR++)) C Qn(R—7) holds. In particular, Qn(c1R) C Qn(a1R) C Qn(R—3)
holds.

Define a cut off function ¢(X) = ((c1R)? — |2 — 20/2) T (1 R)? — |to — t|)T for X =
(t,z) € Qn(ciR) and Xo = (to,20). Actually for ¢, we only use the properties: (3.6)
below, ¢ < C(n)R* and |9;¢| < C(n)R?. Note that ¢ = 0 at the discrete outer boundary
0%Q(c1R) = 0([0,to] x £T% NQ(c1R)°).

By (3.3), (2.10) and (2.11), for each e € Z" : |e¢| = 1, we have on Qn(c1R)

(35)  LICVY0)* () = C(H)L(VIv(E))? + (VY0($))2 L3 (%)
+ > aeVIC(E) - VI (VI (%
le’|=1
= (%) Y ao(VIVE0(3)? + (VYu(£)L3 (%)
le/|=1
+ Y aoVIC(E) - (VEu(E) + V() VIV v($)
le/|=1

=11+ I+ I3,

where I; > 0. This is a discrete analog of the formula in line -9 in p.34 (proof of Lemma
3.18) of [41] (H = L, W = ().

Step 3. The continuous ¢ (defined with L?-norm for |z — zg|) satisfies ¢ < CR?,
|D¢| < CR? and |D*¢| < CR?; see [41], p.52. We have a similar property here for ¢
defined above with the L°°-norm. Since the space singularity is not a problem given
the discrete setting, noting R > %, comparable to the mesh size %, we have the same
estimates for the discrete derivatives of ¢ by the mean value theorem:

(3.6) V¢ < C(m)R?, |VIVY( < C(n)R.

24



Therefore, noting |9;¢| < CR? and (2.7), we have

(3.7) L) = [2¢(2)ANCE) + Y ac(VYC(£))? — 20(£)a¢(£)] < Cln, cx)RC.

le]=1
In particular, we have
I, > — C(n,cx) RO(VYv(£))2
Step 4. For I3 in the right hand side of (3.5), we first note from (2.10) that
Ve CF) = (C(F) + CEFDVIUR) = (X(F) + FVICHNVIUR).

) F(:H](/e ) — F(4), and using this for F' = VNu, we can rewrite

Then, since VY F(
I3 as

2=

=Y 200 C(%)VIUE) - (V%) + V() VI VY u(£)

le’|=1
+ ) ae(VEC(E)? - (V0(%) + V(2%
le/|=1
:21371 + 1372.

NV = VEu(E)

Here, by a simple bound 2bc > — (b2 + ¢?) and then by (3.6), I3 is estimated from below
as

Iy 2= () Y an(VIVYo(§))

le/|=1
=3 4o (VCEAVY (%) + Vo(H))?
le’|=1
>— 1 —C(n,ce)R® Y (VVu(HE))*

le’|=1,0

The other term I35 is also estimated from below by using (3.6) as

Ip>— ) ao(VICENAVI0(§))? 2 =Cln, ex) ROV 0(§))%
le/|=1

Step 5. Summarizing these estimates, we obtain

LEVY0)A(F) = =Cln,en)R® Y (Vio(55))?,
le’|=1,0
on Qn(c1R). This combined with (3.4) shows
(3.8) £((CTY 02 (F) + SRR S W) 20,
le’|=1,0

25



on Qn(c1R), where c_ is as in (2.7).

However, since ( = 0 at the discrete outer boundaryﬁj(,@(clR), this function, that is
the function acted upon by £ in the formula (3.8), at 95;Q(c1 R) is bounded from above by

CQ_(2n—|— 1)RSM? by recalling that Qn(e1R) C Qn(R— %) Thus, the maximum principle
(Lemma 2.7) for (3.2) shows

((CVN0)(£))? < Q0 (2 4 1) ROMB,

for each e on Qn (1 R). Since ¢ > C(c1)R* on Q y(r) from our initial assumption r < tciR,
we conclude the proof. ]

The next lemma shows that the interior modulus of continuity estimate in § implies
that in ¢.

Lemma 3.2. (c¢f. Theorem 2.13 and (2.27) in [41]) Let v™(t, %) be the solution of the
discrete heat equation (3.2) on Q = (t1,t1 + %) x {|%& — 20| < R}(C Qn), 20 € %T%,
where ay 1= Z|e\:1 e>0 Qe Assume that R > CNO with some ¢y > 2 and

(3.9) W (¢, %) =™t 20) S w
holds for | — 20| < R and t € [t1,t1 + %]. Then, we have

[N (8, 20) — o™ (t1, 20)| < 2w,
fort € [t1, t1 + 7]

Proof. The proof is essentially the same as that of Theorem 2.13 of [41] (in our case,
b=c=f=0and Ay = a.). Set

(3.10) s = sup WM (t, 20) — v (1, 20)|
tG(t1,t1+%)

and define
vE( ) =89 (t —t1) + B|E — 2l +wx WV (¢t E) — oV (1, 20)),

with L?-norm for |% — z|. Then, recalling £ = AY — §; and noting AY|% — z|> = 2a,
and LoV = 0, we have

Lvs(t, &) = —S + 5 =0

in Q. We remark that Lv* < 0 would be enough to apply the maximum principle below.
Let Pny@ be the discrete parabolic inner boundary of () defined by

PnQ = {t1} x {|% — 20| < R} J(tr.t1 + ) x Oy{|% — 20| < R},
where 0y E is the inner boundary of the set F C %'H‘" , that is,

ONE ={% € E;|% — £| = % for some £ ¢ E}.
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On PyQ, at t = t1, we have
V:t(tl, N)>wt (UN(tl, ~) — UN(tl,Zo)) >0
by (3.9). For € Oy{|& — 20| < R}, we have
% =20l > % — 2l - &% - %> R— 5 > 3R,
since R > %, so that
I/i(t, %) >s4+wt ((UN(t, %) - vN(t, 20)) + (UN(t, 20) — ’L}N(tl, zo)) >0
by (3.9) and (3.10). This shows v* > 0 on PQ.

We now apply the maximum principle and see that v* > 0 on Q. Thus, we have
obtained

S (t —t1) +w > [0 (8, 20) — v (1, 20))|

at & =20 € %T"N The conclusion follows by taking the supremum in . O

3.2 Interior oscillation estimate for polylinear interpolations

We now reformulate the discrete space and time estimates, Lemmas 3.1 and 3.2 respec-
tively, to the continuous setting via polylinear interpolation; see Corollary 3.3 below.
Let u = {uV(£);2 € T} be given and define @ (z), 2 = (z)7; € T" (= [0,1)" or
[—%, %)") as a polylinear interpolation of u':
n
(3.11) V) = >0 Ve (T, 0V (,2) = [[ 0V (0 2),

ve{0,1}n i=1

where 9V (a,b) = {Nb}1(,_1y + (1 — {Nb})1(,—0y € [0,1] for a = 0,1,b € [0,1), [Nz] =
([Nz])i,, and [Nz] and {Nb} denote the integer and the fractional parts of Nz; and
Nb, respectively, and v = (v;)?_,;. The polylinear interpolation @ (z) is determined
as WV (%) = uN(%) for every £ € +T% with nonnegative weights {9 (v, 2) Yoego.13m
satisfying >, o 1yn N (v,z) = 1 to fill inside each box with size 1. It is an extension
of the polygonal interpolation in one dimension. The polylinear interpolation is used to
reduce the derivation of the Holder estimate to a Campanato-type integral estimate in a
continuous setting. However, in our discrete setting, this method is valid only outside of a
short distance regime. This gap in the short distance regime is however resolved, indeed,
by the form of the polylinear interpolation. This shows the uniform Holder estimate in

the whole region; see Proposition 4.10, its proof and Lemma 4.11.

In particular, we have

(3.12) 0-iN(z) = > 9N (0.2 VN (R,

ve{0,1}n
where e; € Z" : |e;| = 1,e; > 0 is the ith unit vector, 9V (v,2) = %H#i 9N (vj, 2;) and
0; = (v1, ..., 0i-1,0,0i41,...,0,); see [13]. Since ZUG{O,I}" ﬂfv(v,z) =1 for each i, (3.12)

implies

(3.13) 0N () < | max |V (FEER))
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Lemma 3.1 roughly shows the spatial slope of the solution v"V of the discrete heat
equation (3.2) is bounded by C]‘RJR if R > % and this combined with Lemma 3.2 controls

the oscillation in space and time. For a function F on € and Q C €, we set

(3.14) [Flo = [Flp:=o0scF, oscF := sup |F(X)—-F(Y)].
Q Q X,YeQ

Then the following corollary holds. This will be used later to show Proposition 3.4.

Before stating the corollary, let us examine the definability of the polylinear inter-
polation ¥ on a subdomain. In general for a domain D C T", we define its continuous

minimal cover by -boxes (with all vertices in +T%) by

p= |J B (D).
z€TY,:B(77 )ND#D

where B(%) =[], [%, 2. Set DY := D* N +T%. When {v(%); £ € Dy} are given,
its polylinear interpolation ©(z) is definable on D, since v(5;) is defined at every vertex
of the %—box containing z € D. Note that D% is slightly wider than Dy = Dy U 3]J{,DN
defined below (4.27) or (3.52), since D}, contains “diagonal” boundary points.

Denote by D(r) = {z € T"; |z — 20| < r} the spatial part of Q(r). If r > 0 satisfies
r+ % < R, then (D(r))y C Dn(R) := D(R) N 1 T% holds, accordingly, if v" is defined
on Qn(R), oV is definable on Q(r). Indeed, if & € (D(r))%, then dist(%, D(r)) < % SO
that |20 — &| <7+ %" < R and thus £ € Dy(R).

In other words, the interior estimates on Q(r), given the behavior of vV on Qy(R),
can be discussed only under the condition r 4 % < R. If r and R are close, we need some
outer condition on vV (which, in application, is the solution of original PDE (1.6) and
not that of simpler discrete heat equation (3.2)) to have the estimate on Q(r) (though, as
noted below Lemma 3.1, v"V is given on Qy(R)). We need a band area to separate Q(r)

and Q(R). This comes from the non-local property of the polylinear interpolation and
represents a difference from the continuous case.

We now state the corollary. Differently from the continuous setting, we need to con-
sider three different ranges 0 < r < Ry < R. Especially, Ry and R should be distinguished
with a gap of at least % due to the non-local nature of our problem.

Corollary 3.3. (cf. Lemma 4.4 of [41]) Let vV (t, ) be the solution of the discrete heat

equation (3.2) on Qn(R)(# 0). Assume Ry + % < R for Ry >0 (in particular, R > %)
s0 that the polylinear interpolation vV (t, z) of v (t, ~) as in (3.11) in the spatial variable
is well-defined on Q(Ry).

We assume [0V | < Mg, on Q(R1). Then, we have

CTMR
3.15 osc oV < ——
(3.15) Q) Iy

for every0 <r <Ry < R-— % Moreover, we have

M
(3.16) sup max |9, 5 (¢, )| < Mg,
Q) R
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where 7 € (0,eR1/2) and 0 < € < 1/2 is fized in the proof. Here, the constants C' =
C(n,cq) > 0.

Note that the spatial center zp of Q(r) = Q(Xo, ), Xo = (t0, 20), may not be on %T’]{,
Note also that we don’t require the gap *]c between r and R;. The estimate (3.16) will
not be used later, but it might be useful for the reader. It holds due to the polylinearity
in our setting.

Proof. The condition |37 < Mg, on Q(R;) implies g?c) oV < 2Mp,, so that (3.15) is
T

trivial (with C = 2) if » > R for any € > 0. Therefore, we assume r < eR; in the
following with a fixed € > 0 small. See cases 1-4 below which specify different regions in
terms of ¢y > /n+ 1, so that Lemma 3.1 applies, and also ¢y < ¢y. We now estimate the
oscillation of oV on Q(r) as

(3.17)  osc oV = sup 5% (X) — V(X))
Q(r) X=(t,2),X'=(t,2")€Q(r)

< sup [5N (¢, 2) — 9N (¢, 20)| + sup [0V (¢, z0) — ™ (', 20))
Lt

\Z

+ sup ‘6N(t/7 ZO) - i}N(t/a Z/)|

t,2!
=2 sup |0N(t,2) =V (t20)+  sup [N (t, 20) — 9N (F, 20)]
(t,2)€Q(r) t,t'€(to—12,to)
=:2I1 + Is.
We divide the analysis into four cases: (1) R; < r+ \F+1 < Ry, (2) R1 > %
0<r<@ (<), (3 Ri>%, 2<r<cRy, (4 )Rl_ﬁ,wf“ > Ry.
Case 1. We prepare two rough estimates when R, satisfies R > \FH
(3.18) VYN (¢, £) <2NMg,  on QN(R1 ),
(3.19) 10,5V (t,2)| <2NMp,  on Q(Ry — Y&t
Indeed, (3.18) is shown from |ngvN( )| = [N@N(E E) — oM (t, %))| < 2NMpg, by
noting ¢ € Qn(R1) C Q(Ry) for & € QN(R1 l), and vV = ¥ on £ T%. Equation

(3.19) follows from (3.18) and (3.13) by noting (D(Ry — + — %))jv C Dn(Ri — +).
First consider the case that Ry < ¢ for some large enough ¢y > /n 4 1 determined
later and r + % < R is satisfied, where ¢g is the same constant as in Lemma 3.1 but

note that one can make ¢y larger in Lemma 3.1. In this case, since Q(r) C Q(R; — %),
(3.19) is applicable on Q(r). Thus, for I, from (3.19) and noting |z — 29| < 7 and then
N < &, we have

Il < \/’EQNMRIT < 2\/HCOMR1RL1-

For I, by the discrete heat equation (3.2) and (3.18), noting r + % Vi< Ry , and
recalling a, = Z|e\:1,e>o ae < ney, we have

(3.20) [0 (t, &) = ‘N Z ac VYN (t, £)| < 2a, - 2Mp, N* on Qn(r+ %)
le|=1
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Further, note 9" (t,zy) is a convex combination of {v"(t, %)} around zp as in (3.11).
Observe also that X, X’ € Q(r) implies t,t’ € (to — 1%, t9) so that |t — /| < r%. These facts
show that

I < 4a,Mp, N?|t — | < 4a,.Mp, N*r?.

Since Nr < eNRj < ecg and R < CNO, we obtain

M
I, < 4a*5cg }I;l .

Thus, we obtain (3.15) in case that Ry < § and r + # < Rj is satisfied.

Also, in this case, (3.16) holds from (3.19) as N < 2.

Case 2. Second, we consider the case that R; > CO and 0 < r < C"’ with co < ¢,
such that r + ‘f’Ll < R; is satisfied, by choosing cs, ¢y so that co + /n —|— 1 < ¢g. In this
case, one can apply Lemma 3.1 with the pair (r + %5 AL , R1) in place of (r, R) in this lemma,
noting 7 + % < 501R1 if coc1 > 2(ca + /n), to get that [V (¢, )l <
QN(T—F%), recall that ¢; is the constant given in Lemma 3.1. By (3.13), this shows (3.16),

C(n,cx)Mp,
R1

- )M . .
namely |0, 0V (t,2)| < % on Q(r). From these estimates, we obtain bounds for

I and I, as above, and therefore (3.15) holds.

Case 3. Third, we consider the case that Ry > ¢ and @ < r < eR;. Recall that
zo € T™ is the spatial center of Q(r). Take Zy € T such that |2o — z| < % (or % is
enough). Then, we claim

Q(r) = Qx(r) C Q2 (F) C Qz(R1) C Q= (R1) = Q(Ry)

where 7 1= 7 + %, R, == R, — % and the subscript Zp in Qz(-) and Qn 3 (-) below
means that the spatial center is Zy. Indeed, note that 7 < (1 4+ \({—f)r Note also that
T+ 5 Vn < 161R1 automatically holds as Ry > CWO, under the choice ¢y > (4:1‘%)2‘5/% (here, €
should be taken as ¢ € (0, cl)), and r < eRy. In particular, 7 < Ry so that the middle
inclusion indicated above holds.

We now investigate the oscillation of &V on the wider space Qx, (7). Since |[v"| < Mg,
on Qn(Ry), this holds also on Qn s, (R1). Therefore, by Lemma 3.1 applied for the pair

r,R) = ?7+@,R1 recall 7+ Y2 < 1e1Ry), we have [VNoN(t, £)| < Clree)Mp,
N N 2 e N R
Quz(F+ ).
This shows (3.16), namely lﬁzlﬁN(t z)| < C(n’(%)MRl on @z (7) by (3.13), in the
present case. Note that 7- < - f R holds from Ry > {. Therefore, we also obtain

I < VnC(n,cx) Mg, -

For I, from Lemma 3.2 applied on Qz,(7) with w = \/ﬁC(n,ci)MRlRil in (3.9),
we have [0V (t, Z) — 9™V (t1, 20)| = |0V (¢, Z0) — vV (t1, 20)| < 2w = %/ﬁC’(n,ci)MRlRi1 if

|t —t1] < 72 since Z) € +T%. Note that X, X' € Qz,(F) implies |t — | < 72. Take the
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smaller one of {t,t'} as ¢1. Thus, recalling 7 < (1 + ‘C/—j)r, we obtain (3.15) in case that
Ry > S and @ <r <eRy.

C’ase 4. Fourth and finally, we consider the remaining case that By < % and r +

f“ > Ry. It is then sufficient to show the conclusion when R; < (‘Ftl and r < eRy,
for an € > 0 taken small enough. Polylinearity will play a role in the following proof in a
short distance regime.

First, we consider the oscillation in z by deriving estimates on the slope of " on
Q(r) in terms of Mp, and Ry. Recall D(r) = {|z — 20| < r}, which is the spatial part of
Q(r). By a spatial shift, we may assume |2g| = < 5k for the center zg € £T% of D(r)
and D(R;). We divide the box E% 1= {|z[p < %} as E% = Upegz1}» E, 1 into 2" unit

"N
orthants EU% ={z € E%; sgnz; = v;, 1 <i<n}, where v = (v;)l" ;.

From (3.12), the slope 9,5 (z) of & is constant in z; on each unit orthant E, 1 and

depends only on Z(;) = (21, -+ Zi—1, Zit1-- -+, 2n). We need to consider only v such that
E,U AN D(r) # 0, that is those orthants that D(r) touches. On such an EU%, we work on
71 (Rl) v % ﬂD(Rl).

Define R*(Z( )) by

R} = Ri(34)) == max{|z} — 27|;2' = (34),2),2° = (%3, %7) € Dv,%(Rl)

and line connecting 2!, 2% intersects D(r)}.

Then, we see R > {(V1—e2—e)Ri} A +.

Indeed, “the line intersects D(r)” implies “there exists b such that ((;),b) € D(r)”,
that is, [20 — (£(), b)|? = A+|z20,—b|? < r?, where zy = (Z0,(i)» 20,i) and A = |Zy (5 —é(i)|2.
By the definition of R}, we see R} > |a — b| A %, where a is taken as |zp — (24),a)|* = RY.
Then, since |zp; — b < V12 —A4,0< A< r? and also r < eR;, we see

Thus, we obtain R} > {(V1—e2 —&)Ri} A +.
Now, choosing € > 0 small so that 1 —e? — ¢ is close to 1, we see R} > %Rl (note

% > % and cg > /n + 1). Since the slope 9,,7" (¢, z) is constant in z;, this leads to the
bound on Q(r) N E 1,
N

QMR
R

(3.21) 0., (8, 2)| <

establishing (3.16) in the present case. Therefore, we also obtain

I <
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For I, we can use the same idea as in Case 1. Indeed, note that, from (3.12),
9.,07 (t, z) is a convex combination of VY v (¢, £) on Qn(r + %) so that, by (3.21), we
have |[VXoN(t, £)| < ¢ 2]‘;?1 on Qn(r + %) Therefore, one can first apply a similar
argument to (3.20) noting |t — | < r2, and then since N7 < @ recall r < eR; and
R < (\1/?511\7)7 we obtain

I < 20,0 5B NY? < da,cp g WEDe,,
This completes the proof of the corollary. 0

We now obtain the following integral estimates for the polylinear interpolation &%

of the solution vV of the discrete heat equation (3.2) on Qn(R). These estimates will be
applied in the proof of Lemma 4.8 below. As in Corollary 3.3, we consider three different
ranges 0 < p < r < R, especially, by distinguishing r and R. Otherwise, we would get
estimate (4.42) in the proof of Lemma 4.8 only for r > @, which is insufficient.

Proposition 3.4. (c¢f. Lemma 4.5 of [41]) Let v = oV (t, &) (= vVR(t, £)) be given on
Qn(R) = Qn(Xo, R) as in Corollary 3.3 for any fized Xy = (to,20) € Q and R > % Let

O<p<r<R- % In particular, OV is defined on Q(r) = Q(Xo,r). Then, there is a
constant C' = C(n,cy) such that

(3.22) / (@N)2dx < (&)™ / (5V)2dX,
Q(p) Q(r)
(3.23) |1 -y pax <o) [ Y - o), Pax.
Q(p) Q(r)

where Q(p) = Q(Xo,p) and {v}, = m fQ(p) vdX. Moreover, assuming R > \/ENH, for

0<p<7‘§R—‘/’}VH,wehave

(3.24) / (VVaV)2ax < c(2)"? / (VNV)2dX,
Q(p) Q(r)
(3.25) /Q( | VNN — {VNeN},PdX < C(ﬁ)"+4/Q( | VNN — (VNN 2dX.
P r

The power, for example, n + 4 in (3.25) could be understood as follows. If VYoV
would behave as a linear or Lipschitz function uniform in N, its oscillation in Q(p) is like
Cp. Therefore, recalling |Q(p)| = Cp"*2, the integral in the left hand side of (3.25) would
behave as Cp"t%. Similarly, the integral in the right hand side would behave as Cr™t4,

intuitively explaining the bound (3.25).

Proof. The proof follows that of Lemma 4.5 of [41], properly modified in our discrete
setting. Indeed, to establish (3.22), we may assume p < r/4 as otherwise the statement

follows straightforwardly. Recall that 9%V is well-defined on Q(R — %) = Q(Xo, R — %)
and, in particular, on Q(r) = Q(Xo, 7).
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Let now U = supxcq(y/2) [0 (X)|dr(X)T/2 (the factor d,(X)'/? leads to r—"~>
in (3.27), (3.28)) and find X; = (t1,21) € Q(r/2) so that d,.(X1)"t"/2|oN(X,)| > U/2,
where Q(r/2) = Q(Xo,7/2) and d,.(X1) := inf{|Y — X1[;Y € PQ(5)} is the (parabolic)
distance from X to the parabolic boundary of Q(%): PQ(%) = {to — (5)?} x D () U
(to — (5)%.t0) x 0D (5). Recall |X| = max{ /][, |2|} for X = (¢,2) € R x T" (including
t < 0). Note that | - | satisfies the triangular inequality (viewing T™ as R™ by periodic
extension).

By the oscillation bound (3.15) in Corollary 3.3 applied on the region Qn (X1, R —5)

(ie., take X; for Xo and R — § for R, and note Qn(X1,R — §) C Qn(Xo, R)), with
r1 = vdy(X1) (take r1 for r in Corollary 3.3) and Ry = d,(X1)/2, we obtain

3.26 osc N <2C0(n,cx)y sup o,
( ) Q(X1,7vdr(X1)) ( ) Q(Xl,dT(Xl)/2)‘ |

where we take v € (0,1/4). Note that this bound is applicable, since the condition of
Corollary 3.3, Ry + % < R — %, holds. Indeed, from d,(X1) < g, we see Ry < 7 so that

the condition follows from our assumption: r + % <R.

Since d,(X) > d,(X1)/2 for X € Q(X1,d-(X1)/2) and Q(X1,d-(X1)/2) C Q(Xo, 5)
holds, the right-hand side of (3.26) is bounded by

2C (n, e+ )21 2d, (X)) /? sup o™ (X)|d,(X)1H7/2
Q(X1,dr(X1)/2)

< C(n, ex) 2 2yd, (X1) 72U
Note, as well consequently, for X € Q(X1,vd,(X1)), that

\17N(X)| > |17N(X1)] — 0SC o
Q(X1,vdr(X1))

N (X)) = C(n, c)22t24d, (X))~ 2U
N (X1)[(1 = 22520 (n, ey )y).

>

The last line follows by the choice of X;. We now choose v > 0 small enough so that
Cy:=1—23"2C(n, )y > 0. Then, taking infimum, and by the choice of X, again,

inf V12 > C21oN (X)) 12 > C2U2(d,.(X,) 2" /4).
Q(XLIWIET(XI))W | > CI|[o™ (X1)|” = CTU(dr(X1) /4)

Thus, we have

(3.27) U? <4C72%d, (X)) inf bRE
Q(X1,vdr(X1))

S C(TL, Cl)’)/_n_z/ |17N|2dX S C(n) Ci)/ ‘6N‘2dX7
Q(X1,vdr(X1)) Q(r)

since d.(X1)*7"/|Q(X1,vd-(X1))| = C(n)y™"2 and then Q(X1,vd.(X1)) C Q(r) =
Q(X(),T‘).
Hence, if p < r/4,

(3.28) / 10V 2dX < C(n)p™ 2 sup [0V |2
Q(p) Q(p)
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< C(n)p"? o oY (X)Pd (X)* T d, (X) 727"

§ C(n)(g)n-l-ZUQ’

since d,.(X) > r/4 for X € Q(r/4) = Q(Xo,r/4) as Q(r/4) C Q(r/2) belongs to the
interior.

Using the bound (3.27) on U, we obtain (3.22). In particular, we have also shown

(3.29) sup [V 2 < CUnt) [ oV 2y
T.n+2
Qp) Q)

To establish (3.23), for a fixed r < R— %, we may assume p < r/4 as above. Indeed,

/ [0 — {0}, [PdX < 2/ 5N — {8" 12 dX +21Q(p)| - {oV}, — {0V}
Q(p) Q(p)
and the second term is rewritten and then bounded as

2
2Q0) gty [ @Y = {5V h)ax| <2 [ Y - eV ax,
Q(p) Q(p)

by applying Schwarz’s inequality.

Write now
(3.30) |15 = 5 PaX < e sup [0 (5
Q(p) Q(p)
Note that

N(X) — {0V}, = o N (X) — N (Y)}dY
(x) - ("} Q(p)/Q(p){ (X) = ¥ (V)
= a0 /Q (p){(ﬁN(X ) = {o"}) = (BN (Y) — {8V },) 1Y

and that o — {o™V},., as {oV}, is a constant, also satisfies the discrete heat equation (3.2)
on Qy(R). Then, applying the oscillation estimate Corollary 3.3 to oV — {#V}, (with
there r = p, Ry =r/4 <r < R—/nN), we obtain for X € Q(p) that

5N (X) = {5V}, < C(n,ex)(B) sup |5V — {5V,
Q1)

Moreover, applying (3.29) (with p = r/4) to the discrete heat equation solution
oV — {o™},, the right-hand side of (3.30), is bounded by

n+4 +4
AP gy 57— (52 < Cnen) (2) [ o 5 ax,
r Q(r/4) r (r)
finishing the proof of (3.23).

The remaining two statements, (3.24) and (3.25), follow from (3.22) and (3.23), re-
spectively, by taking R— % instead of R, since Vév v also solves the discrete heat equation
(3.2) on QN (R — +) by noting £t € Qn(R) for £ € Qn(R — ). O
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3.3 Holder norms

To set the stage for the ‘weighted’ norms that we will use, we first define ‘unweighted’
Holder norms or seminorms analogous to that in [41], but tailored to our setting. Recall

Q=10,T] xT" and for X = (¢, 2) € Q that | X| = max{t%, |z|}. Consider, for a function F
on T" (and therefore on ), the continuous space gradient VN F(z) = {VY F(2)}jj21,e>0 €
R™ for z € T" where
(3.31) VYF(z) = N(F(z + &) — F(2)).

For a function F' = F(X) on €, set

(3.32) |F|o = || F||oo := sup |F(X)].
XeQ

For « € (0, 1], define the parabolic Hélder seminorms by

F(X)-FY
Pl sy X ZFOL
(3.33) x4veq | X =Y«
| Fliw e sup [V FO) = VYFE))
e ovea X — Y|~ ’

where |[VNF(X) — VNF(Y)| := maxje—1 ¢ | VY F(X) = VYF(Y)|. For a = 0, [Flo :=
ogs)c(F) is the oscillation of F' on €2, recall (3.14). For g € (0, 2], define

F(X)-F(Y
(3.34) (F)g:=  sup () 5 )
XAYeQaz=y |X — Y]E

where the spatial coordinates x,y of X and Y are in common. Adding all these, we define
for a € (0,2], the unweighted Hélder norm

(3.35) |Flq := [Fla + (F)a + |Flo.

We now introduce several weighted norms to take care of possible diverging effects
near t = 0. Define the parabolic boundary P of 2 by

PQ = {t =0} x T".

Since we work on the torus, for X = (¢,z) € Q, the (parabolic) distance d(X) to the
boundary is defined by

d(X) :=inf{|X —=Y|;Y = (0,y) € PQ} = V1.

We will sometimes write d instead of d(X) to simplify notation when the context is clear.
For a = 0 and b > 0, define

(3.36) 1F|P) = sup d(X)"|F(X)|.
Xe
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For 0 <a=k+ a <2 where k=0,1 and a € (0,1], and b > 0, let

(3.37) FIO = sup (@) d(y)ye () = (V)PP
a . Xiyeﬂ ‘X _ Y|a .
O i [F(X) = F(Y)]

(3.38) (Fo’ = o f}l)’z:y(d(X) Ad(Y)) X vt

Here, (V)Y is the identity operator.

The norm and seminorms without weights defined in (3.32), (3.33), (3.34) can be
expressed as |F|g = |F\(()0), [Flo = [F ]g ) and (FYq = (F)Ef“) in terms of those defined in
(3.36), (3.37), (3.38), respectively, taking b = —a though we have restricted b > 0.

We will also have occasion to to use Holder norms with respect to the continuous
time/discrete space Qy = [0,7] x %T’]{[ Replacing © by Qp in the definitions (3.36),
(3.37), (3.38) of seminorms, we define, for a function F' on Qy and b > 0,

= sup d(X)’|F(X)],
XeQn

(3.39) PPN

and also, for a = k + a where k = 0,1 and « € (0, 1], and b > 0 that
atb |(VV)ER(X) — (V)RR

BN ._ gy

(3.40) [FIP = sup (d(X) Ad(Y)) X 7R
BN ._ g a+p [F(X) = F(Y)]

(341)  (PPNi= s (dX) Ad(Y)) X vE

In the following, the superscript * for seminorms means (0) so that for a € (0, 2],

(3.42) [F]* — [F] 0)7 <F>* — <F>(0) [F]Z,N — [F](O)’N <F>Z,N — <F>g0)’N.

a : a a
We will use || F||o rather than |F[ or |F[5™.

The seminorms defined by taking the supremum over @) C 2 instead of €2, such as
SUPxe@ OF SUPxyeq, are denoted by adding () in the subscript. [We actually do not use
this notation in this article.]

We finally note that, via polylinear interpolation, seminorms for discrete and contin-
uous functions are mutually equivalent.

Lemma 3.5. For a function F' = F(t, i) on Qy, let F be its polylinear interpolation in
spatial variable defined by (3.11) taking F(t,-) instead of u’¥. Then, we have the following
for some C = C(n) > 0,

)

)

(3.43) 16 = |Fly
(3.44) [F](b)NS[ ]g) C[F ]b)N
)P

(3.45) (BN < (B < ORI,

Proof. The first inequalities in (3.44), (3.45) and “ <” in (3.43) are obvious as F(X) =
F(X) and VYF(X) = VY F(X) for X € Qy, the latter of which follows from

P

(3.46) VNE(X)=VYF(X), Xeq
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This equality is shown from 9V (v,z + &) = ¥V (v,2) in (3.11). The converse inequality
“>7 in (3.43) follows from |F(t,z)| < supgcrr [F'(t, 7)| for every z € T" and ¢ € [0, T7].
The second inequality in (3.44) in the case k = 0 is shown as follows. For X =

(t,2),Y = (s,y) € Q, first take Yy = (s,y0) € Q such that 2 = yo modulo + and
[Ny] = [Nyo] (i.e. y and yo belong to the same 3-box) hold both componentwise, in

particular, |Yy — Y| < % Then,
|F(X) = F(Y)| < |F(X) = F(Yo)| + | F(Yo) — F(Y)],

and the first term is written, noting that the ¥-parts are in common, as

‘ Z 19N (v z{ (t [NZHU)—F(S,%)H.

ve{0,1}n

This is bounded by [F]g’)’N(d(X) A d(Y))_(fH'b)]X —Y5|*. On the other hand, the second
term is rewritten as |[{F(Yp) — F\(Zy)} — {F(Y) — F(Zp)}| taking Zy = (s, zp) with zp =
+[Ny] € +T% so that it is further rewritten as

’ > {ﬁN(v,yo) — ﬁN(U,y)}{F(S,ZO + L) - F(S,ZO)H,

ve{0,1}n

This is bounded by

C(n)Nlyo — yl[FIPNd(Y) = () < Cn)v/nlYy — Y[ [FIP N d(y) et

by noting (3.11) and |yp — y| < %
In the case | X — Y| > 10N’ since both | X — Yy|, |Yp — Y| < C(n)|X — Y|, we obtain
the second inequality in (3.44) in the case k = 0.

On the other hand, in the case |[X — Y| < 135, we connect Xo = (s,2) and Y = (s, y)
by a line. Then, it touches the boundary of %—boxes at most 2" times, so that, the line is
divided as Xg — Z1 — -+ — Zy — Y with £ < 2". As we saw above, in the same %-box,
our estimate picks up factors | Z;11 — Z;|“, all of them are bounded by | Xy —Y|*. We also
have the estimate on |F(X) — F(Xy)| as above; see the first term with Yy = Xy. From

these, we can derive the second inequality in (3.44) for k = 0 also in the case [ X —Y| < 135

The second inequalities in (3.44) in case k =1 (i.e. V.F in place of F') and in (3.45)
are similar. O

3.4 Two basic lemmas

We now consider and adapt some of the results from Chapter 4 of [41] with respect to our
discrete setting, especially in terms of polylinear interpolations.

The first is Lemma 4.3 of [41] that a Campanato-type integral estimate implies Holder
continuity. Recall the definition of the parabolic ball Q(R) = Q(Xp, R) in (3.1). Due to the
discrete nature of the problem in our setting, especially, the non-locality of the polylinear
interpolation, the assumption (3.47) below can be given only with ry instead of r, which
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is weaker than that of Lemma 4.3 of [41]. As a result, we obtain the Holder property
(3.48) only for |Y —Y;| > 11+, excluding the short distance regime, with an additional

term 60U+ o (d(Y)Ad(Y1)) ") which can be made arbitrary small by taking C = Cj a1
large. This will be applied in the proofs of Propositions 4.10 and 5.4 below. The short
distance regime |Y — Yj| < ﬁ will be covered separately by Lemmas 4.11 and 5.3 later.

Lemma 3.6. (c¢f. Lemma 4.3 of [{1]) Let F € L'(Q(X¢,2R)) and suppose there are
constants a € (0,1] and H > 0 along with a function G defined on Q(Xo,2R) x (0, R)
such that

(3.47) / |F(X) — G(Y,r)|dX < Hrigt*te,
Q(Yir)

for any Y € Q(Xo, R) and any r € (0, R), where ry = r + « with some ¢ > 0. Then, for
every 0 > 0 and M > 0, there exists C = Cs pr(n, ) > 0 such that

(3.48) IF(Y) - F(Y)| < (CH + U1 4 (d(Y) A d(yl))*(“a)) Y - Y3,
holds if Y, Y1 € Q(Xo, R) satisfy |Y — Y1| > ﬁ, where
Xy

Urita = sup (d(X)Ad(Y)) HIEEZEQ]
XAY

Note that, for F = VN (vector-valued), Up1ya = Uit defined in (4.2) below. [We will
choose § > 0 small enough such that 6Up 1o will be eventually absorbed by Up14q itself.]

Proof. As in the proof of Lemma 4.3 of [41], we take two nonnegative convolution kernels

© = ¢(z) € CY(R") supported on {|z| < 1} and n = n(o) € C1(R) supported on [0, 1] such
that [;, pdz = [pndo = 1. Define for (Y, 1) € Q(Xo, R) x (0, R)

Fr) = [ [ Pl ras— o)no)ddo, ¥ = (s.).
n JR
Then, as in [41], setting K = || Dep|| e, L = |||/, by the condition (3.47),

By (v, 7)] < K / F(X) = g(¥, 7)n(25t)dx

QY,7)
Tn+2+a
N
Similarly,
N Tn+2+o¢
[Fs(Y,7)| < HKL%;
3 Tn+2+a
|E(Y, )| < (n+K+2+2L)H fjmg .

Now, fix Y and Y] in Q(Xo, R) and set 7 = |Y —Yj|. If ¢ € (0, 7), then similarly to
[41] p.51,

n+2+a

(3.49) F(Y,2) — F(Yh,e)| <2(n + K +2 + 2L)H/ B dp
13
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T17\7,r+2+a T]7\7,r+2+o¢
+ HKL2 |y — yi| + HK L2500 [s — 51
Recall that 7 > ﬁ by our assumption so that we have
=14+ F <1+cM.

Thus, the sum of the second and third terms is bounded as
2+a n+ +a a
HKL( n+3 |y yl‘"{' TnFa |S_51|)SCMH7_ )
since |y — y1| < 7|5 — 1] < 2.

n+2+a
Let us estimate the integral f; pfpvn +—dp in the first term in the right hand side of

(3.49). (This diverges as ¢ | 0, while the integral [’ %dp in [41] in continuous case
converges.)

T ni42+4a T (PN ynt2+a
| tde= [ S Ay < e,
€ €

i PN - <
since = —1+Np§1+Ns'

Moreover, the convergence rate of F(Y,¢) to F(Y) is estimated as
|F(Y) — FY5|—’/H/{Fy, F(y+ez,s — ) bo(2)n(o)dzdo
/ / le2|* + |e20]2 ) p(2)n(0)dzdo x Up4ad(Y) 05
< 26%Up 4 ad(Y) ™),

Summarizing these, if 7 > ﬁ, we have
|F(Y) = F(Y1)| < [F(Y) = F(Y,e)| + |[F(Y,e) — F(Y,¢)| + [F(Y1,¢) — F(Y1)]
<4 Up1ia(d(Y) A d(Y1) ™Y 4 Oy HT® + Cn, ) H(1 + &) ore,

for every ¢ € (0, 7). We now choose € = 4 - 7 with small enough 6 > 0 such that 46> < 4.

Then, since 77 = == < MC, we obtain (3.48) for 7 > 7% O

Remark 3.1. To derive the uniform Holder continuity of u”, we applied the results of
[23] and [42] in Section 2.2. We will then use Lemma 3.6 to show the Holder continuity
of VNu® in Section 4. However, it might be possible to apply Lemma 3.6 to derive the
Holder continuity of " as in [31] in a continuous setting.

We state the iteration Lemma 4.6 of [41]. This will be modified later in Lemma 4.9
with o(r) changed to o(ry) as in Lemma 3.6 to adjust to our discrete setting and used to
prove Propositions 4.10 and 5.4 below.

Lemma 3.7. (c¢f. Lemma 4.6 of [41]) Let w and o be increasing functions on an interval
(0, Ro] and suppose there are positive constants &, d, and T with T < 1 and § < & such that

(3.50) ro(r)<s%(s) if 0<s<r<Ro
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and
(3.51) w(rr) < t%w(r) + o(r) if 0 <r<Ry.
Then, there is a constant C = C(&,d,T) such that
w(r) < C|(4) "w(Ro) + o()] < C| () wfo) + (1),
for 0 <r < Ry.
We remark, as noted in [41], if (4.15)" in [41] holds, that is w(7r) < CTPw(r) + o(r)
vgﬁ?f; 0 for all small 7, then (3.51) is satisfied with & € (9, 5) and 7 chosen so that

Proof. Since the argument is short, for the convenience of the reader, we give it here. The
lemma is clear when r > 7Rg. Hence, suppose 0 < r < 7Ry. Let k be the smallest integer
such that » < 7°Ry. Consider the base case k = 1: Write

w(r) < w(TRy) < 7°w(Ry) + o(Ro)
< 7% (Ryp) + Ti(SO'(TR()).

Suppose now for j < k — 1 that

J
w(TjR()) < Tjdw(R()) + T_(SO'(TjRQ) Z rla=0)(t-1)
=1

Then, when k£ > 1, we have

w(rkRg) < Taw(Tk_lRo) + O'(Tk_lRo)

E

-1
<7° [T(k_l)o_‘w(Ro) + T_éd(Tk_lRo) 7(5‘_5)“_1)} + 7'_50'(TkR0)
1

~
I

k
< Tk‘iw(Ro) + T_dJ(TkRo) Z r(@=9)(=1) 4 T_5U(TkRo)
(=2

a—06)(£—1)

I
=
I
Q
£
=
S
_l_
\]
52
S
\]
ko
=
S
[~
\]A
Q

Since ¥Ry < r/k < Ry, we have o(7*Ry) < o(r/7) < 7% (r). Then, as 7% < r/Ry,
we obtain

w(r) < w(T*Ro) < C|T"w(Ry) + 0’(7”)} < C’[(—)%}(RO) + a(r)]
where C' = max{r®,779(7% — 7%)~1}. O
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3.5 Summation by parts formula

Finally, we prepare a summation by parts formula, that is, Green’s identity in discrete
setting. For A C %T}(,, we denote the outer boundary and closure of A by

(3.52) OGN = {w% € %F]I"}V \ A;dist(§,A) = %}, A =AUdA,
respectively.

Lemma 3.8. Let A C T% and let e € Z" : |e| = 1 be given. For functions F,G on A
satisfying F' =0 at (‘)]J\F,A, we have

(3.53) YFEVIG(E) = Y, VVF(%) G(%),
%EA % or x]—\*}eEA

where the sum in the right hand side is taken over x satisfying 5 € A or ITJ”E e A. If we
replace AR by VY in the left hand side, VY and %re in the right hand side should be
Vév’* and ¢, respectively (since Vév’* =VY,).

In particular, for a = {a;}, we have

(3:54) > FRIVE @) (R = Y @VIFF)-GR).
%GA % or xTHEA

Moreover, for a = {azc}

(3.55) SN P& Y VN (a:.VYG) (%)
%GA le|=1,e>0
= > az, VY F(£)VYG(%).

% or x;e €A;le|=1,e>0

Proof. The left hand side of (3.53) is rewritten as

> FEN{G(E) - 63}

N EA
=N Y PEEGE) - N Y F(5H6(E)
zreea NEA
= Y VYFEGEH+ DY, NFEEOGER) - ), NEFGE)
£ 2een LgnEteen L enZeqn
= > VIF(R) - G(F)

(£ Zreenyu{ L en Tl gnju( L gn, T en)

The last equality holds since F(%) = 0 if & & A for the second term and F(%5¢) = 0 if
zte & A for the third term. This shows (3.53). The identity (3.54) is immediate from (3.53)
by taking G(&) := a,G () instead of G(5;). For (3.55), first consider G(5) := 0z, G(5)
instead of G(§;) for each fixed e, and then take the sum in e. O
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4 Schauder estimate for the first discrete derivatives

We are now ready to show the Schauder estimate for the first discrete derivatives. We
consider the linear discrete PDE (1.6) under the assumption that the coefficients a(t) =
{aze(t)}je|=1 satisfy the a-Hélder continuity condition (A.2) stated below. By (2.17) in
Corollary 2.3, the nonlinear discrete PDE (1.1) falls in this class with a = 0.

We preview the main results. In Section 4.1, we study the equation (1.6) and state
Theorem 4.1, which is an analog of Theorem 4.8 of [41]. Then, in Theorem 4.2, we improve
the regularity at ¢t = 0 for C?-initial values. In Section 4.2, these results are applied for the
nonlinear equation (1.1); see Corollaries 4.3 and 4.4. The outline of the proof of Theorem
4.1 is given in Section 4.1 and the main part of the proof is postponed to later. In Section
4.3, we show the discrete version of the interpolation inequality. In Section 4.4, we apply
Proposition 3.4 and two basic lemmas (Lemmas 3.6 and 3.7 or its variant 4.9) together
with the summation by parts formula (Lemma 3.8) to show a useful energy inequality and
a main Holder estimate. Finally, Section 4.5 gives an estimate on the time varying norm.

We will make use of the solution of the discrete heat equation (1.20) or (3.2), which
will be denoted by v” to distinguish it from the solution u of (1.6). We will compare u'¥

to vV as in (4.31) or (4.34) and will apply the estimates for vV obtained in Proposition

3.4.

4.1 Schauder estimate for (1.6) with Ho6lder continuous coefficients

We consider the linear discrete PDE (1.6) with coefficients a(t) and ¢(¢) continuous in ¢,
that is,

(4.1) o = LY N 1 g(t, B), & e LTy
Our basic assumptions for a(t) and g(¢) are:

(A.1) (symmetry, nondegeneracy, boundedness) a(t) € A(c—,cy), t >0,
(A.2) (Hélder continuity) [a]i < A < o0, a € (0,1),

(A.3) (boundedness of g) [|g]lco < Goo < 0.

The assumption (A.2) means that [a]7” < A holds for each e and for the seminorm

defined in (3.42) by regarding a,.(t) as a function of (¢, ;) € Qn. Note that, by (2.17),
the coefficient a(t) determined from the nonlinear Laplacian as in (1.7) and (1.8) in the
equation (1.1) satisfies (A.2) with o = ¢ and A = C(K + 1); see Corollary 4.3. The
bound on ||g|lec in (A.3) is used in the proof of Lemma 4.11, but a weaker bound on
subsejo,r) 19(t) || L1 (77, is sufficient at most places.

With respect to the solution u” (¢, +) of (4.1), define the polylinear spatial interpo-
lation @'V (¢, z) following the prescription in (3.11).

Set also, for « € (0,1),

e oV (X) = VAN (v
Ut go o= [uN]Ha:XigPGQWXMd(Y))H | (yX)— e o
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(4.2) Up = ]VN&N\(()U = | ‘mlax . ]VéV&N\(()l),
el=1,e>

N
U= Ui + W),
and the seminorm

~N % _ r~N1x *, N ~ 1
(4.3) GV = U+ U = [@]f 0 + @)D+ WYY,

Here, we may recall Lemma 3.5 for the consistency of two seminorms (u” )’{Ji\; and (@™)7, .

We now come to the main estimate of this section.

Theorem 4.1. (First Schauder estimate, cf. Theorem 4.8 of [{1]) For the equation (1.6),
assume (A.1), (A.2), (A.8) and

(4.4) sup ||u"||oo = supsup [u (£, £)| < cc.
N N Qn

Then, we have
(4.5) 5 < CL(A+ 1) 0| oo + Goo)-
In particular, we have
1
(4.6) IVNuN(t,2)) < Ct 2 [(A+ 1) o [[uM oo + (A + 1) Goo]
Here, the constants C = C(n,cy, T, ).

Proof. We outline the proof of Theorem 4.1, referring to results proved later.

We first prove (4.5). Recalling U = Uyt + <uN>’{_i\;, we show in Proposition 4.10
that B
Uita = [0V )i 1o < C[(A+ 1)U + Goo] + 0U,

for every § > 0, where C' = C(n, c+, a, ). Moreover, in Proposition 4.12, we estimate that
<UN>T3i\; < ClAU} + Uy 1o + Goo)
where C = a(n, ¢+, T,a). Thus, by these two estimates, we have

U= Urta + @7, < CAUL 4 (C + 1)Ut + CGoo
<[C+CC+D)(A+ DU +6(C+1U+[C+CC+1)Gos.

Choosing § > 0 small, this implies

(4.7) ULSCI(A+1)U1 + G

and as |aV];,, = U + U that

(4.8) [V 10 < (C(A+1) +1)Us + CGx

where C = C(n,cy, T, «).
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However, by the interpolation inequality proved in Proposition 4.5 in Section 4.3,

(e 1

(4.9) Up < 3] ([@o + [a"]i4a) T,

where we recall [u]y = oscu in (3.14). Observe also that [@V]g < 2|aV|g = 2||u"|so. Thus,

from (4.9), we have that
(4.10) (CA+1)+1)Uy
: ; Ta
< (24 B[00+ 1) + 1)) 5 2 ) (320 o+ Ursa))

<25 (B[C(A+1) +1]) % 2N oo + 5 2l oo + 17V 1),

,_.

where C' = C(n,c4, T, a) and we have used a trivial bound: ab (< %p + %) < aP + b? for
a,b> 0 and % + % = 1. Inserting this into (4.8), we obtain (4.5).
The estimate (4.6) now follows from (4.10) and (4.5). O

When the initial value u (0, -) is C2, or more precisely, if it satisfies the bound

(4.11) sup |[u® (0)]|c2. < Co < o0,
N N

we expect a better regularity estimate at ¢ = 0. Recall (1.10) for the norm || - HCJ2V
Indeed to discuss the equation (1.6), we need the following additional assumptions for the

coefficient az . (t):
(4.12)  [a)TO9N < B <ot |ag e(ty) — aayelta)| < B{}tQ —t|? + | R - %\“},
(4.13) sup |V *a, .(0)] < C) < oo.

\T,€
The condition (4.12) is understood in relation to (A.2) for the seminorm [ae]( N for
each e defined by (3.40) taking a = a,k = 0,b = —a so that a +b = 0. Or [ae]((l DN g
the seminorm [a.], in (3.33) with the supremum taken for X # Y € Qu.

Theorem 4.2. We assume (A.1), (A.3), (4.4) in Theorem 4.1 and (4.11), (4.12), (4.13)
stated above. Then, for the solution u™ of (1.6), we have

(4.14) (@140 < C[(B + 1) 3 [uV]|oo + Goo + O],
where | |11q is the unweighted norm defined in (3.35). In particular, we have

(4.15) VYN (1, £)] < OB+ D)% u oo + (B+1)7 (Coo + Cal)]

and the a-Hélder seminorm of VNu™ is uniformly bounded in t > 0:

(4.16) VYN, < (B + 1) # [[uM]|oo + Goo + Ca].

Here, C = C(n,cs,T,a) and Cy = n(C1Cy + c1+Cp).
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Proof. The proof is similar to that of Theorem 2.5, but to guarantee the condition (A.2)
for the extended system (4.19) below, especially to well-connect at t = 1, we replace AN
by LN:0 defined by

LY== 3" VI (az(0)VY).

le|=1,e>0

Then, consider the discrete linear PDE,
(4.17) dsv = LM%, s (0,1],

with initial condition v(0, %) = uV (0, &) for = € T%,. Define 9(t) :=v(1—t) for 0 <t <1
and h(t, L) = —LN%(t, £). Note, for 0 <t < 1, that © satisfies

8y = —LN0% = L0 + 2h,
However, by (4.17), h(t) := h(1 — t) = —LV09(t) satisfies the discrete PDE 9;h(t) =

LYNOnh(t) with initial value h(0) = —L™%M(0) and thus, by the maximum principle
(Lemma 2.7) for this equation, we have

h(t, £)| < max |[LNV0uN (0, £)].
y
But, by the condition (4.11) for u’¥(0) and by (4.13) for a; (0), we have, applying (2.9),

lhlle =] 32 {VE0.c(0) TYuN(0,) + a0V VN (0, )}
le|=1,e>0

< n(0100 + C+C()) =: CY.

HOO

Define now

~ . am,e(t - 1) for ¢ >1
(4.18) Uz ,e(t) = { aze(0) for 0<t <1,

and §(t, §) by (2.22) in the present setting. Consider the extended system, for ¢ > 0,

(4.19) 0pt™ = Ly a™ + g(t, %).

Note that @ satisfies (A.1) and [a]"Y < T2 B < oo from the condition (4.12) (which
holds also at ¢1,t2 = 0), and ||§|lcc < ||g]jec + 2C2. Also, by the maximum principle, v
is uniformly bounded by [|v(s)]lcc < |4V (0)]|0o, s € [0,1]. Therefore, @~ is bounded by

|4V ||oo. Then, Theorem 4.1 yields

N 1
@110 < CLB + 1) o [0 [l + Goo +2C2].
where C' = C(n,cs, T, ). We observe, by specializing to times 1 < ¢ < T + 1 and noting

a(t,) = u(t — 1,-), that (4.14) holds for the solution u = u¥ of (1.6). Similarly, (4.15)
follows from (4.6). (4.16) is immediate from (4.14). O
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4.2 Schauder estimate in the context of (1.1)

We now consider the solution u' (¢, +) of the discrete nonlinear PDE (1.1). Recall u+ in
(1.2) and c4 in (1.9) in this context.

The following is a corollary of Theorem 4.1.

Corollary 4.3. For the solution u™ (t, %) of (1.1) satisfying (1.2), we have
@[}, < C(E™e + 1),

where o € (0,1) is as in Theorem 2.2, and C = C(n,cx,T,0,| flloo, |¢"|ocsut). In
particular, from the last term in the seminorm |aN |7, in (4.3), noting d(X) = tz,
obtain

we

IVNuN(t 2) < Ct 2 (K7 +1), e (0,T].

From the first term in (4.3), that is U144 in (4.2), we see that the o-Holder seminorm of
VYUl has the singularity (t_%)HU = +72049) pegrt =0,

Proof. We first observe that ¢ = K f(u'Y) is such that ||g]lec < ||f]lecK = Goo by (1.2).

Next, we have that a(t) := a(u (t)), that is az . (u) in (1.8) taking u = u” (¢), satisfies (A.1)

and by Corollary 2.3, [al;™ < C(n, ca, T, [u™ (0)]loo, | f oo " lloc) (K + 1) := A. The

condition (4.4) follows from (1.2). Therefore, the corollary is a consequence of Theorem
4.1. O

We have the following better regularity estimate at ¢ = 0 assuming (4.11). Recall the
constant Cp in (4.11).

Corollary 4.4. For the solution u’ of (1.1) satisfying (1.2), when the initial data satisfies
(4.11), we have

(4.20) iV 140 < C(K + Co+ 1)H7,

where o € (0,1) is as in Theorem 2.2 and C = C(n,cx,T,0, || flloo; [|¢"|oos ux). Recall
I/ llco and ||¢" ||oo defined in Corollary 2.3. In particular,

(4.21) VYN (t, £)] < C(K + Cy +1)7

and the o-Hélder seminorm of VNu" is uniformly bounded in t > 0,

(4.22) [VYaN), < C(K + Co+1)'F7.

Proof. Note that the condition (4.12) follows from (2.25) in Corollary 2.6 with
B = C(K||fllsc + [lu" (0o + Co)

where C = C(n,cq, T, ||¢"|ls). Moreover, since a;((0) = az(u’¥(0)) is determined
by (1.8), it satisfies (A.1) and the condition (4.13), |Vév’*ax,e(0)| < C; where C7 =
C(|l¢"||s0)Co, due to the ‘mean-value’ Lemma 2.4 and (4.11). Thus, with [|g]lcc =
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K||flloo = Goo and Co = n(C1Cy+ ¢4 Cp) < C(n, ey, ||¢"]|0o) [CE + 1], the corollary follows

from Theorem 4.2. Note that we obtain the bound

i) 140 < C((K +Co+ 1) +C2 +1)

and the others. However, since o € (0,1), both CZ and 1 are bounded by (K +Cp+ 1)+

so that the desired three estimates (4.20)—(4.22) are shown.

4.3 Interpolation inequality

al=

O

We adapt the (4.2c) in Proposition 4.1 of [41] to our discrete context. Recall (3.31) for

the continuous space gradient VNu(t, z) defined for a function u on Q = [0, 7] x T".

Proposition 4.5. (c¢f. (4.2¢c) in Proposition 4.1 of [41]) Let o € (0,1). Then, for every

function u on £,

1 1 Tra B
(4.23) Oy = [Vl (= max VNl ) < 3ulg (1o + )i a) T
Moreover,
o _1
(4.24) Us := [Vl < 5(jul§) ™= (Jul§? + [u){,) 7.

Proof. We argue now the first statement and later discuss the second inequality.

Consider VY u(X) for X = (t,z) € Q for fixed e. For simplicity, let us assume that e

is the vector (1,0,...,0). We will write z = (21, 22,..., 2,) € T™.

Let Y = (t,y) be such that y = (y1, 22, 23, ..., 2,) and z; — y1 has the same sign as
VYNu(X) € R. Take Y also such that |z —y| = |z1 — 1| = ed(X) for an € € (0, 1]. We note

that in this argument that ¢ > 0 is fixed, and so d(X) = d(Y) = /1.

Then, since z; — y; has the same sign as VYu(X) and |z — y| = |21 — y1|, we have
(4.25) VY u(X)| = Vu(X) - , — ‘Z‘l
1 1 _

= ( / Vévu(t,w)duq) LT O
2=yl /)2 2 =yl

+ (VNU(X) - /y1 VNu(t w)dw1> L

‘ 2=yl )., © 2=yl

where w = (w1, 29, ..., z,). However, the above integral term can be rewritten as

Y1 Y1
VN u(t, w)dws = N / fult, w+ &) — u(t, w)dwy
Z1

1
Y+ Y1
= N{ / lN u(t, w)dwy — / u(t,w)dwl}

1+ 21

Z1

21t
= N/ [u(t,w+y — 2) — u(t,w)]dw,
21
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Thus, by (4.25) and recalling [u]g = ogc(u) and [u]],, in (3.37), (3.42), we have

N

(@26 [VYu(X) <

Z1+%
/ lu(t,w+y — 2) — u(t,w)|dw
21

|z =yl |z =yl
[u]o + [U’HJra
T le=yl |zl

+ ( ! /y VY u(X) - Vévu(t,w)]dw1> AT

Yy
/ (d(X) Ad(W))~ 0+ |z — w|®dw,

21

)

where W = (t,w). As remarked earlier, as t > 0 is fixed, d(X) = d(W) = /t for the
points considered above. Also, | [ [z — w|*dw:| < =lz =yt <z — gyt
From these computations, we have

OXUC0] < T a0 0o -l
o [U]O € [U‘HJra
 ed(X) d(X)

Multiply by d(X) and take supremum in X to get

U *
Ul S [6]0 +€a[uh+a'

We would like to choose € € (0,3] as follows: If [u]o < [u]},,, then take e =
(o) [ulf )+ (< 1). We get in this case

U1 < 2([ufa) Tl 2l ()

1+«

) 1/(14a)

3([ufi o) T g/ O,

IN

which is bounded by the right hand side of (4.23). Otherwise, when [u]o > [u]]_,, choose
e = 1/2. Then,

Ur < 2[ufo +27%[ul14 4 < 3[ulo,
which is also bounded by the right hand side of (4.23). Thus, the first inequality (4.23)
follows.
The second inequality (4.24) follows the same scheme. Indeed, in (4.26), one bounds
lu(t,w+y — 2) —ult,w)] < Jult,w+y — 2)| + |ult,w)] < 2d(X) " ul{” and [VVu(X) -
VNu(t,w)| < [u]glﬁad(X)_(zJ“"‘”z — wl|®, recall (3.36) for ]u\él). Multiplying through by

d?(X) = (v/t)? at this point, we may follow the derivation of the first inequality to obtain
the second statement. d

[~N

4.4 Energy inequalities and estimate on Uy, = [4"]],,

For an open domain D C T", we define its discrete interior by

(4.27) Dy :=Dn+Ty.
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The outer boundary 03, Dy and the closure Dy of Dy are defined as in (3.52) taking
A = Dy, respectively. Recall Q = [0,7] x T" and Qn = [0,T] x +T%.

1
Take Y = (t1,y) € Qand 7 : 0 < r < 3d(Y) = 1t7. Recall Q(r) = Q(Y,r) =
(t1 —r2,t1) x D(y,7), where D(y,r) = {z € T"; |2 — y| < r} with the distance |z —y| as in
(2.13), and set Qn(r) = Qn(Y,7) = (t1 —*,t1) X Dn(y,7) (= Q(r)NQn), where Dy (y,7)
is the discrete interior of D(y, ). Define the parabolic outer boundary of Qn (Y, ) by

(4.28) PHQN(Y,7) = {t1 =%} x Dy (y,7) U (t1 — r?,t1] x 0% Dn(y,7),

where 9% Dy (y,r) and Dy(y,r) are the outer boundary and closure of Dy (y,r) defined
as above, respectively. We also denote

(4.29) QnN(Y,7) :=[t; — %, t1] x Dn(y, 7).
In the following, Y is fixed until it moves in the proof of Proposition 4.10. All constants

will be uniform in Y.

Let u = u¥ be the solution of the linear discrete PDE (4.1) or equivalently (1.6) on
Qn:
Loyu = (Li\gt) — d)u = —g(t)
with a(t) and g(t) satisfying the assumptions (A.1), (A.2) and (A.3).
Vvn

Take the closest point § € %’]T}(, to y, in particular, |y — 7| < ¥x holds, and set
1

Y := (t1,7) € Qn. Note that d(Y) = d(Y) = t?. Let v = vV = Q") be the solution of
the discrete heat equation (3.2) or equivalently (1.20) on Qn(r) = Qn (Y, 7):

(4.30) Lov= (AN —9)v=0

with constant coefficients a. := ae(Y) = ang.e(t1) > c— > 0 under the boundary condition

v =uat PHQn(Y,r). We will consider the case that 7 > % (in the proof of Lemma 4.8),
in particular, Qn(r) # 0.
Set

(4.31) w=w =u—v=u" —vY on Qn(Y,r).
Then, the following discrete energy inequality holds.

1
Lemma 4.6. Assume 0 <r < 3d(Y) = 3t? and Qn(r) # 0. Then, we have

t1

(4.32) N > (VN w2(X)dt
ti—r? L or ZeeDy (y,r)ilel=1,e>0
r—i—M
< CA* (=) (r + §)"r? sup V& u(X)]?

X or X+£€Qn (rilel=1,e>0

+CGOO<T+%)n(d(§/))Ha sup |w(X)],
XeQn(r)

where X = (t, %) and X+ 5 = (t,%59), and recall Qn (r) = Qn (Y, r). Here, the constants
C=C(n,c_,T).
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Proof. The proof is divided into steps.

Step 1. First from dyw = ]\gt)u +g(t) — ANy on Qun(r), and then applying (3.55) in
Lemma 3.8 since w(t,-) = 0 at the boundary 95Dy (y,r), we have

10, (N‘" > wQ(X)>

NEDN (Y1)
=N 3 w(X)(~ VN (ae (V) VY w)) (X)
N EDN (yr)sle|=1,e>0
+NT" > w(X) (= VI ((ae(X) = ac(Y) V. u)(X)

X
NEDN(ZJ,T),|€|:17€>O

+NTOY T w(X)g(X)

N EDN (Y1)
=_N~ Zae VW (X)
~ N~ Z (ae(X) — ac(Y)VVw(X) - VVu(X)

N w(X)g(X)
%GDN(:U,T)
=11 + 1+ I3,

where X = (t, %), ae(X) := az(t) and ) means the sum over z and e such that - or
zte € Dn(y,r) and |e| = 1,e > 0. Note that we put a minus sign in I; so that I; > 0.

Step 2. Integrate both sides in ¢ € [t; — r2,¢1]. Since w(t; — r2,-) = 0, the left hand
side is

NN Wt E) > 0.
%GDN(ZJJ‘)
On the other hand, for every ¢ > 0,

t1 t1
/ |I|dt < 5/ N7 VY w]A(X)dt
t t1—r2

—r2
11— *

1 [n
- N~ E e — ae( 2V Nu2(X)dt
E/t\ ‘a a )| ‘ e u‘ ( )

172
Here, we estimate |VYu|?(X) < supy o X+£eQn(r) IVNu[2, and by [a]i < A,

|ac(X) = ae(Y)] < Ad(X) Ad(Y) X = V|* < A2%d(Y) ™" (r + 25£4)°,

since |X — V| < | X = Y[+ Y = V| < (r+5)+ ¥ <r+ 2% for X € Qu(r) (note
that, when X + & € Qn(r), it happens that X € Qn(r)) and r < 1d(Y) = 3d(Y) implies
d(X) > 3d(Y) (note the time direction is not enlarged by +) as

1
(4.33) AdY) =12 <t2 + [t — ]2 <d(X)+r < d(X)+ 2d(Y),
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so that d(X) A d(Y) = d(X) > 1d(Y). Moreover,

t1
N Z 1dt < C(n)(r + %)"72.

t1—r2
! A or ZEEeDy (y,r)ile|=1,e>0

Note that, even for very small » > 0, Dy (ylr) may contain a single point so that we pick
up the factor +%. Therefore, recalling a.(Y") > c¢_ > 0, we obtain

t1 c t1
/ L)dt < = Idt
t

1—72 C— t1—r2

1 r+1+7\f
+ —C(n)2%* A%( d(l?)f )2 (r + %)”r2 sup VNV,
€ X or X+5€QnN(r);le|=1,e>0

Step 3. For I3, since |Qn(r)| < C(n)N™(r + &)"r? (we pick up +7 similarly as
above), by ||g||00 < GOOa

t1
/ [I3]dt < GooC(n)(r + %) sup |w|
t1—r2 Qn(r)
= cGoo(r+ )" (7575) " (75) ' "d(Y)? sup |w|
Qn(r)
< (%)17QTC’(TL)GOO(T+%)7L( r )1+a sup ’w‘7
Qn(r)

since ﬁ < % and d(Y)? < T. Summarizing these estimates, we have

t 1 b/
(1— ;)/ Lt <=C(n)2** AP (—5 =) (r + §)"r” sup (VY
- St —r2 € X or X4+ % €QnN(r);le|=1,e>0
()T Gl + 1) (785) sup .
Qn(r)
Choosing & > 0 small and noting a.(Y) > ¢_ > 0, we have shown (4.32). O

We now give estimates on three terms in (4.32) in terms of polylinear interpolations.
First recall that @ = @V (t,2),(t,2) €  was defined as the polylinear interpolation of
u=uN(t, %) in Section 4.1.

Next, taking ri = r + */;]LVH, consider the solution v = vM"(X) = VYY) (X)),

X € Qn(Y,rk) of the discrete heat equation (4.30) on Qn(Y,r}) with the boundary
condition v = u at PQn(Y,rk). Then, set as in (4.31)

(4.34) w=wN"=u—v=u - on Qu(Y,rk).
We consider v = v™'" on a domain Qn (Y, ) slightly enlarging Qn (Y, 7). By this choice,
the polylinear interpolations & = #™¥"(X) and @ = @™""(X) of v and w, respectively, are
well-defined for X € Q(r) = Q(Y,r). Moreover, VY§(X) and VY@ (X) are also defined

—~—

for X € Q(r) and VNw = VY@ holds on Q(r) from (3.46); recall the discussions above
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Corollary 3.3 and Proposition 3.4. Furthermore, the estimate (3.25) in Proposition 3.4 is
applicable for v = vV (X) by taking R =r} so that 0 < p <r <rk — \/ENH =r.
Recall (4.2) for Uy and U defined from @V and u®.

1

Lemma 4.7. Assume 0 <1 < 3d(Y) = %t? Then, we have

—~ t1
(4.35) /Q " |VNw[?(X)dX < - N Z Vw2 (¢, &)dt,
%GDN(y,r+%);|e\:1,e>0
4 2

(4.36) sup TV u(X) < L

X or X+ €QN(r);le]=1,e>0 d(Y)
(4.37) sup  |w(X)| < C(n)Z/l(d&))Ha.

XeQn(r)

Note that, in the left hand side of (4.35), differently from X = (t, %) in its right

hand side, that X = (t,z) € Q is a continuous variable. Also recall |[VNw(X)| :=

max|e|—1,eso | VYw(X)|.

Proof. To show (4.35), noting from (3.11) (with VY w instead of V) that VN w is a convex
combination of VY w at neighboring sites, we observe

(4.38) IVNw(t, z)| < vel?(%ﬁn |VYw(t, %) .

However, since ’z - %‘ < %, we have % € Dy(y,r+ %) for z € D(y,r). Thus,
(4.38) proves (4.35).

To show (4.36), since VNu(X) = VVa(X) for X = (¢, %) with « € T, recalling
(4.2) for Uy, bound for each e that

sup IVYu(X)| < sup VYa(x)|
X or X+£€Qn(r) XEQ:d(X)>(d(Y)2—r2)1/2
<U; sup d(x)™ 1.

d(X)=(d(Y)?—r2)1/2

However, as we saw in (4.33) in the proof of Lemma 4.6, d(X) > 3d(Y) and this shows
(4.36).

To demonstrate (4.37), we divide |w(X)| into two terms when Dy (r) = Dn(y,r) is
non-empty, as otherwise the estimate holds trivially. For X = (¢, %), Z = (t', %) € Qn(7),

w(X)] < [u(X) —u(Z) = VVu(Z) - 255 + (X)) — u(Z) = VVu(Z) - 5],

where - means the inner product in R”. The first term, writing u = u", is further bounded
from above by

[ (X) = u™(X)] + [u™(XT) = u(2) = VYN (Z) - 5
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< (™)l 2 (d0) Ad(x) T +NZ\VN M(Z;) = VNN (Z)]

« *, T 1+a « ~ * n «@ — «
< 222N () T+ AR [N (4 T d(y) O

where X' is taken as X' = (', %) for X = (t,%) and Z = (¢, %), and {Z; = (', 3)} is
a sequence of points in @y (r) connecting X’ and Z by moving along in nearest-neighbor
steps. The sum over j consists of at most |z — z|g~ so that \/n|z — z| terms. Note that
d(X) AN d(X') > 3d(Y), d(Z;) Ad(Z) > 1d(Y) from (4.33) and |Z; — Z|* < (2(r + %))®
for Z;,Z € Qn(r) (or even € Qn(r)).

x

When there are two distinct space points &, % € Dn(r), necessarily % < r. When
there is only one space point in Dy(r), we have x = z in the above sequence. Hence,
covering both cases and recalling U = [ﬂN]’{+a + (uN)li\;, we bound the first term, noting

a <1, as

u(X) —u(Z) - VNu(Z) - 55| < O (g5)

The second term V(X) := vV (X) — u™N(Z) — VNuN(Z) - Z# on Qn(r), noting the
boundary value is the same as the first term, by applying the maximum principle for the
discrete heat equation (3.2), it has the same bound as the first term. Therefore, we have

] < 20(mU (),

on Qn(r). This shows (4.37). O

We now combine the bounds in Lemmas 4.6, 4.7 and also Proposition 3.4 to obtain
the following estimate. Recall Q(-) = Q(Y} ).

Lemma 4.8. For p € (0,r), when r > 0 satisfies rny =1 + 1+2f < 3d(Y), we have
(4.39) w(p) <C(2)"w(r) +o(r),

where

w(r) :/Q( )\%—{%}Tyzdx,

o(r) = CIA2U} + GoU]r™ 2120 q(y )~ (2F20)

(4.40)

~

and C = C(n,cy), C = C(n,cy,T).

Proof. Recall that, setting 7“]1\, =r+ \/HNH for each » > 0, we consider the solution
v = v = o7 of the discrete heat equation (4.30) on Qn(r}) with boundary condition

oV = at PYQn(rk) and set w = w™" = u — o™ on Qn(r)) as in (4.34).
Then, from (4.35) in Lemma 4.7, then applying Lemma 4.6 (with r replaced by r+ %)
and (4.36), (4.37) in Lemma 4.7 (with r replaced by r + %), we obtain

(4.41) / VNP (X)dX < CLA2U? + Gold]r? R (),
Q)
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for all » > 0 such that ry =7+ 1+2‘f < 3d(Y) where C = C(n,c_,T).

Moreover, v solves the dlscrete heat equation (3.2) on Qn(r}). Thus, from (3.25) in
Proposition 3.4 (with R = r};), we have

(1.42) |0 (N Pax <Cey [ TR (N0, P,
Q(p) Q(r)

for p € (0,7) where C = 6(n,ci).

Now, let us show the estimate (4.39) for w(p) and p € (0,r). We first rewrite u in
the integrand \ﬁ - {gj\v/u}p]Q in w(p) as u = w+v = w" + M7 (note that we take w
and v those determined from r and not by p) and estimate it by 3(|%[2 + {%}% +
|§E} — {ﬁj}pP). Then, we have

w(p) gs/ VVw2dX +3{VNw}2- [Q(p)| + 3/ VN — [V}, [2dX
Q(p) Q(p)

<6 / VVwdX +3C(2)" / VN0 — (YN0}, [2dX
Q(r) Q(r)

<6C[A*UT + Gocll]riy (g535) 42
+30(2)"[ / VRwPdX +3{TVw)? - |Q(r)] +3w(r)]
o)
<6C[A%U? + Gooll]ry (10 )2 T2

~(ady
+3C(2)"" - 6CIA2UT + Goald ]y (735) 212 +9C (2)" ().

n+4

\Q lfQ |VNw|?dX and
then simply enlarged the domain of integral to Q(r) for the first and second terms. We
also used (4.42) for the last term. For the third inequality, we have used (4.41) for the
first term and a similar estimate to the first inequality for the second term. For the fourth

inequality, we use (4.41) again. Finally, estimating ( ) < 1 in the second term, we
obtain (4.39). O

Here, for the second inequality, we have estimated {VN w}2

We now apply Lemma 3.7 in our setting. This iteration lemma improves o((Ro)n),
in (4.39) with » = Ro, to o(rn).

Lemma 4.9. Assume (4.39) in Lemma 4.8. Then, we have

for 0 < r < Ry, where Ry < %d(Y) — 1+]2V‘/ﬁ, rN =T+ I42vn i O = C(n,cq).
Proof. We may check that o(ry) satisfies the condition (3.50) in place of o(r), that is,

(4.43) rOo(ry) < s00(sy)  if 0<s<r< Ry,
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where § =n+2+2a, a € (6,8), 8 =n—+4 (note a < 1), o(r) = C(n, cx, T)r® from (4.40)
and 7y =r + . Indeed,

r () =10+ )0 = (14 5)°

is decreasing in r.

Thus, the conclusion follows by applying Lemma 3.7 and the comment after it: In
our situation, (4.15) of [41] holds with 8 = n 44, that is w(7r) < CT8w(r) 4+ o(ry) for all
small 7 and C = C(n,cy). Then, (3.51) in Lemma 3.7 holds for any 6 < @ < /3, choosing
7 € (0,1) such that C7% < 72,

Note that the increasing property of o(ry) is clear, while that of w(r) follows by
showing w/(r) > 0. Indeed, w is increasing in its integral domain @Q(r) and another
term coming from the derivative of {V24}, in r vanishes: fQ(r) (VVa — {vla},)dX -
o{vla}, =o. O

We are at the position to give the estimate on Uj 4. It is important that the coefficient
d of U in the estimate (4.44) can be made arbitrary small. This is because our estimate is
shown in terms of vVU.

Proposition 4.10. We have
(4.44) Uita = [0V} 1o < Cl(A+ 1)U; + Goo] + 0U
for all small 6 > 0 with some C = C(n,cy,T,0).

Proof. We apply Lemma 4.9 to get
(4.45) w(r) <C(£)" P w(Ro) + CIAU} + Gocld]ry 2 2d(v) ~(3H+22),

for 0 < r < Ry, taking Ro = 2d(Y), if 2d(Y) < 1d(Y) — 2/ that is, if d(Y) > 2042V
holds. Recall 7y = r + § with ¢ = 14 2y/n (later in the proof we may take ¢ larger).
Here, C' = C(n,cs,T).

However, w(Ry) is bounded as

w(Ro) < 2 / VNa2dX +2Q(Ro)| {VV i),
Q(Ro)

< 4/ (VN a2 dx
Q(Ro)
< C(n)UERIT2d(Y) ™2

Here, the first line is from the definition of w(Rp) in (4.40), the second is by Schwarz’s
inequality applied for the second term, and the third is from (4.36) taking r = Rj.

Thus, first by Schwarz’s inequality and then recalling Ry = %d(Y) so that the first
term in the right hand side of (4.45) is bounded by the second term with A? replaced by
A? + 1, we have

(4.46) /Q [T (T X < VIREIVT)
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< O\J(A42 + DUZ + Gocll d(Y) 1+ 24
<{C(A+1)U1 + Goo) + 0U} d(Y)~Hepni2te

for every § > 0 with some C" = C'(n,c4,T,8) > 0, for 0 < r < %d(Y), if d(Y) > W.
We have estimated C'vGoold < U + %QGOO as usual.

In the case that d(Y) < 6(1+A2,\/ﬁ), we can apply (4.51) in Lemma 4.11 stated below
by making ¢ > 0 in ry larger if necessary. Indeed, by (4.51), we can estimate for 0 < r <
1
3d(Y)

3

(4.47) / Vi — {VVa}, dX < / dx
Q(r) o 1Q(r)]
< C(nyep )" 17 (Urga + Ut A + Goo)d(Y)_(1+a).

[ v - v¥az)az
Q(r)

Here, note that |X — Z| < 2r < & with ¢; = 4(1 4+ 2y/n) and also d(X),d(Z) > ¥3d(Y)
for X, Z € Q(r). However, from r < %d(Y) < @ with c2 = 2(1 4+ 24/n), one can obtain

(448) rn+2+a < ( co )2+n+arj2v+n+a <

7,2+n+o¢
co+tc N ’

Qle

c2
ca+c

From (4.46)—(4.48), recalling U;1, < U, we have shown (without any restriction on
d(Y))

for every § > 0, since can be small by making ¢ large enough.

(4.49) / (VNG — {(VNa},|dX < {C[(A+1)Ui + Goo] + 0U} d(Y)~UF)pnt2te
QYr

for 0 < r < 1d(Y) and any Y = (t1,y) € Q, where C = C(n, ct, T, §).

Now we apply Lemma 3.6. We fix any Xo = (to,20) €  and take R = 1d(Xo) =
+Vto. Then, (4.49) shows that the condition (3.47) in Lemma 3.6 holds for any YV €
Q(Xo, R), r € (0, R) with

F =V, Up = Uya, G(Y,r) = {VYi},
and H = {C[(A+ 1)U1 + Goo] + U} d(Y) "1,

Indeed, for Y = (t1,y) € Q(Xo, R), we have 0 < to—t; < R? = [to so that /& > Y10 /f
and, combined with r < R = /%y, this shows r < %\/%\/E = \/%\/H < 3d(Y) so that
(4.49) is applicable.

Therefore, by Lemma 3.6, we see that, for every § > 0 and M > 0, there exists
C = Cs5m(n,ce,T) > 0 such that

(4.50) VNay) — vVaw)| < <C[(A + 1)UL + Goo] + U + 5U1+a>
x (d(Y) A d(Y1)) Ty — v

holds if Y, Y1 € Q(Xo, R) satisfy |Y — Yi| > ﬁ
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The case |Y — Yi| < 1% is covered by (4.52) in Lemma 4.11 stated below, and we
obtain (4.50) for any Y,Y; € Q(Xo, R).

Thus, moving X, we have shown (4.50) for any Y, Y7 € Q. This implies the concluding
estimate (4.44) on U4, by recalling the definition of Uit in (4.2), Uiyq < U and by
changing § > 0 to %5. O

Remark 4.1. At this point, we comment that estimation in terms of the solution vN to
the discrete heat equation (3.2) was an important device to derive the power n + 4 in the
bounds in Lemma 4.8 and the bound (4.44), leading to the desired a-Holder continuity of
vV,

The following Holder estimate (4.52) for VY@ in the short distance regime |Y —Y3| <
ﬁ was used in the proof of Proposition 4.10. This complements the Holder estimate
for |Y —Yi| > ﬁ obtained by applying Lemma 3.6. It is essential that the front factor
(especially that of Uji,) can be taken arbitrary small by choosing M > 1 large enough.
By the polylinearity, at least in spatial directions, the function is Lipschitz continuous and
therefore, in view of the Holder estimate, the front factor can be made small in the short
distance regime.

Lemma 4.11. (1) If |Y —Y1| < &, we have

@51)  [VNa(Y) = VYa(Y1)| < C(Urta + UtA + Goo)(d(Y) Ad(V1)) "y — v,

for some C = C(n,cy,c1) > 0.
(2) Furthermore, for every 6 > 0, there exists M = M(n,c4, ) > 1 such that

452)  |VNa(Y) = V()| < 6(Urta + UtA + Goo) (d(Y) A (V1)) "y — 1),
holds if Y — Yi| < 1w

Proof. We now show (4.52). For (4.51), we may take +; = c¢1 in the proof.
Step 1. (spatial direction) Let Y = (t,2()) and Y1 = (¢,2?) have the same ¢
coordinate. We will assume first that (1) = (2'-(1))1”:1 and 2(?) = (2:-(2));?:1 belong to the

7 (2

(1) (2) _ _
same %—box, so that [N]ZV I = [N]ZV I (z)i, € %’]IV](, are common, and also that

z](-l) = z](-Q) =: zj except j = i. Recall VYa(Y) = @VZ(Y) as in (3.46) so that

Vévﬂ(z) = Z 29N(v, Z)V]evu(é + %),
ve{0,1}n

from (3.11), where we have now only specified the spatial variable. Then,
via) - va"?)
= Z (ﬂN(UZ‘,Zi(l)) *ﬁN(Ui,ZZ‘(Q)))HﬂN(Uj’Zj)véVu(ng%)'
ve{0,1}n j#i
However,

Z 19N(vi, z§1))v§u(2 + %)
v;=0,1
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= V(Y —2)Vu(z + ) + (1= NG - z) Yz + B),
where 0; is defined below (3.12) from v. Therefore, noting |19N(vj, zj)| < 1, we have
IV¥a(zW) — vNa(z?)|

< Y NG - ANz 4 s - N
vef{0,1}n—1

Y N O ) - V(e )
ve{0,1}n—1

< 2n71N‘z(1) _ 2(2)‘ . U1+a(%)ad(y)f(l+a).

VP wlu(z+ %)

Here, recalling |[Y — Y1| < ﬁ, we estimate

|Z(1) _ 2(2)| - |Z(1) _ 2(2)|a . |Z(1) _ 2(2)|1—a < |Z(1) _ Z(2)|a(LN)1—a,
and obtain
(4.53) (VY a(zM) — VNa(z®)| < |2 - ()l o gy hd(v) ~ 0t

When z() and 2(?) belong to different %-boxes, we consider the segment connecting

these two points, divided into pieces belonging to the same %—boxes and apply the above
result. Thus, the desired Holder estimate (4.52) in the spatial direction is shown by taking
M large, as 1 — a > 0.

Step 2. (temporal direction) Let Y = (t,z) and Y = (s, 2); we may assume z = ; €
%']T’](,. By the equation (1.6) or equivalently (4.1), for X = (¢, z), we have

0V Nu(X) = 1 VIV (0 (1) VY u) (X) + VY g(X).
2 e :

e’:le/|=1

We apply the following rough estimates to the right hand side: By (2.9) applied for Vé\/f’*
and (A.1)-(A.3),

|V§VV§’* (az.e (V) (X)| < 2N2{C+ sup |[VYu(X" — %) — VNu(X")|
XI
+ U1d<X>_1 sup ’am/,6/7el (t) — Qg ¢! (t)‘}
X'=(t,x")
< 2N2{C+U1+a + U1A}(%)ad(x)_(l+a)7
and |[VYg(X)| € 2NG . Therefore, we have

Vult,2) = Vu(s, 2)| 20Nt = sl {esUrsa + DA} (d(Y) Ad(¥1)) ")
+ 2Nt — 5|Goo.

Here, we estimate

[t —s| =1t —s|Z|t —s|'7% <[t — 5|2 (75) "
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by noting |t — s| < (347)? from |Y —Y;| < 31%. Thus, we obtain

VY u(t,z) = VXu(s, 2)]
< & i 2—« —(1+Oé)
<|t—s|5(L) [2n{c+U1+a+U1A}(d(Y) A d(Y7)) 126

The desired Holder estimate (4.52) in the temporal direction is shown by taking M large,
as 2 —a>0.

The proof of the lemma is completed by combining the results obtained in Steps 1
and 2. O

N)*,N

4.5 Estimate on (u")]7,

The purpose of this subsection is to provide an estimate on (u” >Tﬁy used in the proof of
Theorem 4.1. The argument, although different in our discrete setting, is inspired by that
of Theorem 4.8 (p. 58) of [41]. Recall (4.2) for Uy, U4, and the assumptions (A.1)-(A.3)
for a(t) and g¢(t), especially for the constants A and G.

Proposition 4.12. We have
Wyl < ClAUL + Urja + Gool
where C' = C(n,cy, T, ).

Proof. Step 1. Let X = (s,y/N) and Y = (¢,y/N) be given with y € TR, and 0 <t < s <
T such that s —t =12, 0 <7 < 3d(Y). Let

Sn(ry)={z €Tk :|% — ¥~ <r}

be a square with center # with width 7. Note that [Sy(r,y)| = (2[Nr] 4 1)", recall that
[N7] denotes the integer part of Nr. Define, for y € T}, and ¢ € [0,7],

U =——— Y oV 8),

sl =
and divide
454)  [WN(Y) —uN(X)| < [Nt B) U@+ |UE) — Us)| +[U(s) — uM (s, L)

We will develop bounds for each of these terms.

Step 2. First, we rewrite the second term of (4.54) as

(4.55) U(s) - U(t) 1)| 3 /saquN(q,;@)dq
eSn(ry) !

:|SN(T7y

— 1 B _ N,* N N x x

~ Snn )l ESZ /t{ Z VI (a0e(@)VEuN) (0. %) + 9(a. %) da
€SN (r,y) le|=1,e>0
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w2 J T ey

|e| 1,e>0 zeSN(r,y)
Y @V (e, %) g
zeSN (r,y—e)
> / 9(4: %)dq
\SN )| i
> il

le]=1,e>0
where we use the equation (4.1) for the second line and then recall V2 = VV_ for the

third line.
One can write ag.¢(q) = ay,e(q) + (az,e(q) — ay,e(q)) and insert so that

M. = ’SN 79| / (aze(q) — ay,e(‘]))vévu]v (2. %)

xESN Y)

o Z (ax,e(Q) - ay,e(Q))véVuN (Q> %) }dq

Z‘GSN(Ty e)
et ot Vit ag) - 3 Vi a ) e
N a:GSN (r y) z€SN (r,y—e)
= Jl,e + J2,e-

Further, as the difference of sums of VYuv (q, %), which does not depend on x, over
x € Sy(r,y —e) and x € Sy(r,y) vanishes, we may rewrite Jy . as

J: € vé\f N 7£ 7vé\f N aﬂ

o= i |, e @f X [0 5) -9 g
- Y [N (e F) - VI (0, 4)] ba
LEGSN(T,y—e)

Step 3. Note that the size of the symmetric difference satisfies

|Sn(r,y) ASN(r,y —e)| = 2(2[]\[74] + l)n—l

We now see that, recalling s — t = 2,

|J1,e| < 2[Nr} AUlNT (\/ﬁ(r—l— %))ad(y)—(lJra),

since, for x € Sy(r,y—e)USn(r,y), we have |x —y|e < r+% so that |ag.c(q) —ay.e(q)| <
A(y/n(r+ +%))“d(Y)~® noting that d((q, %)) > d(Y) for q € [t, s], and also

VYN (g, %)) < VNPV a(y) ! = vnd(y) !

by (3.43) and (3.46) in Lemma 3.5.
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On the other hand, for Jo, since 0 < ayc(q) < ¢y and also
V(g %) = VEul (g §)| < Urpad() "% = §1°
by (3.44) in Lemma 3.5, we observe that
[ o.el < s+ Unea N7 (Vi(r + ) “d (V) 0.
Hence, if r > %,

Nr2d(Y)~(He)
[Nr] +1

|MZ| = [J1e + Jael <2(AUL + 4 Utya) (2v/nr)~.

Since [Nr|+1 > Nr, further
(4.56) |M}| < 2(2¢/n)*(AUL + e Uno)rtHod(y) =),
However, if r < l, as [Nr]+1>1and 0 < o < 1, then

N(Vn(r++))"r?
[Nr]+1

< (Qﬁ)aleaTQ < (2\/ﬁ)ar1+a'

Hence, in this case also we recover the same estimate on M} in (4.56).

Moreover, as a < 1, d(Y) < v/T and r? < T so that !~ < \/Tlfa, we bound the

term M? by
1
&
[Sn(r, )] ‘/ ¥)da

€SN (r,y)
§G00T2 < Goorl+ad( )~ (I+a)plta

(4.57) |M?| <

Hence, from (4.55), (4.56) and (4.57), we obtain the bound

(4.58) U(t) = U(s)] < C(AUL + ¢4 Ura + Goo) (557)

where C = C(n, T, a).

Step 4. For the first and third terms of (4.54), noting that ZIGSN )(% - %) =0,
write

[u™(t, %) — U )]

1
< ‘57 Z ‘UN(t7 %) - UN(tv %) - VNUN(ta %) ’ (
Sn(r )l S

)|

Zfe
2=

When r < %, as there is a single point in Sy(r,y), the above display vanishes.

When r > % and there are multiple points in Sy (r,y), as in the proof of (4.37) in
Lemma 4.7, consider a path {(t, %)} C {t} x 4 Sn(r,y) which moves from (¢, %) to (¢, &)
in nearest-neighbor steps in {t} x Sy(r,y) with at most y/n|z — y| terms. Then,

‘uN(t,%)—uN(t,%)—VNUN(t,%)'(%—%‘SNZ|VN N Z]) VNUN(t,%)’
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and, as 1|z — y| < r, we have by (3.44) in Lemma 3.5 that

(4.59) W (8 %) = U] < C)[aVar® - rd(Y) "0 = C(m)Uira(g57) "+
Step 5. Finally, combining (4.58) and (4.59), inputting back into (4.54), we have the
concluding estimate on (uN)’lkfr\; noting that d(X) A d(Y) =d(Y). O

5 Schauder estimate for the second discrete derivatives

The goal of this section is to derive uniform L bounds and Holder estimates for the second
discrete derivatives VY VY u™ (¢, £) of the solution of the equation (1.1). To derive such
estimates, as in the proof of Theorem 4.9 of [41], it is natural to consider the equation
for VNuM(t, +) and repeat the same argument for proving Theorem 4.1 for this equation.
However, it turns out to be more convenient in our situation to consider %, instead of
u!V, defined by the nonlinear transformation

(5.1) VUt §) = e ()
and the equation satisfied by its discrete derivatives; see (5.4) below.

In Section 5.1, we study the system of linear discrete PDEs (5.4), which is obtained
as above and has a different form from (1.6), but as we will see, a similar application of the
energy inequality works well for this equation. In Theorem 5.5, we give Schauder bounds
for (5.4) which suit our applications; see Remark 5.6 for an alternative. In Section 5.2, we
return to the original setting and formulate corresponding Schauder estimates there; see
Corollary 5.8. When the initial value is smooth enough, we also give in Corollary 5.10 an
improved regularity estimate.

5.1 Schauder bounds for the associated linear discrete PDE (5.4)

From (1.1), ¥V defined by (5.1) satisfies

(5.2) o™ = aou® = a{ANYN + K f(u™)},
where the last term can also be written as K f(¢ ™' (¢")) in terms of 1" and
(5.3) a=a(t, ) := w'(uN(t, ~))-

Note that the coefficient @ is a site function, while az(u) in (1.8), which appears
in (1.1) by (1.5) and (1.7), depends also on the edges or directions e. In the continuous
setting, these two functions are the same.

For e € Z™ : |e| = 1,e > 0, consider the discrete derivative of ¥V in the direction e:
€ =& (%) = VIO ).

By acting V2 on the equation (5.2) and recalling (2.3) for AN, {£.}, satisfies the system
of equations

(5.4) o = -V {ax) Y Ve )+ iy,

le’|=1,e/>0
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where X = (t, ) and

(5.5) 9(X) = g"(t, %) = Ka(t, §) /(" (t, §))-

One may view the system (5.4) as a perturbation of a closed ‘diagonal’ or ‘decoupled’
system over {e}: Noting (2.9), and (2.3) and (2.4) to write the term with AV, we have

(5.6) dbe =a(X)ANEY —vNa(x) Y Vit (X +£)+ VD,

le’|=1,e/>0

where X + & = (¢, %5¢) as in Lemma 4.6.

In the following, apart from (5.2) and similarly to Section 4.1, we will study the
equation (5.4), where & is in the form of a gradient of abstract function v, that is £ =
VN4, with functions @ and g satisfying the following abstract assumptions:

(B.1) (nondegeneracy, boundedness) c¢_ <a < cy,
(B.2) (Hélder continuity) [a]a”Y < A < oo, a € (0,1),

(B.3) (boundedness of V¥ g) \VN9|((]1)’N = Ilm\lxl \Vévg]((]l)’N < G} < 0.
e:e|=

We always assume the continuity of ¢g(¢) in t. Note that a defined by (5.3) from the
solution u of (1.1) with (1.2) satisfies the conditions (B.1) and (B.2) with o = o noting
(2.16) in Corollary 2.3 and ¢ € C?([u_,uy]) is strictly increasing. Also, we will observe
that g satisfying (5.5) satisfies (B.3) as a consequence of the Schauder estimate proved for

u” in Theorem 4.1. See Section 5.2 for these computations.

One might think that an L> bound on V¥g could be substituted instead of (B.3).
However, without further regularity, if one only assumes an L*° bound on the initial data
u™N(0,), then (B.3) is natural in view of the bound of VN« in Theorem 4.1.

To begin, we need to rewrite Lemma 4.6 to adjust in the present setting; see Lemma
1
5.1 below. Take Y = (t1,4) € @ =[0,7] x T" and r : 0 < r < 3d(Y) = $t?. Recall that
Qn(Y,r) = (t1 —r% t1) x Dn(y, r) with the discrete interior Dy (y,r) of the minimal cover
of D(y,r) by %—boxes, and PYQn(Y,r) is the parabolic outer boundary of Qn (Y, 7).
Take the closest point § € %’]I”](, to y, in particular, |[y—g| < % and set Y := (t1,9) €
Qn. Foreache:le] =1,e >0, let ¢ = (Y = CéV’Q(T) (t, %) be the solution of the discrete
heat equation (with direction-independent coefficient) on Qn(r) = Qn (Y, 7):

(5'7) atCe(ta %) = a(?)ANCe(t %)7

satisfying . = & at PyQn(r), and set

WEEWeN =& —(C on QT(T)

Recall (4.28) and (4.29) for P}Qn(r) and Qn(r), respectively. Note, as before, by (2.3)
and (2.4), that

68y -viawr) Y v} =-vi{ar) Y wievde)

le/|=1,e/>0 le’|=1,e/>0
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= a(Y)ANVY N = a(v)aNel.
We have the following discrete energy inequality for W,.

1
Lemma 5.1. Assume 0 <1 < 3d(Y) = 3t7 and Qn(r) # 0. Then, for each e, we have

t1
(5.9) N7 > VAW, 2(X)dt
2
b % or %EIEDN(y,r);\e’|:l,e/>0
A2 ry YR 2 1y\n,.2 N¢N)j2
S CA (i) (r+ §)"r sup Ve e |7(X)
X or X+5€Qn(r);le|=1,e/>0

+ C’G(I)(r + %)"ﬂd(Y)*1 sup |We(X)],
XeQn(r)

where X = (t, %) and X + 5 = (¢, 55¢). Here, the constants C' = C(n,c_).

Proof. The proof is similar to that of Lemma 4.6. Rewriting as a(X) = a(Y') + (a(X) —
a(Y)) in (5.4), noting (5.8), and from (5.7), we have

OWe(t, &) =a(Y)ANW.(t, &)
—vi@x) -a¥) Y vt £ + vt %),

le/|=1,e’>0

Noting that We(t,-) = 0 at the boundary 9, Dn(y,r), by (3.54) in Lemma 3.8, we have

(v X we)

%EDN(y,r)
=-NTGY) > WlX) > (VErVIW)(X)
%GDN(y,T) le’|=1,e’>0
-NT Y wovi{@en —ar) Y Ve Hx)
%GDN(y,T) le’|=1,e/>0
+NTN T W(X)VYg(X)
%GDN(%T)
Z‘VNW |2
-V G VOVIWe(X) Y Ve ()
le’|=1,e’>0
+NTN T W (X)VYg(X)
NEDN(y,T)
= -1 + 1o+ I3,
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x‘]t,e, € Dn(y,r) and

+)s > means the sum over (z,e’) such that § or
(y,r). Note that

where X = (t, %
*
le/| =1,€ > 0, while )~ means the sum over  such that § or £3*

*k

I; > 0.
Integrate both sides in ¢ € [t; — r2,t1]. Since We(t

INTTOY T WE(t, &) >0,
%EDN(y,r)

r2,-) = 0, the left hand side is

On the other hand, for every ¢ > 0,

t1 t1
/ |I|dt < 5/ NS VW[ (X)dt
t1—r2 t1—r2 Hok
n t —n _ N N %
/t NS @) —a@E S O Pt

+ =
le’|=1,e/>0

€ Jt1—r2

Here, for the first term, since V2" = VY, implies V2 *W,(X) = —VNW, (X — &), we

have
Z|VN*W| ZW”W| £)

= Z |VéVWe|2(X)7

or ZLEe Dy (y,r)

%
by replacing X — & by X. For the second term, by a similar replacement, we estimate

N
Vo el H(X) < Iy = sup Vo2 (X),
X or X+5€QnN(r);le|=1,e/>0

—a(Y)| < Ad(X) Ad(Y))°|X = V|* < A2°d(Y) " (r + L0y,

LV for X € Qn(r) and r < 2d(Y) = 1d(Y) implies d(X) > 1d(Y)

since | X — Y| <r+ N
as in (4.33) so that d(X) Ad(Y) > +d(Y). Moreover,

t1
N7 > 1dt < C(n)(r + %)™

t1—7r2 x
b )

N

Therefore, recalling a(Y) > ¢ > 0, we obtain
t1

t1 €
/ L)dt < = Idt
t1—r2 C— t1—1r2

nQ 2 12 T‘+1+\/ﬁ
+?C(n)2 A (T%) “r+ 4

)n ZJN,T-
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For I3, since |Qn(r)| < C(n)N™(r + %)"r2, we obtain by ]Vévgh()l)’]v < G},

t1
/ |5ldt < GAC(n)(r + L) r2d(Y) ™ sup [WN).
t1—r2 Qn(r)

Summarizing these estimates, we have

e h n’ 200 §2 T+71+]\\f/ﬁ 20 1\n,.2
(1 — 77) ) 2]1dt ng c2°* A ( a) ) (T‘—l- *N) r JN,r
1—7

+CMGHr + ) r2d(Y) T sup WA,
Qn(r)

Choosing € > 0 small and noting a(Y’) > ¢— > 0 and a < 1, we have shown (5.9) in terms
ofa C=C(n,c_). O

We now rewrite the discrete estimate obtaine(]iv in Lemma 5.1 into a continuous one
via polylinear interpolation. We will take ¢ = ¢~ "N as the solution of the discrete
heat equation (5.7) on the wider domain Qn (Y, L) with boundary condition ¢ = £~ on

PEQn(Y,rk), where ry, =r + \/TJLVH. As before, WY = ¢V — &Y on Qn(Y,7}). Set

Usrtae i= [ﬁv]glﬁav

onr (2 -
(5.10) Uy == max |V g\(()) = max sup d*(X)|VY N (X)),
€1,e2 e1,e2 x¢cQ)

. N
ul =N + €LY,
and also

(5.11) Usio = max Ustae, ut = méaxl/lel.

Recall (3.37) and (3.41) for [€N ]gl_ga and (N >§2N respectively. We have the following

o )
estimate extending (4.41) in the present setting.

Lemma 5.2. We have

(5.12) /Q o [VNW[*(X)dX < C[AUS + Gl Iriy (g55)°T24d(Y) 2,

for every r > 0 such that ry =r+ # < 3d(Y), where C = C(n,c_,T,a). Recall here
Qr) =QY,r).

Proof. By the same argument given for (4.37), except that we multiply and divide by one
more factor of d(Y') < /T, we have

(5.13) sup |Wo(X)| < Cln, T () (V)
XeQn(r)

for 0 <r < 3d(Y).
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The main link now is given by Lemma 4.7. In fact, by (4.35) for VIV, in place of
V¥Nw, then by Lemma 5.1 (with r replaced by r + %) and (4.36) in Lemma 4.7 and also
(5.13) (with r replaced by r + %), we obtain similarly to (4.41) that

d(y) iy

~

(5.14) /Q( )\vgYWeP(X)dX < ClAPUZd(Y) 2 4+ GRUL (73) ] r R (85 ) T2

< CLA2UR + GRULR (335 P d(v)

for every e,e’: |e| = |¢/| = 1,e > 0,¢’ >0 and all r > 0 if it satisfies 7y < 3d(Y). For the
second line, note that 1 —a > 0 and 2ry/d(Y) < 1 < Td(Y)~2. Here, C = C(n,c_,T)
changed line to line. O

Since Vé\f (e solves the discrete heat equation, analogous to the derivation of (4.42),
we obtain

(5.15) / V¢ —{VN¢)PdX < C(f)”*“/ V¢ = {VI ¢} PdX,
Qp) Q(r)

for p € (0,7) and C = C(n,cs). Indeed, in the present setting, the coefficient a(Y) is
direction-independent and one can directly apply (3.25) in Proposition 3.4.

Therefore, combined with (5.12) in Lemma 5.2, we have as in Lemma 4.8,

(5.16) w(p) <C (&) w(r) + a(ry),

for pe (0,r) if ry =7+ H}\}/ﬁ < 3d(Y) is satisfied, where

wlr) =) = [ T - (TVE), Pax,
(5.17) .
o(r) = o.(r) = C[A2UZ + G(l)uel]rn+2+2ad(y)f(4+2a)‘

Here, C = C(n,c+) and C = C(n, e, T).
To derive the bound on Uzt analogous to Proposition 4.10, we need the following
Holder estimates for Vé\,[ & in a short distance regime as in Lemma 4.11.

Lemma 5.3. (1) If |Y —Y1| < F, we have
(5.18) [VNE(Y) ~ VNE()|S O (Unsa + oA + GH)(A(Y) A1)~ Ty — 11,

for some C = C(n,cy,c1) > 0.
(2) Furthermore, for every 6 > 0, there exists M = M(n,c4) > 1 such that

(5.19)  |VYE(Y) — VYE(M)] < 8(Una + VoA + GR) (d(Y) Ad(v1)) " #H ¥y — w7,

holds if Y — Yi| < 1w
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Proof. We only outline the proof following that of Lemma 4.11.

For the spatial direction, we give the estimate in terms of Us, instead of Uj4,. This
yields an extra factor of d(Y)~! and, instead of (4.53), we obtain

(VEE(z0) = VEE ()] < |21 = 2|3 - 27 MUy aed(Y) .
For the temporal direction, by the equation (5.4), we have

avic(X)=— > VIVN@X)VE,)(X) + VIVYg(X).

|61|=1,€1>0

We apply the following rough estimates to the right hand side: By (2.9) and (B.1)—(B.3),
VAV (@(X)VE*E) (X)] < 2N ey Sup Ve, "6y (X' + ) = Ve, "6, (X))
+ Upd(X) 2 sup [a(X' + &) — a(X’)\}
X/
< 2N2{C+U2+a + Uzﬁ}(%)ad(X)_(gw)»

and |V VY g(X)| < 2NG{d(X)~L. Therefore, similarly to Step 2 in the proof of Lemma
4.11, we obtain

|Vévu(t, Z) - Vévu(s, Z)‘
21 \2—a i —(1+o) 1 -1
< Clt = |3 (327 [{ Ut + LA} (d0) A d(¥2)) ™ 4 G (av) nd(v1) 7
where Y = (t,2), Y1 = (s,2) and C = C(n, c4). This concludes the proof of the lemma. [
We are at the position to give the bound on Us4,, analogous to Proposition 4.10.

Proposition 5.4. We have

(5.20) Usra =, Ir_nlax>0[£§]§1+)a < C[(A+1)Us + GY] + 8",

for every 6 > 0 with some C = C(n,cy,T,9).
Proof. We apply Lemma 4.9, combining with (5.16), to get
w(r) SC(f5)" 7 w(Ro) + CLAPUZ + GRUIrP2d(Y) =2,

for 0 <r < Ry = 2d(Y),ifd(Y) > ES(HTW. Here, C'= C(n,c+,T) and recall ry = 7+ &
with ¢ = 1+ 2/,

However, w(Ry) is bounded as

w(Ry) < 4/ |VVE2dX < O(n) USRI d(Y) ™2
Q(Ro)
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Therefore, we have

20 [ 9¥E - (V3ENI0x < 0\ 00 + G ay) g
()
< {C,[(A + 1)U2 + G(l)] + 5[/[61} d(Y)_(2+a)7~]T\L[+2+a?

for every § > 0 with some C' = C’(n,cs, T, 8) > 0, for 0 < r < 2d(Y), if d(Y) > W.

In the case that d(Y') < 6(1+T2\/ﬁ)’ we can apply (5.18) in Lemma 5.3 by making ¢ > 0
in ry larger if necessary. Indeed, we obtain for 0 < r < £d(Y")

(522) / ‘Vé\/fge — {Vé\[ge}T]dX < Crn+2+a(U2+a + U2A + Gé)d(y)—@—&-a)
(r)

where C' = C(n, cy).
From (5.21), (5.22), making ¢ > 0 in 7y large as in the proof of Proposition 4.10 and
recalling Usyo <U 1 we have shown

(5.23) / (VY& = {VYE1dX <{Cl(A+ 1)Uy + Gy + dU'} d(Y)~CFedppizte,
Q(Y,r

for 0 < r < 1d(Y) and any Y = (t1,y) € Q where C = C(n, ¢y, T, §).

We now fix any Xy = (to,20) € Q and take R = id(Xo) = %\/%. Then, by Lemma
3.6 (with a proper modification in Ur 44), we see that, for every 6 > 0 and M > 0, there
exists C' = Cs pr(n, c+,T) > 0 such that

(5.20)  [VYE(Y) = VEEW)] < (CA+ 1)Uz + Gl + U + Uy
x (d(Y) Ad(Y)) Py — vy,
holds if Y, Y7 € Q(Xo, R) satisfy |Y — V1| > 115
The case |Y —Y;| < 115 is covered by (5.19) in Lemma 5.3, and we obtain (5.24) for

any Y,Y] € Q(Xo, R). Thus, moving Xy, we have shown (5.24) for any Y,Y; € Q. This
implies the concluding estimate (5.20) on Us 4. O

Now, by the same argument given for Proposition 4.12; using in place of Ujtq, Uy
and G the quantities Uzyq ¢, Uz and G(l) (which introduce an extra factor of d(Y)~1), we
have

(5.25) NN < C'[AU; + Usae + G
and so
(5.26) UL = Usae + (VDN < Ui + C'[AUs + Uspae + G

where C' = C'(n,c4, T, ).

Hence, inserting (5.26), maximized over e, into (5.20) in Proposition 5.4, we obtain

Usta < C|(A+ DU + G} + 8{Usia + C'[AUs + Upya + G}
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and by choosing § > 0 small that

(5.27) Usta < C"[(A+1)Us + Gy

where C”" = C"(n,c4, T, ).

However, by applying the interpolation inequality (4.24) in Lemma 4.5 to Uy,

- a - ~ 1

(5.28) Uz < 5max(E)[§7) 5% (V15 + 1€)){10a) =

Denote R 3
€M1 = maxc €Y 5.

Then, from (5.28), we have in view of (5.27) that

o 1
(5.29)  C"(A+ 1)U ( (5C"(A+ 1)) SIEVE) T (L€M) + Uaga) ) T
20 (5C"(A+ 1)) = EVI + LN + Uasa),

where we have used a trivial bound: ab (< %p + %) < aP + b7 for a,b > 0 and % + % =1.
Inserting this into (5.27), we obtain

_r - 1 .
(5.30) Us o < c[(A +1)a e Gé}

where C' = C(n,cs, T, ).
Reporting these estimates, as an extension of Theorem 4.1, we arrive at the following

bound for Uy and . 1N
’g |g_£a =Uy+ Uy + mgx(fé\[)g_z;) :

Theorem 5.5. Under the assumptions (B.1), (B.2) and (B.3), we have

- _ 1 .
(5.31) €M, < cf(d+ ) aEn + Gi),
and
1 Lonv) 1 11
(5.32) Us < Cl(A+ Dale™ + (A+1)7'GY]

where C' = C(n,cy, T, ).

Proof. For (5.31), it is enough to bound each term in \§N]1+a by the right hand side. For
Us+q, the bound follows from (5.30). For Uz, we can use (5.29), where multiplying the
right hand side of (5.30) (or (5.31)) by (A +1)~! gives (5.32). Finally for (¢V){\:"

L We

may use (5.25) together with (5.29) and (5.30). O

Theorem 5.5 shows a form of the first Schauder estimate for the linear discrete PDE
(5.4). It is an estimate in terms of norms which Weight more near the boundary t = 0. In
fact, the estimate (5.32) on Uy yields the singularity 1 3 for vy 562 near t = 0. However,
we note here an analog of Theorem 4.1 and (4.8) for the equation (5.4), which exhibits a
weaker singularity %; see the second estimate in (5.33).
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Corollary 5.6. Under the assumptions (B.1), (B.2) and |[V¥g||« < co (replacing (B.3)),
and also ||€N s < 00 (compare with (1.2)), we have
. ¥t e < O+ D F N oo + 19 Vg o),
: — 1 - _
VNI < OA+ D21V loo + (A+ D)7Vl

where C' = C(n,cy, T, ).

Proof. The argument follows the same proof as for Theorem 5.5. Observe that the semi-

norms \éNyglja, ]é,Nh(]l), |VN9161)7N all involve just one more weight d(X) compared to

\é_Nr{m, 1€ |00, IV gll0o, Tespectively; see also the proof of Corollary 5.9. O

Now, as in Theorem 4.2, when the initial value of ¢ and &Y = V¢ are smooth
enough, we will obtain a more regular estimate at £ = 0 without any singularity. We will
suppose that ¢ is C* and so &Y is C® in the sense that

(5.34) sup [¥(0)||ga < Co < oo andso sup|[EN(0)|lqs < Co < oco.
N N N N

We will need to following additional assumptions for the coefficient @, similar to (4.12)
and (4.13):

(5:35) (@SN < B < oot fa(ts, ) — alta, )] < B{lta — ta]? + |2 — %[},
(5.36) sup ||a(0, )||gs < Ci < 0.
N N
Also, we assume that Vg satisfies
(5.37) sup [VVglo < Gl < .
N,e
Theorem 5.7. Consider the discrete PDE (5.4), satisfying (B.1), (5.35), (5.36), (5.37),
such that

(5.38) sup [EN]g < Wao < 00,

,€e

and with initial value given in (5.34). Then, with respect to the unweighted norms,

(5.39) V140 < C[(B+1)F% (Wae + Co) + G + 7]
(5.40) VVENy < 0[< +1)% (Woo +C5) + (B +1)7H(GL + )],
(5.41) [VNEN], < C[(B+ 1) (Wao +Cs) + GL + Cr],

where C = C(n,c+, T, a) and Cq,Cr, specified in the proof, depend on B, Cy, C1 and o.

In particular, we have polynomial bounds in B, Cy and Cy, in terms of a universal
constant C,

Cs < C(B+1)aCy(1+C) and C; < C(B+1)aCo(1+CM).
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Proof. We will apply the same sort of scheme as given for Theorem 4.2, where now Theo-
rem 5.5 will be invoked with respect to a time extended system. Recall equation (5.4) for
t >0,

(5.42) ol =vi{—ax) Yo Vil +vYy,

le/|=1,e/>0
where {¢V = Vév¢}|e|:1 is a gradient of the function 1. As before, the idea now is to

extend the evolution below time ¢t = 0.

Consider a evaluated at time ¢ = 0, and define b(X) := a(0, %). Note that b does
not depend on time ¢ or direction e, and satisfies c_ < b < ¢y from (B.1). We will need to
consider the reciprocal 1/b in the following. Note by (5.36) that H(l/b)Hc;{, < C(n,cy)Ct.

For t > 0, define Z by

(5.43) rz=- > VIBVlz)

le/|=1,e/>0
with initial condition Z(0) = $¢(0). Note as supy H(l/b)HC;;v < O(n,c+)Ct that we have
Sup HZ(O)HC]4V < C(n,c+)Co(1 + Cf). Note also that equation (5.43) is at the level of

(5.2) for ¢ = ™, but we divide it by b to make the equation in divergence form so that
we can apply the gradient bounds obtained in Theorem 4.2.

By the maximum principle (Lemma 2.7), || Z]lcc < [[Z(0)|lcc < C(c-)Cy. Moreover,
we may apply Theorem 4.2 to bound gradients of Z: We have b satisfies (A.1) and also

(4.12) and (4.13) with B = [b}&_a)’N < B and C1 = supy,. |V bo| < C1. Here, G = 0,
Co =supy [|Z(0)[[gz, < C(n, c+)Co(1 +C1), and (4.4) holds with bound ||Z]|c < C(c-)Co.
Then, by (4.15),
(5.44) max |V Z|o < C(n, cx, T,a)[(B+1)#|Z]o + (B+1)"{Goo + Co}]

< C(n,ct,T,a)C3

where

(5.45) Cy = n(C1Cy + ¢ Cp) < C(n,cx)Co(1+C}),
Cs=(B+1)aCy+ (B+1)"'Co(1+C)
< C(B +1)aCo(1+CP),

in terms of a universal constant C.

Define now, and noting (2.9),

(5.46) hi= Y VIT0VYZ)

le’|=1,e/>0

=-bANz+ > VI-viz(Xx+ ).
le’|=1,e/>0
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Observe that hy satisfies (5.43). Then, by the maximum principle, and previous bounds
b < cy, max, [VYb|o < C; in (5.36), and 1Z(0)llcs. < C(n,cx)Co(1 + C), we have

(5.47) 1hllos < [[A1(0) e < C(n, cx)Co(1 + CF).

Hence, noting (5.46), by (5.44) and triangle inequality, we also have
(5.48) AN Z|oo < C(n,cx, T, a)CiCs + C(n, cx)Co(1 + CY).

Further, by Theorem 4.2, as in the set-up of (5.44), we obtain an estimate for
the gradient of hy: Indeed, as Z = }¢ and 1Z(0)llca < C(n,ex)Co(l + C}), noting
(5.36), we have Cy = supy th(O)HC%\, < C(n,ex)Co(1 + C7).  Also, as before, C; =

SUpy . IVNblg < C1, B = [b]f;“)’N < B and G4 = 0. Hence, in this context (cf. (5.45)),
Coy < C(n,cx)Co(1 +C%). By (5.47), |h1]o < CCo(1 +C?). Then,

(5.49) max |V hilo < C(n, cx, T,a) [(B + 1o |hfo + (B+1)"{Goo + Cs)}]
< C(”? C+, @, T>C4
where, in terms of a universal constant C,

(B+1)aCo(1+CP) + (B +1)"'Co(1 + Cb)

Cy +
C(B +1)aCo(1 +CY).

IN

By considering the equation for Z, := VY Z,

(650)  OZe=— D VIOVIZ)- Y VI((VINZe(X+5),

le/|=1,e’>0 le/|=1,e’>0

we may bound second gradients Vé\i Vé\g Z. Indeed, n. := Vév (bZ) is more natural object
that we consider below, which is parallel to &, but here we consider Z. to deduce the
second gradient bounds.

Observe here that Co = supy [ Ze(0)[lcz < C(n,cx)Co(1 + C{). As before, in this
context, C1 = supy, |[VVblo < C1, B = [b]((x_a)’N < B and Cy < C(n,cq)Co(1 + C7) (cf.

(5.45)). However, here |V2 Z|o < C(n,c4,T,@)Cs and, by (5.44) and (5.48),

G = H Z vg7*((vévb)ze’(X + %)) Hoo < C(n)Cy max 1Zelloo + C1[AY Z]|oo
le/|=1,e/>0

— C(n,cs,T,a){CiC3 + C1[C1Cs + Co(1 + C})] }.
Then, by Theorem 4.2 applied to (5.50), we have

(5.51)  max|VYVYZ|o < C(n,cx, T,a) [(B+1)a|VN Z]o+ (B+1)"H{Go + Co}]

€1,€2

< C(nv C4, T7 OZ)C5,
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where

_ 1 _
Cs = (B+1)aCs+ (B+1)"{CiCs + C1[C1C5 + Co(1 4+ CF)] + Co(1 +CF)}
_ 2
< C(B+1)aCy(1+C)),

incorporating the expression for Cy and Cs in (5.45) in terms of a universal constant C.

Let now Z(t) = Z(1 —t) and hy(t) = hy(1 —t) for 0 <t < 1. Then,

KZ=— > VIbVYZ)+2h.
le’|=1,e/>0
Define U = bZ to be back to the level of 1) = V. Then, by using (2.9),
OV = bANY — bhy + 2bhy,

where

b= DL VoVEDIX + ).
le/|=1,e/>0
We have by the previous bounds (5.34), (5.36), (5.44) and H(l/b)HC;;V < C(n, c+)Ct, noting
U = bZ, that

(5.52) lhaloe < C(n,c) max LX)b(X + )]0l Zlo
+ [b(v! %x )b(X nmvN*Zm}
< C(n,cx, T, ){CoC(1+C1) + CiC3}.

Analogously, using also (5.51), we have
(5:53) [V hslle < Cln,cx) max {[VEVY [b(V) a<nx+%mwm
+ (VI (X)X + )V VI Zlo
+vaTbv @()( + )]0l VY Zlo
+va[<ve%x X + )] 1oV 2o }
< C(n,ex, T, @){CoCH(1 +CF) + C1C5 + C3CH(L + Cr) }.

)
(

Now define 7, = VN for |e| = 1 to be at the level of €. Then,

(5.54) By = vg{ v Y V]Y*ﬁe/} — V¥ (bhy) + 2V (bhy).
le/|=1,e/>0

Note that 7.(1) = VY (bZ(0)) = VY (0) = &V ( ), matching the initial data to (5.42).
Also, by (5.34), (5.36) and (5.44), noting Z = 1¢ and via (2.9) VY (bZ) = (VNb)Z +
WNZ(X + L),

(5.55) [elloo = IV (b2)l|oo < C(n, s, T, @) [CoCr + Cs]
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=:C(n,cy,T,a)Cs
where, incorporating the expression for Cs in (5.45), in terms of a universal constant C,
Cs = CoC1 + C3 < C(B +1)aCo(1 +C5).
Now, as in (4.18), define

Vévg fort>1

P a(t—1) fort>1 and o —
- = 29N (bhy) — V¥ (bhy) for 0 <t < 1.

b for 0 <t <1,
Note that a satisfies condition (B.1), and also (B.2) with

[N < (T+1)2[a) N <c(rmB=A

—_

since b = a(0) does not depend on time ¢ and d(X) < /T +

Also, (B.3) holds, noting the bounds (5.36), (5.37), (5.47), (5.49), (5.52) (5.53), via
(2.9), with

915" < (T + 1)F{GL + 2[VY (bh)]o + [V (bha)lo}
=C(n,cq,T, a){G}X} +Cr} = G}
where
Cr = |Vblolhilo + [V hilo + [VVb|o|halo + [V halo

< C1[Co(1+CP)] + Ca + C1 [CoCL (L + C1) + C1C3]
+ CoCL(1 4 C?) 4 C1Cs + C3CL(1 + Cy)

< 0{6061(1 +C5) +CsCH(1+C1) + Ca+ 05011}
< C(B+1)aCy(1+Cl).

The last line follows by incorporating the expressions of C3 in (5.45), C4 below (5.49), and
Cs below (5.51). Here, the constants C' are universal.

We now formulate the extended system for ¢t > 0, which corresponds to (5.54) when
0<t<1and (5.42) when ¢t > 1, as

atve:ng{—&(X) S viLx )} §(X).

le’|=1,e/>0
Observe, by (5.38) and (5.55), that
Velg! < (T +1)5 {max[¢]o + max |elo} < C(n,ex, T, ) (Woo +Cs).

We may now apply Theorem 5.5 to the system {Ve}je=1. As &e(t) = Ve(t + 1) for t > 0,
the desired statements (5.39), (5.40), and (5.41) follow. O
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5.2 Second Schauder estimate for (1.1)

We now specialize to the setting introduced at the beginning of this section and apply
Theorem 5.5, Corollary 5.6, and Theorem 5.7 to the equation (1.1) satisfying (1.2). See,
correspondingly, Corollaries 5.8, 5.9 and 5.10 below, in which we obtain estimates of the
second discrete derivatives of u™ (t, +) exhibiting singularities %, %, 1, respectively, near
t = 0, without assuming or assuming some regularity conditions for the initial value u® (0).
Recall the correspondences at the beginning of Section 5.1.

Corollary 5.8. Consider the nonlinear discrete PDE (1.1) satisfying (1.2). Then, we
have

(5.56) EVI < O(K7E 4 1),

for every e, and

(5.57) () < C(K;; b
(5.58) e < CET D,
(5.59) VIV (X)] < C(K; * 1>,

for everye e, ez and X = (t, %) € Qn where C = C(n, cx, T, 0, || flloos [| ' [loo ||g0(i)||oo,ujE :
i=1,2).
Also, (5.56) implies a o-Hélder estimate for VY VY uN (X)), that is

o 3
(5.60) VAVYuNBE=) < C(Ko +1)

for every e1, ez, where C = C(n,cx, T, 0, flloos I loos |P||oosux : 1 < i < 3) and
1h|loo := ||h||Loo([u7,U+]) for a function h.

The Holder seminorm [-]((,3_0) in (5.60) is weaker than [-]572) which is expected from
(5.56). The reason is that a larger diverging factor appears from V2 V2 a .(¢) in the Tay-
lor expansion; see the estimates for J; in the proof. However, in the next two corollaries,
the diverging factor matches better.

2
We remark that we can also get an estimate <VéVuN>glﬁa < C(K'ts +1) (and

therefore for (VﬁVﬁN>(11+)U by Lemma 3.5), by elements of the proof of the bound (5.60),
but this is not detailed here. Similar estimates would also hold in the next two corollaries.

Proof. To apply Theorem 5.5, we estimate the right hand sides of (5.31) and (5.32) in
terms of K in the context of (1.1) or (5.2). First, by the Holder continuity of " given in
(2.16) of Corollary 2.3 with @ = o, we have

(5.61) [als™ = [ (™)™ < lle" o[ < C'(K +1)

(e
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where C' = C'(n, cx, T, || flloos [|¢” l|sos [|[47¥ (0)|ls). Next for g in (5.5), by noting (2.9), we
have

(5.62) VNN < KC (o, £)IVNuN SN

where C(¢, f) == [|¢"|oc || flloo + 11¢'loc|| f'||oc- However, by Corollary 4.3,
(5.63) vV N (DN < o(Ks 4 1)
where C” = C"(n,c+,T, 0, || flloo, ||¢”|loo, u+). Thus, one can take A = C'(K + 1) and

G =Clyp, f)C’”(KH% + K) in the assumptions (B.2) and (B.3), respectively.
Next, for [EV|{V, seen in (5.31) and (5.32),

(5.64) €177 = IV e™)lg ™ < ¢/l VN .
Thus, by Lemma 3.5 and (5.63), we have
; 1
“gé\q(()l) — |€éV|él),N < CW(KU 1)

where C"" = C"(n,cx,T, 0, flloos I/ lcos | loos [|¢”]|c0, u+). Therefore, we can apply
Theorem 5.5 to obtain the desired bounds: (5.56) from (5.31), (5.57) from (5.64) and
(5.58) from (5.32), respectively.

We now argue the bound (5.59). As ¢ has a strictly increasing C? inverse, (5.59)
follows from (5.57) and (5.58). Indeed, set

1 ~1
(5.65) a%e(t) = (a%e(t)) = (ax,e(uN(t))) .
Note, by the Lipschitz property of ¢, and also the proof of Lemma 2.4 and (5.64), that

(5.66) L+ <al

Ct ,€

vévaw,d (t)

Qgtee (t)a:v,e’

IV ag o (t)] =

| < Clen)max| VYo u 1, 7))

C ’ / - okl i

= a? (1) (X) and by (2.9),

< Cfex, H(P/Hoo)m?X‘VéVuN(t’ 2l <

. N. N £or (X)
Calculate, noting V_ u™ (X) = m
(5.67) VEVEWN (X) = VD (a2, )N (X))

= Vet e (1) €5, (X + §) + ag o, (1) - V65 (X).

Now, the desired estimate (5.59) holds, by inputting (5.66), (5.57) and (5.58) into (5.67),
with constant C' = C(n,cx, T, 0, || flloos || £ lloos 1D loo, ux : i = 1,2).

Finally, to show the Holder estimate in (5.60), by (5.67), write

(5.68)
NwN, N NwN, N
VIVNWN(X) = VNN (v)
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= (VNal.,t) = VNa) ()N (X + %)+ Va) ., (s)(€N(X + ) -l (Y +9))
+ (a2, (t) — a0, (5)) VEN(X) +al ., (5) (VR N (X) — Vel (v))

Yy,e2

= J1+ Jo+ J3+ Js.

Recall, in the following, |X — Y|‘7 =max {|& — %|7, [t — s|2 }
The term Jy, as |a’|o < ¢Z1, is bounded via (5.56):
N¢N c 142 o
(5.69)  |Jul =a ., ()| VYL (X) = VYN (V)] < W(K s +1)|X -Y|°.

To bound J3, note by the argument for Corollary 2.3 via Lemma 2.4, that [ao]f,’N <
C(”? ct, T, ”fH007 ||90”HOO)(K + 1)' Hence,

(5.70) ‘ao (t) —a’ (5)’ <

Y,e2

L (K +1)|X - Y[

Then, by (5.70) and also the gradient bound (5.58), we obtain

C

2
‘ xez y,ez “ §e2 m([(—i—l)(f{o—i—l)’X—Y’U.

(5.71) | J3| =

Recall the definition of a, ¢(t) (cf. (1.8)). To deal with the terms J; and Jo, it will be
helpful to observe VYo (uN (t, &) = ag(t)VYu™ (¢, %) and so, by the Lipschitz property
of ¢, that

(5.72)  [€M(X) =X (V) = IV p(u™(t, §)) = VI o(u (s, )]
< [y e(t) = Qay.e(8)[Ve ™ (6 R + g e (5) VUM (8, ) = VEu™ (s, R)1.

Moreover, by Corollary 2.3, we have |ay, ¢(t) — az,.e(s)] < C(K + 1)(t A s)_%]X -Y|°
and, by the Schauder estimate and gradient bound in Corollary 4.3, we have |V u™ (X)) —

140 1
VN <CEAs) 2 (K'e +1)|X — V|7 and [VVuN (X)| < Ct 2(K7 +1).
Then, equation (5.72) is bounded

(K+DIX Y| (K7 +1)

[N

N N
67 1) - WIS

C
— (KMT )X -YP.
(tAs) 2

<o

We now bound J,. By the bound [V ay ., (s)] < Cmax, (VNN (s, %)| < g(K%—i—l)
n (5.66), and (5.72), (5.73), we have
(5.74) | Ja| = |V e, (0)|[€5 (X + §) — €5 (Y + F))

< |V dye, (@ )l[l%l,e(ﬁ) = gy e (8)[|[ VUM (8, R

=+ am,e(s)]VéVuN(t, Lj\}) - VéVuN(Sﬂ %)}
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C

. l+% o o
S(t/\S)H%(K L)X Y]

We now address the term J;. We rewrite the quantity V2 aj ., (t) — VX aj ,(s) into

two terms, one where time ¢ is fixed, and the other where space y is fixed:

VNG () =V (s) = (VNaO (t) — VNa? (t))

e1%z,e0 e1%y,e0 e1%z,e0 e1%y,ea
N 0 N 0
+ (Velaym(t) —Velaym(s)) = Ji1+ Ji2.

To bound Jy,1, we observe that it has the same form as VY ay ,(t) — VY ay ., (t) except
now the dependent variable is ¢(u”) in the composition ¢~ !(p(u’)), instead of simply
u. Hence, the same proof of the Holder estimate (6.18) via Lemma 6.5 and Remark 6.3,
applied to a, gives

(B35) 1l < U6 oo, 19" o) [ max [TV (1, 52)) = TN (u? (1, 152)]

+ max [V (t, 7)) VY0 (u (¢, 5)) 11X~ YI7).

e.e z,z

Since ¢ = VNu", we may now bound the first term on the right-hand side of (5.75)
by (5.72) and (5.73). The second term on the right-hand side of (5.75), by the Lipschitz
property of ¢, is bounded by C'max ¢/, . [VYu (¢, %) VY u™ (¢, ZN/)||X—Y|‘7 and further
bounded using the gradient bound for |[VYu" (X)| < Ct_%(Ké + 1) in Corollary 4.3.
Then, together, we have
(5.76)
14l < €| max|ag. () = ay (O] [V (1, %)

+max |VNu (¢, ZH2) — VNN (¢, 152))
e,z

+ max [V (t, )V R)IX - Y]

< & (KEL X —YP + %(K% FIX -V < %(K% X Y.
t 2
When |Ji 1] is multiplied by €2 (X + )|, since
C, .1
(5.77) €5 (O] < ¢ lloo| VLN (X)] < K+,

by the gradient bound in Corollary 4.3, we have

(5.78) il - [€EX(X + 8 € 5 (K7 +1)|X - Y.

[SII9Y

t

The argument with respect to J; 2 is analogous. By the proof of (6.19) discussed in
Remark 6.4, we obtain

1] < O oer 9" loe) [ max [V (¥ (1, 7)) = VN ol (5, 7))
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(™ (t, %)) — p(u™ (s, %))l
|t — 5]

+ max max [V (r, §)) IV (r, 5))1X - V)7

e z,z/ T>tAs

+ max
z

The first term on the right-hand side is bounded via (5.72) and (5.73) again. By the
Lipschitz property of ¢, the other two terms can be bounded in terms of v and the
Hélder estimate |u (¢, %) — u (s, Z)| < C(t A s)_HTU(KH% + 1)t — S\HTU and gradient
bound |[VYNuY (X)| < C’f%(K% + 1) in Corollary 4.3.

Then,

(5.79) |2l < C|max|an(t) - ay (O] (L §)]

N
W™ (t, %) —u (s, %)
VIt —s|

N, N N N ’ o
+ wax max [Vou™ (r, f)l[Veu” (n F)IIX Y]

C o C
< (K D= ] 4 (R DX - Y

(tNs) =z

+max [V w8, 552) — VI (8 17|

4+ max
z

Multiplying the estimate of Ji 5 in (5.79) by | (X + )|, noting the bound (5.77), we
obtain

C

S(Ke +1)|X - Y.
(tAs)2

(5.80) [ Ji2| - 1€ (X + %) <

Hence, by combining the bounds (5.78) and (5.80), we have

C
(tAs) 57

C
PARS (Ko +1)[X —Y|” = (K +1)|X —Y°.
2

(tAs)

Collecting the bounds for the terms Ji, Ja, J3, Jy gives (5.60) with respect to a con-
stant C' = C(n, cx, T, 0, || flloos |/ [[ocs 1€ loos 116" [locs 9™ [|ocs ux). In fact, we remark that
the estimate for J; is the dominant one. O

A better estimate can be derived when the initial value vV (0, -) has some smoothness,
namely when condition (4.11) holds:

sup 14" (0)llc2, < Co.

A sufficient condition for (4.11) is when the initial data is between u_ and u4 such that
uN(0,-) = ug(+) for ug € C?(T").
Consider the weighted norm, for fixed e,
N |* VAT * - 1
€110 = (€10 + (€140 + IVVENTS,

analogous to that given in (4.3).
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Corollary 5.9. Consider the solution of the discrete PDE (1.1) satisfying (1.2). When
uN(0,-) satisfies the condition (4.11), we have

- 2
€140 < CKG 7,
1
€Y (X)| < CKg,
for every X = (t, &) € Qn and e, and
C
IVEER(X)| < 7

2
o

VIV WN (X)) < ==K,

%\Q S

for every ey, ea, where Ko = K+Co+1 and C = C(n,cx, T, 0, || flloo, 0@ [|oo, us = 7 = 1,2).
Moreover, we have the Hélder estimate:

3
(5.81) VAVYUNY < 0Ky,

for every e1, ea where C = C(n,cx, T, 0, || flloos [0 |loes ux : 1 < < 3).

Proof. When the condition (4.11) is satisfied, by Corollary 4.4, (5.63) is improved as
1

(5.82) V¥ oo = VYN [5 < CKy .

Then, the desired bound for £V follows,

1
(5.83) 1€Moo < 1 loo IV 6™ [l < CK

and also (5.62) is improved to

1
(5.84) IV¥glloo < Clo, NEVVuN oo < CKKG .

In these bounds, C = C'(n, cx, T, 0, || floos |/ llcos [|€ ]l cos 1€ loos tt)-

We have A = C(n, e, T, || flloos 1€ |loos ut ) Ko (cf. (5.61)) in the estimate of [a]5" by
Corollary 2.6.

By Corollary 5.6, and the bound (5.83) shown for ¢V above, we obtain the desired
estimates for €V i1o and [VYEN |5, Indeed, by (5.33), we have
~ 142
€140 < CKy *
and
2
VANl < Ok

with C' = C(TL, ct, T, o, HfHOO’ Hf/HOOv ||90,||00a ||90”||OO’ ui)'
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The desired bound on Vé\i V]e\; uV now follows as in the proof of Corollary 5.8. Indeed,
in the present context, by (5.67), we need to bound

Vit e, (1) €5 (X + F) +al,, (1) - VEEL(X).

The first term, noting (5.66), is bounded [V a? . -&N| < C(cs) max, [|€|%,. The second

e1 Yx,ea

term, also noting (5.66), is bounded |al ., VYN | < C(c_)|Ve, &2, The estimate follows

T,es
now by inserting the already proven bounds for £ and V2 §é\27 , with respect to a constant

1
C= C(na ct, T 0, Hf”oo, Hf,HOO? H‘)O/HOOv H(;OHHOO’ui)'

Finally, the Holder bound (5.81) follows by scheme given in Corollary 5.8, using
the proven bounds of |§:év\“f+g and |[VY¢N|s and now Corollaries 4.4 and 2.6 instead
of Corollaries 4.3 and 2.3. Indeed, consider the decomposition (5.68) of the difference
VIVNWN(X) = VEVI(Y) = Ji 4+ Jo + J3 + Ju. By (5.69), (5.71), and (5.74), we may
bound Jy, J3 and Js respectively. By adding (5.76) to (5.79), multiplied by max,s ]{é\ﬂ <
C([|¢'loo) maxer [VYuN o, we may bound Ji.

In particular, noting (5.66) and (5.70), with respect to (5.69) and (5.71), we have
(5.85) [ Tal + 1| < C[|VNEN(X) = VNN (V)
+max [u¥ (¢, ) — (s, 5)| - VN EN(X)]]
By Corollary 4.4, we may bound |[u (¢, &) — u® (s, %)| < CKolt — s\% Then, noting the

already proven bounds for [V2 é\;],(fl) < |§N|>{+U and for |V ¢V (X)|, we have the further
bound
C 3
[Jal + | J3] £ ——z Kg [ X = Y7
(tAs)2

Also, note the estimate [VYa? ,(t)| < Cmax, [VYu (¢, £)| in (5.66), az . < c}, and
laze(t) — aye(s)| < CKo|X — Y% in Corollary 2.6. Then, by the uniform bounds for u®
in Corollary 4.4, we have, with respect to (5.74), that

(5.86) 2] < CIVE U o[z () = s o ()] [VEuY (1, %)

e (8)| VUM (8, ) — VN (s, )]

<CKGIX Y.

Finally, from adding (5.76) to (5.79) and then multiplying by max. |[VYu" |y, we have
|J1] < CIneE;LX VYN |(J11 + Ji2)
< Cmax |V || maxase(t) - ay.o (0] VY0 (¢ 7))
+max [V u™ (2, %Z) = VU ()
N (t, %) —uN(s, %)l

VIt = sl
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+ max max [VYu® (r, £)|[VEuN (r, 5)I1X - V).

e, ,z,z' r>tNs

By the bounds for « in Corollary 4.4, we obtain
3
(5.87) |J1] < CKg|X =Y.

Note that the constant C' = C(n, ¢4, T, 0, || flloos || Flo0s 0P [|oo, u+ : 1 < i < 3), with
respect to Jq, whereas with respect to Jo, Js, Js the constant does not depend on ||¢"| -
Therefore, combining the bounds for Ji, Ja, J3, J4, we arrive at the desired Holder estimate
for VN VY uN, with constant C' = C(n, cx, T, 0, || flloos | £ lsos |9@[locs us : 1 <i < 3). O

Still more can be said with a more regular initial condition at the level of Theorem
5.7. Consider the initial value

(5.88) €0, %) = Vo™ (0, %)),

where

(5.89) sup HuN(())HC;;V < Cp < 0.
N

Recall (1.10) for the discrete C*-norm. A sufficient condition, when ¢ € C%, is that
u™(0, %) = uo(%) for & € T and ug € CH(T™).

We now observe that sup y ||¢(u’ (0, ))||C}4v < Cp and so supy HféV(O)HC% < Cp where

(5.90) Co=C(l|¢V oo : 1< i <4)[Co+C3+C3+Cl].

Indeed, recalling (1.8) and denoting a; ¢,(0) := az ¢, (u¥(0)), by (2.9), the second deriva-
tive of XY (0) is written as
VAVAEN (0, %)
= Vo Ve Ve (0, %))
= VIV [ag,e,(0)VEWN (0, £)]
= (VY T 0 g O]V (0, 5550 1 [V ey (0)] T V0™ (0, 2522)
(920 OV U (0, 54 + 0.0, VA VIVE Y (0, %),

An analogous but longer expression can be written for VN VN vy 5Se 4( z)-

Uniform bounds over eq, e, e3 of Vé\{aw,&l( ), VNVNax ,(0) and VNVNVNCL;E e4(0),
in terms of ¢ and Cp, follow now from ‘mean-value’ formulas (6.23) (or Lemma 2.4) and
(6.27), as well as Remark 6.5 in the next section.

We remark that we will use that ¢ € C® in the following corollary. This is the only
place where the property that ¢ is five times continuously differentiable is used.

Corollary 5.10. Consider the solution of the discrete PDE (1.1) satisfying (1.2). When
uN(0,) satisfies the condition (5.89), we have, for every e, es, that

~ ,1_;'_2 _ _ 2 _
(5.91) 140 < O[Ky 7 (1+C2Y + K5 O3],
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2 _2_1_
(5.92) IVNEN |y < C[Rg ( 1+c Y+ Ry TCH,
_2_q9 _
(5.93) VYV (X)| < C[Rg (1 + ) + Ky '),
_ _2 _ _3
(5.94) VNVNuN, < K, " (1+C’0 N+ KgCP®+ Kg .

Here, Ko =K +Co+1 and C = C(n,cx, T, 0, || flloos | llocs |0® oo us : 1 < i < 5).

Proof. We apply Theorem 5.7 with a = ¢/(uV) and g = Ka(t, &) f(u™ (t, %)) as in (5.3)
and (5.5). First, we see the condition (5.35) for this a as

[@ N <B=C(K+Cy+1) = CKy

by the proof of Corollary 2.6, where C' = C(n, cx, T, || £l oo [|” lsos [|t™ (0) || 00 )-

Next, let us check (5.36). We have |VYa(0)| < [|¢"]|lco|VYu N( )] Also, we have
Ve vEa0)] = [V (az(0)VEu(0)], [VEVIVa ( )| = V2V (az,(0 )TN N(0))!
and in addition |VN~V£[,VNVN 0)] = |VemVNVN( L0)VYUN(0 ))|, where

/ e /(0 N
695l { e vhen u (X 4 ) £ V()
’ ¢"(uN(X)) when V(X + ) =u
Note [l clloe < [l¢"llc and [VIaz (0)llo < C(l¢" o)V Iu" ()]l by the proof
of Lemma 2.4. Moreover, |[VY,VYal (0)] < C(ll¢" oo ll9™® o) 35—y ||uN(0)Hé]2v b

the proof of Lemma 6.5. Also, we have |V]\[,,VNVN 2 e(0)] < CleP oo : 2 < i <
5) Zj:1 |u? (0 )||C3 , applying Remark 6.5 to a'. Hence, by (5.89), we have (5.36) in the

form

(5.96) [|VYa(0)]loo + VIV @(0)||oo + VEVIVI@(0)]loo + VI VI VIV E(0)]|0o
< C(lleW oo : 2 < i <5)(Co+C3 + CO +C3)
= C1 < C(p)Co.

Also, by (5.84), we see the condition (5.37) for g:
_1
IV¥gllee < Clo, NE Vi UN|loo < CKKG = Go
and, by (5.83), we have the condition (5.38):
_ 1
1€ oo < 1€ lloo I VEu™ oo < CK§ = Wee.

Here, C = C(TL, ct, T, o, HfHOCH Hf/HOCH H‘PIHOCH HSO”HOO:u:I:)'
Now, by Theorem 5.7, recalling Ky, noting o = o and C; < C()Cy, we have

(5.97) EN|14o < C[(Ko+1)"% (Wao + Ds) + GL + D],
(5.98) IVNEN|) < C[(Ko +1)7 (Wao + D) + (Ko +1)"H(GL, + Dr)],
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with Dg < (Ko + 1)%(3’0(1 +C§) and D7 < (Ko + 1)360(1 + Ca1). Therefore, bounds (5.91)
and (5.92) follow, noting Ko + 1 < 2K, and the forms of GL, and W, and Co(1 + CJ) <
C(Co+C3Y), Co(1+C51) < C(Co + Cp).

To derive (5.93), as in the proof of Corollaries 5.8 and 5.9, we have
Ve, Veyt (X) = Velag e, (1) - €5(X + §) + 6.0, () - Ver&ey (X),

e1Yx,es

where [V{ag ., - €3] < Cle-, [|¢"[loc) maxe [|€X][3, and |a2,, - VEET] < C(e-)IVEE lo.

In particular, by (5.98), we have

(5.99)  |VNVNUN(X)| < C[W2 + (Ko +1)7 (Wao + Dg) + (Ko + 1) 1(GL + D7)

€1
The bound (5.93) now follows from the forms of G, and W, above.

Finally, the Holder estimate (5.94) follows as in Corollary 5.9 (through the method
given for Corollary 5.8), using now (5.97) and (5.98) to bound J3 and Jy. Indeed, Jy, Jo
have the same estimates (5.87) and (5.86) as in the proof of Corollary 5.9.

To bound J3 and Jy, by (5.85) and the estimate [u™(t,-) — u™ (s, )| < CKl|t — 5|2
by Corollary 4.4, we have

al + 1] < C[IVEEN(X) = VEEN (V)| + Kol VAN (011X = YI7).

We now input the Holder bound for VY¢) in (5.97) and the gradient bound in (5.98),
and note that the term with the Holder bound is dominant:

_ 1

Ko[K§ (Ws + Dg) + Ky H(GL, + Dr)].

Hence,
_ 141
il + 5] < C[ Ry 7 (Wae + D) + Gl + D7 1X ~ Y7

The following bound (5.100) now follows by adding the (equal) bounds (5.87) and (5.86)
for J; and Jy to the bound for |Jy| + |J5]:

_ 141 _ 3
(5.100) VTN, < C{KO+“ (Wao + Ds) + GL + D7 + (Ko + 1)2}

and this implies the bound (5.94) similarly as above. O

6 Construction and estimates of fundamental solutions

This section presents a different approach to the discrete Schauder estimates. We rely on
the fundamental solutions constructed by the parametrix method of E.E. Levi. This route
is also well-known in PDE theory to derive the Schauder estimates; see Friedman [18§]
Chapter 1, II'in, Kalashnikov and Oleinik [32], Ladyzenskaja, Solonnikov and Ural’ceva
[39] p.356— and Eidel’'man [14]. Cannizzaro and Matetski [8] used Schauder estimates
shown in this direction to study discrete KPZ equation.

We first construct the fundamental solutions of the linear difference operators of
parabolic type and derive the estimate on its spatial discrete derivatives in Section 6.1.
Then, we apply it to the quasilinear discrete PDE (1.1) in Section 6.2.
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6.1 Fundamental solutions of linear parabolic difference operators

Let L = Li, be a linear (elliptic) discrete difference operator of second order with co-
efficients depending on (t,+) and let L* be its dual operator with respect to the inner

product (f,g) = Nn ZzeT” F(§)9(%)-

Definition 6.1. (i) We callp = p(s, %:t, %), s < t, a fundamental solution (in the forward
sense) of L — 0, if (Lyz — Ot)p = 0 (L is acting on the variable ) and p(s, %5, %) =
N6y, where 0y is the Kronecker’s 6.

(ii) We call p* = p*(s, %:t, %), s < t, a fundamental solution (in the backward sense) of

L* + 05, if (L5, + Os)p* =0 andp (t, %:t, %) = N"0qy.
We recall the following identity from [18], Chapter 1, Theorem 15.
Lemma 6.1. p(s, %:t, %) = p*(s, %:t, %)

Proof. For s <r <t, set

Then, its derivative in r vanishes:

orq(r) = ﬁ Z {Lr,zp(57 %; Ty %)p*(ﬂ %; 2 %) —p(s, %; T %)L;Zp*(ﬂ %; ¢, %)} =0.

z
Thus, we have p*(s, 3¢, ) = a(s) = a(t) = p(s, §:t, §)- O
We specifically consider as L = L; the linear difference operator of the following form:

(61) Lou(%) =5 3 aclt H)VIVNu(E) + 3 belt, £)VVu(E) + celt, £)u(%).

le[=1 le]=1

2=

0<e- Sae(t7%) §C+ < 00, Qe(t,%) :a—e(t7%)7

(6.2) ) v
|be(t; 7)) [ce(t; &) < Do,

and Holder continuity:

Jac(t: &) — ae(s, %) < Cu(lt = s + |5 — %1%,
(6.3) [be(t, &) = be(t, %) < Culz — %1%
le(t, %) — c(t, )| < Culi — %1%

for some v € (0,1) and Dy, Cy > 0, recall that |- | denotes the distance in T" and defined
by (2.13). Writing Cgr for Cgr V Dy, we assume Dy = C for simplicity. The symmetry of
ae in e is assumed without loss of generality, since we have

> aVivl =3 a VNV =" aVIVY, = > a VYY)

le|=1 le]=1 le]=1 le|=1
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so that we may take a symmetrization %(ae +a_.) for ae.
Applying the classical parametrix method due to Levi, we can construct the funda-

mental solution p(s, %;t, %), 0 < s < t, (in the forward sense) of the operator d; — L; and

obtain the following estimate on its (discrete) derivative in x.

Proposition 6.2. The fundamental solution exists and we have the estimate

C

t—s

2/
64) VP, it %) < e“Cu gle(t—s), 5FE), 0<s<t<T,

i

for some C = C(n,cy,,T), where g(t, i) := =2 NP1t with, | x| defined in (2.13).

Proof. For each fixed (s, %), let Z( s, ¥it,«),t > s, be the fundamental solution of
Lo, yy = Aa( ) — O, Where AN a(s, 1) is the discrete Laplacian with the constant co-
N N

efficient a(s, §) = (ae(s, §))je|=1 defined by (2.8). Recall that AN is defined for a =
(Ge)jej=1 € RQ” such that ¢ < ae < ¢y and a, = a_.. Namely, Ea(s’%)Z(s,%; ) =20
for t > s, and Z(s, ;s
by p(t — s, "§") = Z(s, %t %) Note that p(t, &) = N" 3 p*(N?t,z + ) with p* in
[12]. By (1.9) of [12] for p*(= pp), we have Aronson estimate:

s,+) = N"¢ v (+). Since T7%; is spatially homogeneous, let us define p

(6.5) VY Z(s, %t %) < e

(6.6) VYV 2, it %) < o

t—s

which follow from (1.4) and (1.5) of [12]; we take N2(t — s) for t — s and estimate 1V
N2(t —s) > N%(t — s). Note that here we are in a very simple situation with the discrete
Laplacian AY with constant coefficient a, and without a random environment as in [12].
The condition a € A(c_,cq,n,T') in [12] is satisfied due to the symmetry assumption
ae = a_, in our case. The constants c, c1, co, k, k1, ko depend only on n and c.

Let ®(s,%;t, +) be the solution of the integral equation

I R RY [ W UE SR T e

2\@

where £ = L; — 0; acts on the variable (¢, ) (cf. (4.1) of [18]). Then, from (2.8) of [18]
(or (11.13) of [39]),

2\&
\

2

3

N
2\&
o
0
2t
=
=S
Y
3

(6.8) ps, §ith i) = Z(s, %31,

is the fundamental solution of £ = L; — 0.
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The equation (6.7) can be solved as
(6.9) B(s, L0, 2) = S (L2)ls, Bit, 2),
where (LZ); = LZ and
6100 2l kit §)= [ s X L2 it ) DG i )

see (4.4) and (4.5) of [18] (or (11.23) and (11.24) of [39]). Then, noting that £Z =
LiZ — AN, Z, from the bounds with ci, Do(= Cg) and Holder continuity (6.3) of the

a(s, %)

coefficients of L; in (6.1) and using (6.6), we have

a ko(t — s), 54
(611)  1£2(s, it )| < Clnyex) (1 + Ca){ [t —s|* + yx];yy“}g( Z(t i)
—s
However, one can estimate g as

2|2

glkat,z) = (kat)"2e F2f < Cyt™2 (@ya

for every a > 0. First, taking a = %(d + 2 —2u — ), in terms of a parameter p,

2 g(ka(t = 5), °5") o (|EERN ~ 5 (n42-2u—a)
8}2 t— g N Sca(t—5)2 1 2( s )
C.

1 1
“(t— s)H |%|n+2*2u70¢.

(6.12) |t —

Next, taking a = 3(d +2 — 2u),

‘ﬂ‘ag(kQ(t - S)a %)

N t—s

(6.13)

_ 1
|%|2 —§(n+2—2u)
t—s

< Ca| 52| — )5

1 1
“(t—s)H |%,n+272,ka‘

Thus, from the estimates (6.11), (6.12) and (6.13), we have shown

C(n,ce, 1)1+ Ch) 1
(t _ S)“ |% _ %|n+2—2u—a

(6.14) |LZ(s, %:t, %) < (1-9§<pu<l),
which corresponds to (4.3) of [18].

Then, by induction using (6.10), one can get for some Aj, Ci, Cy > 0, depending on
n,c4,

m moa _ n )\* z _ Y 2
(CZ)mls it 3] < ST gyt o { - 215 — 1,

r(me) (t—s) At — s)
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see (11.25) of [39] p.362 and (4.14) of [18]. Indeed, we replace the integral estimates
such as Lemmas 2 and 3 in [18] by those on Riemann sums uniformly in N. Also the

estimates on chZiv 89‘?1_28%6 - in (4.10), (4.11) of [18] are replaced by those on discrete derivatives
V2,V NV Z given in (6.5), (6.6). We note that two ma in (4.14) of [18] should be "2 as
in [39]. In fact, the estimate on (£Z) above (4.14) is shown with 22. In our computation,
we are especially concerned with the dependence of the estimate on the constant Cp,
which should be C}} as above from (6.10). Therefore, from (6.9), we obtain (cf. (4.15) of
[18]), in terms of (3, Cy depending on n,cy,a, T,

2/a
C3e4Cn { Aolx — |2}
)

Y.+ T
(6.15) |D (s, e N)| = - S)(n+2—a)/2 exXp 4(t — s)

by estimating (t — s)% < CPH(t — $)2 form>1and 0<t—s<T,and

i CI:2C'H i Cch

m=1

25
a

Ce(CQCH)Q/Q.

Further estimates are similar to [18]. We only note that the estimates on the Riemann
sums are uniform in N as noted above, and by (6.8), we get the estimate (6.4) on VY, p. O

Remark 6.1. A weaker estimate than (6.4) under the average in x (i.e., under N~" %" )
might be available due to the result of [12]. Indeed, such an estimate can be shown at least
if the coefficient a is independent of t so that it is temporally homogeneous, because the
spatial shift acts ergodically.

Remark 6.2. If the coefficients have a singularity t=°/? att = 0 in (6.3) like in (2.17), we
face the following difficulty. Estimates (6.11) and (6.14) can be shown with an additional

factor s=°/% in the right hand side. Thus, from (6.7), ®(s, N7 7)) has a singularity §79/2
near s = 0. This is inherited by pN so that the estimates diverge at s = 0.
6.2 Application to the nonlinear problem

N

We now apply Proposition 6.2 to show the Schauder estimate for the solution uw" =
u(t, %),z € T} of the quasilinear discrete PDE (1.1). One can rewrite the operator

LZUN(t)) in (1.5), determined from ANp(u® (¢)) as in (1.7), into the form of (6.1). Indeed,

recalling V2" = VY, and then using (2.9), we have
610 Ed) =3 X T 070 )
le[=1
-1y {ax_e,e(t)vivgvu(%) + VN, () - VY u($) }.

le|=1

Therefore, we may take ac(t, %) = $(az—ce(t) + ote,—e(t)), be(t, %) = 3V, az(t) and
ce(t, %) = 0 in (6.1). Unfortunately, as b, is given as a discrete derivative of ay(t), we
need to use the first Schauder estimate for u” (¢) to estimate it.
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In the following, assuming the first Schauder estimate, we illustrate how one can
derive the second Schauder estimate based on the estimates for the fundamental solutions.
Constants C' may change line to line, but these are referenced to earlier results.

We will assume the initial value ug € C2(T"). Then, ||’ (0) ||C]2v is uniformly bounded
in N and K. By (2.25) in Corollary 2.6, a.(X) satisfies

(6.17) actr, ) — aclts, %)| < CK{ [t —|* + % - 2|7}, t1.12>0,

where we simply write K instead of K + 1 by assuming K > 1. Furthermore, by Corollary
4.4, under the assumption that ug € C%(T"), we have [0"V]1 1, (< [aV]140) < CK'5 and
VNuN| < CK +. From this, as we will indicate in Remarks 6.3 and 6.4, b, satisfies the
Hoélder continuity

(6.18) [be(t, %) — be(t, %) < CK = |$1—ﬂ{a, t>0,
%)—b(s,%)\SCK?\t—sP, x e Ty.

The constant Dy in (6.2) can be taken as Dy = CK= by (6.23) below and Corollary 4.4.
Note that (6.19) is unnecessary when we apply Proposition 6.2. It is used to estimate J; 2
in the proof of Corollary 5.8.

Thus, a. and b, satisfy the conditions (6.2) and (6.3) with Cy = CK+ and a = o.
Therefore, by Proposition 6.2 and also by Lemma 6.1 noting that Li\gu N (1)) is symmetric,
we have the estimates on the discrete derivatives both in = and y of the fundamental

. x N :
solution p(s, %3¢, %) of Lo ey — O

) . C 4/02 —
(6.20)  |[VLp(s, &t )] [VEp(s, &3t )] < S gl =95

t—s

for0<s<t<T.

With the gradient estimate on p in y in hand, we can derive the estimates on
VAVYuN for the solution u of (1.1) based on Duhamel’s formula and computations
on commutators of difference operators. The gradient estimate of p in  would be useful
to show the first Schauder estimate, but here we have assumed it.

Our result is the following. Note that this bound is much worse compared to that
obtained in Corollary 5.10, though we assume only uy € C? not in C° here.

Proposition 6.3. Suppose the condition (1.2) holds at t = 0 and ug € C*(T™). Then, we
have

02
(6.21) IVYTNUN (1, 2 < C(|[VNTN N (0)]| e + 1) exp{CeCK 7},

for allt € [0,T], x € T}, and unit vectors ey, es.
Here, the constant C = C(n,ce, T, 0, flloos |€” ||lcos [|¢"||co, ux) > 0.

We defer the proof of Proposition 6.3 until after we develop some estimates. We now
compute the commutator [VY, LY] and see that it has a gradient form.
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Lemma 6.4. We have

(6.22) VLN uw(£) = LYVYuE) + Y VIV ape () re o VY u(£)},
le’|=1,e/>0

and the bound

(6.23) Ve ager(w)] < C{VIu(E)] + VY u(257)]},
where C = %H(p””[/oo([uﬂqu]).
Proof. The identity (6.22) is shown as

VLY u(g) = > VIV {tpe(w)r_oViu(%)}

le/|=1,e/>0
= > VIVN{tee(w)r_oViu(£)}
le’|=1,e’>0
= > VitV o VIu(E) + rer—o V(%) - VN ag o (u) }
le/|=1,e’>0
= LyVNuE) + Y VE{re o V) - VY ag e (u)}.
le’|=1,e/>0

Next, to show the bound (6.23), we write

pute) —plu(z+e—€))  pu)) —olulz —¢)) }
u(r+e) —ulr+e—¢) w(z) —u(z —¢€) ’

(6.24) VNaye(u)=N {

where we omit + for the variables of u in the right hand side. Then, applying Lemma
2.4 with a = u(w—i—e), b=u(z+e—¢), c=ux),d=ulr—_e€), we obtain the bound
(6.23). O

For the solution vV = u™ (¢, &) of the discrete PDE (1.1), using (6.22) with e = ey,
we have

(6.25) HVEVIWN = VIV LN WN + KVYVE f(ul)
= VNLYVEuN + Z VIV g (W ) 7oy VN UN

K g )V,

Here, g c(u) is defined from f(u) in a similar way to a, (u) in (1.8). For the second term,
by (2.9), we expand

(6.26) {Vezaxe( N)762 e/VN N

—VNVNam( M res—errer VEUN + VY ay o (0N ) 7oy VE VY WM.

We now state the next lemma, in which e; € Z¢ does not need to have norm 1.
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Lemma 6.5. We have
(6.27) vaNa$e<>=%¢%<%ovavN (%) = VIVEu(ty
o (u(EF2)) VAV u(%) + RN ().

<))

where RN (z) is a sum of quadratic functions of {VfVuN(ﬁ),z = eq,e9,61 + €9, —
x,x+e1, x+eq, x+e;+ex}, which is explicitly given in the proof. In particular, in R
the squares of VY uM (%) and VY N(%) do not appear.

e1fea

AN

Proof. Omitting % in the variables again, the left hand side of (6.27) is rewritten as

Nz{ pu(z+ert+e)) —puzt+ert+ea—€))  pulz+er)) —pu(z+e—¢€))
wlx+er +e) —ulx+e +ex—e) w(x +e2) —u(z +ex —¢€)
_plulzten)) —pluztea —e)) @) —plu(z e ))}
u(z+e1) —u(z+e —¢) u(z) —u(z —€)

= N2{<p’(u(x+61 +e32))
+ 39" (u(x + e1 + e2))(u(z + e1 + €2) —u(z + e1 + €2 — €))
+ 59" (u}) (u (x+el +en) —u(z+er +ea—¢€))?

— ¢ (u(z + e2)) — 39" (u( + €2)) (u(w + €2) — u(z + €2 — €'))
- %Sﬂm(uz)( (x +e2) —uz + ez —¢))?
— ¢ (u(z+e1)) — 5¢" (u(z +e1))(u(x+e1) —u(z + e — €))
— 5" (u5)(u (1‘ +er) —u(z+er —¢))>?
+ ¢ (u(@)) + 59" (u(@)) (w(z) — ulz =€) + 59" (ui) (u(z) — ulz - 6’))2}7

by the mean value theorem for some uj,..,u; € R.

The sum of the terms containing 1g0”’ written as R} (z), is given by

Ry (2) =5¢" (ul) (VEgu(z + e1 + €2))* — 59" (u3) (VEgu(z + e2))?
— 59" (W) (VEu(e + e1))” + " (up) (VEu(x))”.

The terms containing ¢’ are summarized as

N2/ (ule + e1 + €2)) = ¢ (ulz + e1)) = ¢ (ule + e2)) + ¢ (u(2))}
= N (u(@ + e) (e + o1 + e2) — ulw + e1))
+ 20" (uE) (u(x + e1 + e2) — u(z + e1))?
@ (u(@))(ulx + e2) — u(@)) — 3" () (u(w + €2) — u(x))?}
- N{(p”(u(x +e))Vu(z + 1) — w”(u(m))VNu(x)}
+ 3" ) (Vule + e1)? — 3" () (VA u(x))

However, the first term is rewritten as

" (u(z + 1))V Veyu(z) + N (¢ (u(z + 1)) — " (u(2))) Veyu(z)
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= ¢" (u(z + 1)) VI VI u(@) + " (u) VY u(z) VY u(z).
Thus, the terms containing ¢’ are rewritten as

" (u(z + eﬁ)VZVé\gu(x) + RY (2),

Ry () = 59" (ub) (Viula + e1))” = 39" (ug) (VEu(@))? + "' (uf) Vi u(z) - Vu(z).
Finally, the terms containing ¢” are summarized as

%N2{<p”(u(:1: +e14e2))(u(z +e1 +e2) —u(z + e + ez —€'))
—¢"(u(z + e2))
—¢"(u(z +e1))

- %N%"(u(a;)){(u(x Fei+es) —u(z+e+es—e))

— (u(z +e2) —u(z + ez —€))
— (ul(z + 1) — u(z + 1 = ) + (u(z) - ulw — &)} + B (2)
= 2" (w(@){VEVEu(z) = VIVE u(z — )} + RY (2),

u(x +e2) —u(z + ey —€))

(
(u(x +e1) —u(z+e —€))+ " (u(@))(u(z) — ulz — e'))}

where R:]))V (z) is given and rewritten as

Ry (z) = — IN{¢"(u(z + e1 + €2)) — " (w(2)) } VN, u(z + €1 + e2)
+ IN{¢" (u(z + e2)) — " (u(z)) }V ou(x + e2)
+ IN{¢" (u(x + 1)) — ¢" (u(@)) } VY u(z + e1)
@)V L ul@) VY u(o 4 er + )
+ 50" (ug) VEu(x) V2 u(a + e2)
+ 59" (i) Veyu(2) VEgu(z + e1).

This completes the proof of (6.27) with RV (x) = RY (x) + RY (z) + RY (2). O

Remark 6.3. First recall that (6.27) holds for any e; € Z%, i.e., not necessarily |e;| = 1.
Taking e; = x5 — 21, e2 = —e, € = e, x = x1 and multiplying by %, (6.27) implies that

be(t, ) — be(t, §) =1¢" (w(FDIVYeu(F) - VVeu(F)}
N

: 2\5

— 39" %{V u(27¢) — VN u(H59)}
+ 39" (w(BN{VVeu(%) - vNeu<wl>}+2NRN<Wl>.

For the first three terms, we recall (1.2). Then, we can apply the first Schauder estimate
[N 140 (L iV 140) < CK'"> shown in Corollary 4.4 under the assumption that uy €
C?(T™), and see that these three terms are bounded by CKHé’x—A} - %’U The last term
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is a sum of quadratic functions of {VNu”" (%)} as indicated in Lemma 6.5. The term with
1= e1 = x9 — x1 is bounded as

|p2—z1]

1
IV U ( \ Z Ve, u ()| < OK# |z — 1],

by Corollary 4.4 by choosing €, : |éx| = 1 and zj properly, where |x1 — x3| = |21 — x2|[.
Similar for the term with ¢ = e; 4+ es. These terms do not appear in squares as we noted.
From these observation, for x; # xo,

1 1 1 2
NIRY (R < R C{E = |21 — 2o - Ko + (K7)*} <20K7 |3 — |-
Noting o < 1 so that Ki*s < K%, we obtain (6.18) when the time variable is fixed.

Remark 6.4. We comment, by the same style of proof given for Lemma 2.5, we obtain

(6:28)  |Veyazie, (1) = Veyazie, ()| < C(l¢"lloo) max [V'u (2, %) = Ve u™ (s, )]

es acel eo wel
C "
7(’“0 loc) max maX‘VéVuN(T,%)HVéYuN(r,ZN)

+
N e.e 2,z T>tAs

When + < |t — s|Z, (6.28) and Corollary 4.4 give the formula (6.19) when the space
variable is fixed. On the ther hand, when % > |t — s|%, we reduce, by the estimate on
(uMN)11, in Corollary 4.4 and also Lemma 2.4, that

(6.29) |Via ivel() Viage, (s)]

(HwHoo [u™(t, @)—UN(&”“)\HU t%)—uN(sa%)H
C(K's +1) N|t —s| 3" < O(K'*= +1)\t—s|2
e

C(K"™s + 1)t — 5|3,

yielding (6.19) in this case also.

Remark 6.5. Morcover, recalling [|o®]|o, = ||Q0(i)||Loo([u_,u+]) as in Corollary 2.3, we
claim that
(6.30) (VYT e, ()] < Cllelo : 1 < i < 4) Z ™t )i -

7j=1

Indeed, omitting % in the variables again, write

Nt 2)) + %gp"(u]v(t, 2)VNuN (¢, 2)

+ g 0 ) V2 (0.2 + e it e) [V (1))

Qz.eq (t) = Qpl(u

=hL+DL+1I3+ 1
where 2V (z;t,e4) : TR — R is the value between u(¢,z) and u™ (t,x + e4) (closest to
N(t,z) if more than one) with respect to the mean-value theorem. Then, we need to

bound V?{Vé\gvggﬂ- for 1 <i<4.
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Recall the notation for a' in (5.95). Note, by (2.9),

VIVEIVEL =VEVE(ay ., VEuN (¢, 2))

Z,e3

N N 1 N, N 1 NN, N
- Ve1 [v@aﬂ%eB ’ v63u (t’ x + 62) + a’ZU7€3V€2 ve3u (t, ZL')] :

By the proof of Lemma 6.5, |[VYVYal | <C Z§:1 |u (¢, )HJC2 , with a!. in place of a. ..
N )

1~ e2-x,e3

Also, by the proof of Lemma 2.4, |[V¥al . | < C||VNu"]|o = Cmax, |[VYu||o. Hence,

€1 7x,e3

using (2.9) again, [VAVEVAL| < O X5 [[u™ (5 )3

To same bound for nggvgb, because of the prefactor N~! and V?{u(m) =

N (u(z + 1) — u(x), would follow from the estimate |[V2 VY [¢” (u (¢, 2))VEuN (¢, 2)]| <
CZ§:1 |u™ (¢, )||jc?v We may write VYo" (uM (t,2)) = a2 ., VEuN(t, ) where a? is de-

fined with ¢” instead of ¢’ as in the definition of a'. Then, the same type of argument
with respect to the term I; gives the desired bound.

The same bound for Vé\i ngglg, due to the prefactor N2, follows from the es-
timate |V {o” (uV(t,2)) [VEu™ (2, :c)]Z}\ < C’Z?Zl |uN(t, )H]C?v’ shown by analogous
arguments used for the term Is.

The same bound for nggvgglg, due to the prefactor is N3, follows from the
estimate [¢® (= () [VXu™ (8,2)]*] < 6@ oo |7V u |2,

Hence, (6.30) is established. We comment that the estimate (6.30) was used to show
(5.90).

Proof of Proposition 6.3. We apply (6.22) again taking e = e; and u = VguN for the first
term of (6.25). Then, we have

OVEVEUN = LYVYVEuN + QN (x),

where the remainder term Q% (z) is the sum of the second and third terms in the right
hand side of (6.25) and the last term in (6.22) with e = ey and u = VYo,

Then, by Duhamel’s formula, we obtain for ve, e, (t, &) := VX VWl (¢, £),

Vey,e2 (tv %) =N"" Z Vey,e2 (0’ %)p(o, %; t, %)
Y

+ [ s NS S (o VTN (5, 2) - Ty (0 ()} (s, Bt £)
y e

s S S T 0 ey VY Tl st )
y e

x| s NS gy e (0N ()TN (5, 2)TN s, it 2

)

Let v(t, §) = Xc, e, [Ver,es(t: 7 )| and note that IVNuN (s, %)| < CK 7 from the first
Schauder estimate. Also, note that N " Zy p = 1 by the symmetry of p for the first term.
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In addition, note that g, e,(u) is bounded and K - K'/¢ < K3/ for the last term. Then,
we have from (6.20), (6.23), (6.26) and (6.27) that

ds
Vt—s

for t € [0, 7). This implies, by the argument in [19], p. 144 (letting n — o0), that

©31)  Jo®ll <Clo) s + CKF -7 ([ os) 1z + K7 V),
0

02 0_2
(6.32) lo(®) e < CUI(O) e + KH7eK ) exp { Ot (K7 - K7 )2

o2
concluding the proof of (6.21) by absorbing K = and also K3/7¢CKY"" in the higher order
exponential by changing C. O

Remark 6.6. For the linear Laplacian (i.e., ¢(u) = cu), we have VYp" = Véva due to
[V AN =0 or pV¥ = p™(t — s,z — y) so that the computations made in Lemma 6.4 are
unnecessary. In Lemma 6.4, especially (6.22), the second term, which is the error term
obtained by computing [V2, LY], is in the form of a gradient. This is important to make
the summation by parts in y and move the discrete derivative Vé\f to p.
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