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Summary A sequence of random variables, each taking only two values “0” or
“1,” is called a Bernoulli sequence. Consider the counts of occurrences of strings of
the form {11}, {101}, {1001}, ... in Bernoulli sequences. Counts of such Bernoulli
strings arise in the study of the cycle structure of random permutations, Bayesian
nonparametrics, record values etc.

The joint distribution of such counts is a problem worked on by several re-
searchers. In this paper, we summarize the recent technique of using conditional
marked Poisson processes which allows to treat all cases studied previously. We
also give some related open problems.
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1 Introduction

Consider a sequence of independent Bernoulli random variables Y; where P(Y; =
1)=1—PYx =0) =1/k fork > 1. We will call such a sequence as a Bern(1, 0)
sequence. Such a sequence notes the outcomes, “1” for a success and “0” for a
failure, in an experiment conducted over times k = 1,2,.... Notice that there is
an infinite number of successes in the sequence, thatis ) ,., Yx = oo a.s. since
> x>1 E[Yx] = oo. However, the number, Z1, of consecutive pairs of successes, or
strings {11}, is a.s. finite since

E(Z)) = kZ>E[YkYk+1] Z k(k 5
As an illustration of counting strings of the form {11}, we see that there are five
strings of the form {11} in the truncated sequence {01011101111}. What can one
say about the distribution of Z;?

Persi Diaconis, around 1996, surprisingly recognized that Z; is distributed as a
Poisson random variable with mean 1! Several studies of Z; and related counts
of other strings followed from this observation, which became the subject of
friendly mathematical conversation. In fact, we learned of the problem from Krishna
Athreya, who heard it during the course of a dinner at a conference.

This topic can be generalized. For m > 2, let Zy, = ) ;o Xk M=t a -
Xk +1)]Xk+m» be the count of strings where a success is followed by exactly m — 1
failures before the next success, that is the number of strings of the form {1 0 ..01}.

m— 1
Analogous to Z1, all the counts Z,, for m > 2 are finite a.s. Intriguingly, the counts

Z = {Z,;,}m>1 turn out to be independent random variables, and the distribution of
Zm is Poisson with mean 1/m form > 1.

How to explain this phenomena, and how robust and relevant is it? Consider
the situation where the success probabilities are “perturbed” in certain ways, that is
when X1, X5, ... are independent with Bernoulli distributions satisfying P(X; =
1) =a/a+b+k—1)fora > 0,b > 0,and k > 1. We will call such a
Bernoulli sequence as a Bern(a, b) sequence. In this case also, it turns out the joint
distribution of the counts Z can be described in terms of a mixture of Poisson vari-
ables. Interestingly, Bern(a, ) sequences have been found to arise naturally in the
study of random permutations, record values, Bayesian nonparametrics, and species
allocation models.

However, for strings which are not of the form {10...01}, it seems that “nice”
distributional expressions for their counts may not be available even with respect
to sequence Bern(1, 0). For instance, although the generating function for the count
W3 =3 ;o1 Xk Xk+1Xk+42, of three consecutive successes, i.e., of the string {111},
can be found, its distribution is not known in a “closed form.” See [15] for more
details.
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As another independent Bernoulli sequence, consider Y7, Y, ... where Y1 = 1,
PY,=1)=a/(a+b+k—2)fork >2fora > 0,b > 0, which we call
Bern; (a, b). This sequence appends a 1 to a Bern(a, b) sequence, thereby picking up
an additional k-string corresponding to any leading 0’s in the Bern(a, b) sequence.
Another interpretation of Berng(a, b) arises from the following observation. The
conditional distribution of the tail segment (¥, Y, +1,...) in a Bern(a, b) sequence
given Y, = lis Berny(a,b + n + 2).

It can be proved that the joint distribution of Z is sensitive to the value of b in a
Bern; (a, b) sequence. Namely, when b > 1, the joint distribution is again a mixture
of Poisson variables, but is not when 0 < b < 1.

By now there are several different ways to find the joint distribution of Z =
{Zm}m=1, for instance by using combinatorial techniques [1-4], generating func-
tions of moments [12, 17], Polya and Hoppe urns [7], and Poisson process em-
bedding [8-10]. The purpose of this note is to summarize existing results, and to
describe the last method in [10], the technique of using conditional marked Poisson
process models, through which the joint distribution of Z can be found for a large
class of Bernoulli sequences including all sequences studied before, in particular
Bern(a, b), Bern; (a, b), and dependent sequences.

The plan of the article is to give motivating examples in Sect. 2, and to detail the
technique of conditional marked Poisson processes in Sect. 3. In Sects. 4, 5, and 6,
this method is applied to find the joint distribution of Z when Y = Bern(a, b),
when Y = Bern;(a, b), and also when Y are some types of dependent Bernoulli
sequences. In the following, we rely on the exposition in [10, 17].

2 Examples

Bernoulli sequences arise naturally in several situations. We give four examples
below with respect to random permutations, Bayesian nonparametric statistics, pro-
duction failures, and record values.

Example 2.1. This example will show that the Bernoulli sequence Bern(1, 0) arises
in the limit in the study of cycles in random permutations. Let S, = {1,2,...,n},
and consider the Feller algorithm to generate a permutation 7 : S, — S, uniformly
among the n! choices (cf. [5]):

1. Draw an element uniformly from S,, and call it 7 (1). If 7 (1) = 1, a 1-cycle is
completed. If (1) # 1, make another draw uniformly from S, \ {r(1)}, and call
it m(w(1)). If w(x(1)) = 1, a 2-cycle is completed. If 7 (7 (1)) # 1, continue
drawing from S, \ {7 (1), 7(7(1))},... naming them (7 (7 (1))), and so on,
until a cycle (of some length) is finished.

2. From the elements left in S,, \ {7t (1), w (7 (1)), ..., 1} after the first cycle is com-
pleted, follow the process in step 1 with the smallest remaining number taking the
role of “1” to finish a second cycle. Repeat until all elements of S,, are exhausted.
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Let/ ,f") be the indicator that a cycle is completed at the kth Feller draw from S,,.
A moment’s thought convinces us that {/ ,5") }%—, are independent Bernoulli random
variables with P ([ ,5”) = 1) = 1/(n—k + 1) since, at time k and independent of the
past, exactly one choice from the remaining n — k 4+ 1 members left in S,, completes
the cycle. Denote C ,E”) as the number of k-cycles in 7,

1O 01, fork = 1

C(n)= _ _ o
EENE (1= 1) 10 + S 1 T (1= 1)1 for 2 <k <.

Now let Y be the sequence Bern(1,0) where P(Yy = 1) = 1/k fork > 1 so

d o .
that ¥, = I,f'i)kﬂ in distribution, for 1 <k < n. Since Y, and Y, 41 [ /=42

(1 —=Y;) for 2 < k < n all vanish in probability as n 1 0o, we can conclude, for
each k > 1, that lim, o0 C £ 7 in distribution.

Finally, as is well-known, the asymptotic cycle counts {lim, C é")}kzl are dis-
tributed as independent Poisson random variables with respective means 1/k for

k > 1 (cf. [13]). Hence, Z 4 szl Po(1/k). See also [1, 2] for more discussion
with Ewens sampling formula.

Example 2.2. Consider the standard nonparametric inference problem of estimating
the unknown distribution function F' from data X, X», ... which are independently
and identically distributed as F. In Bayesian inference, one would place a Dirichlet
prior D(«) on F. Here « is a finite measure on R; witha = «(R1) > 0. Under these
circumstances, one can show that there will be repetitions among X, X5, .... Let
Br =18, =1Xn € {X1,....X—1}) forn =2,3,.. Thus, B = 1if X, is
different from X, ..., X(4—1) and zero other wise. It is well-known that 81, B>, ...
are independent and P(B, = 1) = a/(a +n — 1) forn = 1,2,... and thus
form a Bern(a, 0) sequence. For details, see [6, 14]. This example is also relevant
in counting species among animals that are captured, and is part of the definition of
species allocation models.

Example 2.3. Suppose items are produced and examined routinely over time. Al-
ternatively, the item can be a long “chip” with successive spatial components. The
data consist of a Bernoulii sequence {Y7, Y3, ...}, where Y;, = 1 means that there is
a flaw (and Y, = 0 means that there is no flaw) at time n or at the nth spatial com-
ponent. In practice, given improvements in production scheme or other attributes,
P(Y, = 1) will goto 0 as n gets large. Isolated flaws do not signify failures. How-
ever, successive flaws like {11}, {101}, ... signify failures of say of type 1,2, ....
One would like to know the distribution of the number of failures of type 1,2, ...,
e.g., the distribution of the joint distribution Z.

Example 2.4. The following is another way to generate a Bern(1, 0) sequence from
record values. Let {8; };>1 be independent, identically distributed (iid) Uniform|0, 1]
random variables, and define Y; = 1 and Y, = I(B, isarecord) = I(B8, >
max(Bi, ..., PBrn—1)), n > 2. Reényi’s theorem shows that {¥,},>1 are independent
and P(Y, = 1) =1/nforn > 1, thatis Y = Bern(1, 0).
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3 Conditional Marked Poisson Process (CMPP)

To introduce the technique of conditional marked Poisson processes, let us further
examine Example 2.4 of Sect. 2, and derive in its context the joint distribu-
tion of the count vector Z associated with sequence Y = Bern(1,0). With the
same notations, define t1; = 1,X; = B1, 1, = inflm : m > t,-1,Bm >
Xe,_1}, Xn = Bg, forn > 2. Then, {X;};>; are the record values among {f;};>1
and {t,};>1 are the record times. Notice that the point process N on [0, 1] defined
by N(A) = > ;. x, (A) is a nonhomogeneous Poisson process on [0, 1] with in-
tensity 1/(1 — x) (cf. [16]).

For each record value X;, we can associate a Geometric(1 — X;) variable L;,
a mark, corresponding to the number of uniform random variables in {f;};>1 to
the next record. Then, by thinning decompositions, Zy = > .., I(L; = k) =
Y i-10x;([0.1)I(L; = k) for k > 1 are independent Poisson ‘variables with re-
spective means fol(l —x)" X% (1 = x)dx = 1/k fork > 1.

The idea now is to reverse the discussion above, and starting from what
we call a conditional marked Poisson process (CMPP), which is slightly more
general than a marked Poisson process, we determine a Bernoulli sequence Y
and compute the corresponding joint distribution of Z through Poisson thinning
decompositions.

Conditional Marked Poisson Process Consider a sequence of random variables
(X,L) = {(X;, Li)}izo on RxN where N = {1,2, ...}, and the point process N on
R given by N(A)=) ;. 6x;(A). Letalso g : R — [0, 00) be a probability density
function (pdf), and for eachx e R r(x,-),q(x,-) : N — [0, 1] be probability mass
functions, and A, () : R — [0, co) be an intensity function.

Then, we say that (X, L) forms a CMPP M(g,r, A, q) if the following hold:

. Xo has pdf g,

. Conditional on Xy = x¢, N is a nonhomogeneous Poisson process with intensity
function A, (),

. P(Lo = k|X) =r(Xo,k) fork > 1, and

4. P(L, = k|X,Lo,L1,...,Lp—1) = q(Xpn,k) fork,n > 1.

o =

[98]

Let L = Lo,and L} = L}_, + L, forr > 1. We now define a Bernoulli
sequence Y based on (X,L) as follows: ¥, = 1 if n is of the form L} for some
r > 0, and Y, = 0 otherwise. A different way to say this is

0, whenn <L§, orLy<n<Ly,  forr>0

Y, =
" 1, whenn = L} for some r > 0.

3.1

In the Bernoulli sequence Y, there is a 1 : 1 correspondence between k-strings and
marks L, = k, which signify a “1” followed by (k — 1) “0”s and then succeeded
by a “1.” Thus, the count vector Z associated with Y is given by
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Zr = Y I(Ly=k), fork>1. (3.2)

n>1

We note the zeroth mark Lg is not included in the above summation since any Y;
with i < Ly is part of an initial segment of zeros of the sequence not preceded by a
“1,” and so does not contribute to any k-string, for k > 1.

Theorem 3.1. Suppose [ A,,(x)q(x,k)dx < oo for allw € R and k > 1. Then,
the count vector Z associated with sequence Y, defined through CMPP (X,L) =
Mg, r, A, q), is distributed as follows. Given the value X¢ = Xo,

7z 4 HPO( f )kxo(x)q(x,k)dx).

k>1

Remark 3.2. The distribution of Z does not depend on the transition function r,
consistent with the discussion of L before the theorem.

Proof of Theorem 3.1. Recall the count vector representation (3.2). Condi-
tional on Xo = Xy, the point process M on R x N given by M(A x {k}) =
Y is10x;(A)I(L; = k) is a Poisson process on R x N with intensity func-
tion A, (x)q(x, k) (cf. Proposition 4.10.1 (b) [16]). Hence, it follows that, given
Xo = xo, the variables M(R x {k}) = >, _, I(L, = k) = Zj are independent
Poisson variables with respective means | Axo(X)q(x, k)dx, fork > 1. O

4 The Sequence Bern(a, b)

We now give a CMPP model which produces a Bern(a, b) sequence. Recall
that a sequence Y is a Bern(a,b) sequence if Y1,Y>,... are independent and
PYr=1)=a/(a+b+k—1)fork =1,2,.... Denote, as usual, for o, 8 > 0,
the Beta function

RN CIIN0:))
B(a,p) = Tasp (4.1)
Let
1. g(x) = x>='(1 = x)*1/B(b,a) on 0 < x < 1, the Beta(b, a) pdf,
2. F(x,k) = x¥1(1 = x) fork > 1,
3. Ap(x) =[a/(1 —x)]I(w < x < 1), and
4. §(x, k) = x*1(1 —x) fork > 1.

We note the Poisson process in the above CMPP model with intensity A,,(-) can
be generated in the following way. First, the point process formed by the record
values from an iid sequence of Beta(l,a) random variables is a Poisson process
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with intensity a/(1 — x), the Beta(1, a) failure rate (cf. [16] Proposition 4.11.1 (b)).

Next, we thin this process as follows. Let X 4 Beta(b,a), and {X;}i>1 be
the record values from an iid sequence of Beta(1, @) random variables, subject to
X; > Xo for i > 1. Then, conditional on Xy = w, the point process N defined
by N(A) = > i>106x;(A) is the desired Poisson process with intensity function
Aw(x) = [a/(1 =) I(w < x < 1).

Proposition 4.1. The model (X,L) = M(g,7,A,q§) produces an independent

Bernoulli sequence Y 4 Bern(a,b) for a > 0 and b > 0 whose count vector
Z, conditional on the value xo of a Beta(b,a) random variable, is distributed as

[Tes 1 Po(a(l — x§)/ k).

Remark 4.2. As a corollary, by taking b | 0, we recover the count vector distribu-
tion for Bern(a, 0) as simply Z 4 [[x>1 Po(a/ k). Note that (Xo, Lo) — (0, 1) in
distribution as b |, 0.

Proof of Proposition 4.1. The second part on the count vector distribution follows
from Theorem 3.1, noting for k > 1, that

1 1 _
/ )_LxO(x)ci(x,k)dx = / ax¥ldx = ad xo) 4.2)
0 X0 k

The first part is proved by showing that the finite dimensional distributions of the
Bernoulli sequence Y agree with those of a Bern(a, b). Observe that the distribu-
tion of {Y;};>1 given through (3.1) is uniquely determined by the probabilities of
cylinder sets of the form £ = E(ko, ..., kn),

=(L0:k05L1 =k1,~--,Ln:kn)
- (Y, — 1fort € {Ko, K1, ..., Kn},and Y; = 0 otherwise for 1 <7 < K,,),
4.3)

where ko, k1, ..., k, are positive integers and Ko = ko, K1 = Ko +k1,..., K, =
K1 + k,, are their partial sums. The random variables {Y;, } will form a Bern(a, b)
sequence if

Ky n

b+i-—1 a
P(E(ko,....kp)) = . . 4.4
(E(ko,.... kn)) Ea—l—b—l—l—lﬂ)b—l—Kr—l (4.4)

Let A, = {0 < x9 < X1 < -+ < X < 1}. We now use the Beta variables
representation given just above Proposition 4.1. Observe

re= | 2. ko) [ [ [ PX € AxlXs > 073 ki) o

i=1
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Since P(X; € dx;|X; > xi—1) =a(l —x;)* /(1 —x;_1)%dx; for1 <i <n,we
have further that the last line equals

b+k() -2 ki—1 a
sim ) [T = o .

i=1

_ Bb+K,—la+1) a"
B(b,a) [T'Zo(b + Ks— 1)
a HK” b +r) a”

TRt bt TG+ K1)

which is equal to the probability in (4.4). O
We note following ideas based on Theorem 2.2 in [9] (Theorem 3.1 in this note).

Holst [8] shows that an alternate CMPP model based on iid exponential random

variables can also give rise to a Bern(a, b) and yield the same results for Z.

S The Sequence Bern;(a, b)

Recall Bern; (a, ) is the independent Bernoulli sequence Y where P(Y; = 1) =1
and P(Yy = 1) =a/la+b+k—-2),k =2,3,.... We now construct a CMPP
model corresponding to Bern; (a, b) sequence when a > 0,5 > 1. Thus, the joint
distribution of strings Z in a Bern; (a, b) sequence whena > 0,b > 1 can be written
as a certain mixture of Poissons.

Leta > 0 and b > 1. Define

. g%(x) = x*"2(1-x)?/B(b—1,a+1)on0 < x < 1,the Beta(h — 1,a + 1) pdf,
r*(x,1) =1,

AN(x) =[a/(1—x)I(w < x < 1),and

Cgr(x k) = xF1(1 = x) fork > 1.

Note that the Poisson process in the above CMPP model with intensity A* can be

generated, as in Proposition 4.1, by taking X 4 Beta(b — 1,a + 1), and {X;}i>1
as the sequence of records from an iid sequence of Beta(l,a) random variables,
subject to the condition X; > Xp.

Proposition 5.1. The CMPP model (X,L) = M(g*,r*,A*,q*) produces an inde-

pendent Bernoulli sequence Y 4 Bern;(a,b) fora > 0and b > 1, and, conditional
on a Beta(b — 1,a + 1) variable Xo = xo, the distribution of its count vector Z is

[Tks1 Pola(l = x§)/k).
Remark 5.2. As a corollary, by taking b | 1, we find the count vector distribution

for Bernj (a, 1) to be simply Z 4 ]_[kZl Po(a/k). [In fact, Berny(a, 1) coincides
with the sequence Bern(a, 0) mentioned earlier in Remark 4.2.]
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Proof of Proposition 5.1. That the Bernoulli sequence Y defined from X, L is
Bern; (a, b), and the associated counts Z are the desired mixture of Poissons fol-
lows from the same method as in Proposition 4.1. See [10] for details. |

Although a CMPP model does not lead to a Bernj(a, b) sequence for a > 0,
0 < b < 1, the distributions of the associated count vector Z can still be described
with direct calculations in terms of a recurrence relation. However, it can be shown
the distribution of Z is not a mixture of Poissons. For more specifics, see [10].

6 Dependent Bernoulli Sequences

The CMPP model given in Sect. 3 can also produce dependent Bernoulli sequences.
In all these cases, as a consequence of Theorem 3.1, the joint distribution of the
count vector Z are fully described as a mixture of Poisson variables.

We describe briefly two such examples.

Example 6.1. Fora > 0and b > 0, denote P, j as the probability distribution of the
CMPP M(g, 7, A, §) described in Proposition 4.1 which gives rise to the Bernoulli
sequence Bern(a, b). Let now rt (x, k) = kxk_f(l — x)? for k > 1. Consider the
associated CMPP model M(g,r*, A, ¢) with g, A,  the same as in Proposition 4.1.
Denote the probability measure under this model as P+ = P afb.

Note that r(x, k) = k[F(x,k) — F(x,k + 1)] where 7(x,k) = x*71(1 — x).

Recall the cylinder set £ def E(ko, ..., k) from (4.3) where ko, k1,...,k, are
positive integers, and Ko, K1, ..., K, their partial sums. It is easy to see that

PH(E) = kO[Pa,b (E(ko, o ,kn)) — Py (E(ko 1k, ,k,,))].

From this expression, the distribution of Y can be recovered, and shown with a
few calculations not to be an independent sequence, e.g., PT (Y, = Y, = 1) #
P*(Y; = 1)P* (Y, = 1). For details see [10].

However, by noting Remark 3.2, the count vectors under P, 5 and P have the
same distribution [ [, Po(a(1 — x’oc )/ k).

Example 6.2. Let Y be the Bernoulli sequence Bern(1, 0) generated by the CMPP
model based on (X, L) discussed in Example 2.4 and Remark 4.2. Note that the
count vector Z does not change if one interchanges (X, L1) and (X3, L,). More
precisely, let XJ = Xo,L§ = Lo, X] = Xo, LT = L2, X5 = X1,L5 = Ly,
and Xy = X,, L) = L, forn = 3,4,.... Then, as the counts are invariant under
such a switch, Z* = Z still has distribution []7° Po(1/k). However, the underlying
Bernoulli sequence Y* generated by (X*, L*) is no longer independent. Again, one
can show P(Y;" = Y, = 1) # P(Y{" = 1)P(Y,” = 1). Details can be found
in [10].
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7 Some Open Problems

We

indicate two intriguing questions, although certainly many more can be

envisioned.

1. As indicated in the introduction, the generating function of W3, the count of

strings of the form {111} in Bern(a, b) has been identified in the nice paper [15].
However, we do not have a good specification of the exact distribution. We know
even less about counts of strings of the form {1111}, {11111}, etc. although some
recursions are given in [15]. Can one say something more about these counts?

. In an interesting paper [11], the following question is raised. Consider the se-
quence Bern(a, 0). We know that the count Z; of strings of the form {11} is
finite. Let N; be the last n such that Y¥,,_;Y, = 1. Is there a stopping time t
on Y such that P(t = N;) is maximized among all stopping times? Hsiau [11]
constructs such a r and shows that it is of a threshold type, that is thereisas € N
such that t = min{n : n > t,Y,_1Y, = 1}. It will be interesting to answer this

question for Bernoulli sequences Bern(a, b) and for other counts Z,, Zs, .. ..
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