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A CLUSTERING LAW FOR SOME
DISCRETE ORDER STATISTICS

SUNDER SETHURAMAN,* Iowa State University

Abstract

Let X1, X»,..., X, be a sequence of independent, identically distributed positive
integer random variables with distribution function F. Anderson (1970) proved a
variant of the law of large numbers by showing that the sample maximum moves
asymptotically on two values if and only if F satisfies a ‘clustering’ condition,
lim, o[l — F(n 4+ 1)]/[1 — F(n)] = 0. In this article, we generalize Anderson’s
result and show that it is robust by proving that, for any r > 0, the sample
maximum and other extremes asymptotically cluster on r + 2 values if and only if
lim, o[l — Fn+r+1)]/[1 — F(n)] = 0. Together with previous work which
considered other asymptotic properties of these sample extremes, a more detailed
asymptotic clustering structure for discrete order statistics is presented.
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1. Introduction and results

Let X1, X2, ..., X,, ... be a sequence of independent, identically distributed (i.i.d.) real-
valued random variables with common cumulative distribution function F(x) = P(X| < x)
< lforall x < oo. Let X(1) < X(2) < --- < X(,) be the order statistics in a sample of
size n. The ‘maximal’ order statistic is X ) and, for k > 0, X, _y) is called the ‘extreme’ order
statistic.

The classical asymptotic theory of the sequence {X,)} includes Gnedenko’s necessary and
sufficient condition for a law of large numbers to hold (see Gnedenko (1943) or Galambos
(1987) for a modern account).

Proposition 1.1. There exists a sequence {v,} such that, for all ¢ > 0,
lim P(|X @) — vl =) =0
n— o0

if and only if, for all x > 0,
1-F
lim L= FO Y _ (1.1)
y=oo 1= F(y)
When the random variables X, are discrete, say integer valued, then of course Gnedenko’s
theorem cannot hold since, for x < 1, the limit appearing in (1.1) is 1. However, something
can still be said in this case.
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Henceforth, let us specify that the variables X1, X», ... take values on the positive integers.
We define p; =P(X; =t)andsetp; =1 —F(t—1) = ijt pj fort > 1. We will assume
throughout, unless specified otherwise, that p; > 0 for infinitely many ¢ > 1 (so that F(¢) < 1
for all + > 1). There will be occasion, however, in Sections 1.2 and 1.3, when we will assume
the stronger condition that p, is positive eventually, namely when F belongs to

S={F: p; > 0forall t > ty, some ty > 1}.

Anderson (1970) proved the following result under the assumption that F € S, although
virtually the same proof holds under our more general assumption that F(¢r) < 1 forall ¢ > 1.

Proposition 1.2. There exists an integer sequence {v,} such that

lim P(X(;,) =v,orv, +1)=1
n—o0
if and only if
1-F@mn+1)
lim ——— =
n—oo 1 — F(n)

Note that Anderson’s condition (1.2) is Gnedenko’s condition (1.1) only for x = 1, and
would therefore give the weaker result. Anderson’s condition (1.2) can be equivalently stated
as lim;_, oo pr/pr = 1, or that the hazard rate converges to 1.

In this paper, motivated by a previous investigation of discrete order statistics, we extend
Anderson’s result to other extreme order statistics and also to more general but related discrete
distributions. These extensions clarify further the asymptotic structure of the extreme statistics
under these distributions in terms of some ‘clustering’ interpretations.

Consider the following classes of discrete distributions identified by their limiting hazard
rate behavior. For integers r > 0, define

(1.2)

1—F 1
A, =1F: lim mrr+D _ ol
n—00 1—F(n)

Note that Anderson’s condition (1.2) reduces to F € Ay. It is easy to see that A, C Ay for
r < s (see Lemma 1.1 below), and so A, can be thought of as a generalization of Anderson’s
distributions. The distributions in A, are roughly characterized by ‘light’ tails. For instance,
the Poisson distribution lies in A, but the geometric distribution, with positive limiting hazard
rate, belongs to no A, for r > 0.

The following was stated in the penultimate part of Theorem 1.3 of Athreya and Sethuraman
(2001). (We point out that the proof of Theorem 1.3 in Athreya and Sethuraman (2001) in fact
assumes the condition F € S but this is not noted explicitly.)

Proposition 1.3. Consider a distribution F € S. Then, forr > 0, F € A, if and only if
lim P(|X(n) — X(n_1)| >r+1)=0.
n—od

This result suggests a sort of ‘clustering’ of extreme values X () and X, 1) under distribution
F € A, on sets of cardinality r + 2.

Our main results generalize Proposition 1.2 and the ‘if” part of Proposition 1.3, and show
that a certain ‘clustering’ does hold, not only for the first two extreme statistics, but for the
collections {X ), ..., X@u—k)} for kK > 0 and go on to specify a set of clustering values.
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Theorem 1.1. Forr > 0, there exists an integer sequence vy , = vy (F) for n > 1 such that

lim P(Xu—k) € (Vns Unr + 1, .. 00 +7r+ 1)) =1 foreachk >0
n—o0

if and only if F belongs to A,.

We remark that the sequence v, , can be taken explicitly as v, , = (up 41 + %J, where
Unr+1 = sup{z : 1 — Fr41(z) > 1/n}, Fr41 is defined in Section 2 and |-] denotes the
integer-part function. Define V,, , to be the set of clustering values,

Vn,r = {vn,w vnr+ 1.0, Upr +1+ 1}.

An immediate corollary of Theorem 1.1 which specifies asymptotic clustering on V,, , is the
following.

Corollary 1.1. Forr > 0, there exists an integer sequence v, , = vy r(F) for n > 1 such that

lim P(X@y, ..., X(a—k) € Vo,,) =1 forallk >0

n—o0
if and only if F belongs to A,.

Given now that the extremes hover on the set V,, , asymptotically, it is natural to ask how
the extreme values move inside V,, .. With respect to a large class of distributions in Ay and
A, \ A,_| for r > 1, we show in Section 1.2 that the extremes move back and forth on the
endpoints v, , and v, , 4+ r 4 1 infinitely often (i.0.) with probability 1 (see Proposition 1.6).
With additional assumptions, we also show that the extremes move on all pointsin V,, , infinitely
often with probability 1 (see Proposition 1.7). It is interesting to note, on the other hand, that
intermediate movement (that is, movement on Vy, , \ {v r, vn » +r + 1}) may not be possible
for some examples (see Example 1.1). Any more precise determination of the boundaries
separating these phenomena is open however.

We remark now on the plan of the paper. In Section 1.1 we make some remarks on the
structure of the distribution sets A, for r > 0. Then, in Section 1.2, we prove the fine clustering
properties alluded to above. In Section 1.3, we comment on some complements to Theorem 1.1.
Finally, in Section 2, we prove Theorem 1.1.

1.1. Classes A,

An equivalent characterization of the set A, is that A, contains those distributions such that
the probability of expiring by time n 4 r given that one has lived up to time n tends to 1,

1 r
A, = {F: lim _—an+l=1}-
n—)oopn =0

As mentioned before, A, loosely characterizes distributions which ‘cluster’ in a certain way on
low values or have light tails. As r grows, these tails grow heavier. More precisely, there is a
natural ‘grading’ of the classes A,.

Lemma 1.1. Forr >0,
A, C AH—L

Proof. This inclusion follows easily from the identity

1—-Fin+r+2 1-Fn+r+2)1—-F@n+1)
1 — F(n) T 1—Fm+1 1—F@n)
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Later, in Proposition 1.4, we specify distributions belonging to A, 1 \ A, for r > 0.
It will be useful now to compare and contrast the sets A, with the following classes of
distributions. Define, for r > 0,

IB%:{F: lim ﬁ:o},

n— o0 ﬁn

C, = {F: lim 2ntr =0}.

n—oo pn

The set B, in contrast to the sets A,, consists of distributions with ‘heavy’ tails. For instance,
the zeta distributions belong to B. In fact, B and the sets A, for » > 0 are disjoint.

Lemma 1.2. For eachr > 0,
A, NB=g.

Proof. We have
1—Fin+r+1) -
1—F®) o

- F(n+1+1) =]L[[1—@].

I—Fn+1) Bt

1=0 =0

Then, for a distribution {p,,} € B, we have that (1 — F(n+r+1))/(1— F(n)) - lasn — ooc.
Hence, F ¢ A, for any r > 0.

With respect to the sets C,, it is immediate that Cy = B. But, on the other hand, C, contains
both B and A,_; forr > 1.

Lemma 1.3. Forr > 1,
C,DBUA,_;.

Proof. Write
Pn+r  Pn4r Pn+r
ﬁn p_n—i-r ﬁn
Observe that both factors on the right-hand side are bounded by 1. Moreover, as n 1 oo,
DPn+r/ Pn+r vanishes when {p,} € B and p,+,/p, vanishes when {p,} € A,_;. These
observations imply the lemma.

In general, we can construct distributions in C, \ (B U A,_) for » > 1. However, the sets
C, and A, \ A,_ are disjoint for r > 1.

Lemma 1.4. Forr > 1,

Cr N (Ar \Ar—l) =d.

Proof. We have
-1
D=0 Pnti _ Y 1—0 Pt _ Dntr
Pn Pn Pn

If {pn} € A, N C,, the right-hand side above vanishes as n 1 0o, and so {p,} € A,_1.

At this point, we specify a class of ‘cyclic’ distributions which belong to A, \ A,_{ forr > 1.
Letnow Z,, = {1,2,...,m} form > 1.
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Proposition 1.4. Let Y be a random variable whose distribution function Fy belongs to Ay.
Let alsor > 1, and suppose that {Z,} is a family of random variables on Z, 41, independent of
Y, such that liminf, .o P(Z, =r + 1) > 0. Then

the law of X = (r + 1)(Y — 1) + Zy belongs to A, \ A,_1. (1.3)

The variable X has the interpretation that Y fixes a certain level and Zy determines, through
an (r + 1)-sided die roll, how much more to assign to X. We will call variables X satisfying
(1.3) “full (r 4+ 1)-cyclic random variables with level Y and increment Zy’. We point out also
that the ‘full (» 4 1)-cyclic’ variables include those distributions where the increment does not
depend on the level, Z, = Z. In this ‘homogeneous’ case, X is generated more simply by level
Y and an independent (r + 1)-sided die roll.

In addition, we remark that it is tempting to think that all distributions in A, \ A,_ are
generalizations of the full (» + 1)-cyclic laws identified in (1.3). However, the rate at which
the hazard rate of Y vanishes seems to be involved in proving a converse, and the issue is not
further pursued here.

The following will be of help in proving Proposition 1.4.

Lemma 1.5. Let {p;} € Ag. Let also {c1(t)} and {c2(t)} be sequences of numbers 0 < c¢{(t),
c2(t) < 1 such that liminf;_, oo c1(t) > 0. Then

t
im 0P (1.4)
1500 c1(t)pr + Pr1
and ,
c2(D) pr+1 _o. (1.5)

m —————
=00 (1) pr + Prt1
Proof. As p;+1 = p: — p:, we may rewrite the denominator in (1.4) as

P ~ 4
ci®)pe + pry1 = Pt[l + (1) — 1)pft]-
t
But also, since
Pn Pn
Dn+1 Pn(1 = pu/pn) '
we can write the denominator in (1.5) as

_ _ )2
1()pr + Pra1 = Pra1 [1 +ep (1) = ]
Pr+1

_ 143
=pii|l+a@) ———— :|
’ [ pi(1 = pi/p1)
From these calculations, as lim;_,» p:/p: = 1, the lemma follows straightforwardly.

We now prove Proposition 1.4 for r = 1. A generalized argument for » > 1 is sketched in
Appendix A.

Proof of Proposition 1.4 forr = 1. Let{p;} € Agbe the distribution of Y and let (¢, 1 — )
be the distribution of Z; on Zy where liminf; . 1 —o; > 0 and so lim sup,_, ., &; < 1. Then
the distribution of X is the distribution {g,;} given by

_ o P(1+1)/2 for ¢ odd,
! (I —oy)peyp fort even.
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We first show that X ¢ Ag. Indeed, we can compute that

4 =qr t+qr+1+- -

a:pe+n/2 + (I —a)pernp + -+ = Pat1y)2 for ¢ odd,
A —adpip +apuiayp + =0 —a)piga + Pataye  fort even.
Then
Gbetd/2 for ¢ odd,
q: P@+1)/2
A (I —a)pi2

for ¢ even.

(I —ar) prja + prjai
As lim, o pn/pn = 1, we conclude that, for t odd, lim sup,_, . g2:—1/g2:—1 < 1, but that,
for ¢ even, lim;_, o0 q2¢/g2: = 1 using (1.4) in Lemma 1.5. Therefore, {g;} & Ao.
However, X does belong to A;. Indeed,

13(,+1) /2 for ¢ odd,
g +qrv1 | PatD/2
- - = 1 —« o
q: ( ) Pt)2 1P(+2)/2 for ¢ even.

(I —a)pia + pa+2y2 - (I =) prj2 + Pa+v2y2

Clearly, for ¢ odd, the fraction (q; + ¢;+1)/q: converges to 1. But, also for 7 even, from
Lemma 1.5, this fraction tends to 1. Hence, lim;—, o (g; + gs+1)/q: = 1 and so {g;} € A;.

1.2. Fine clustering

We investigate the clustering interpretation of Corollary 1.1 further. A natural starting pointin
this regard is to ask about the asymptotic behavior of the extremes among the clustering values.
Do they move together or separate themselves from each other with high probability? The
answer to the last query is in the negative on both hypotheses, and is addressed in Propositions 1.6
and 1.7 and Example 1.1.

Consider the following result from the first part of Theorem 1.3 in Athreya and Sethuraman
(2001).

Proposition 1.5. Consider a distribution F € S.
(1) Foreachl > 1, F € B if and only if the limit
Jim P(Xo) = Xp-1 = = X-1+1) > Xu-1)
exists.
(i) Foreachm > 1, F € BU A,,_1 if and only if the limit
lim P(X(n) > Xn-1) + m)
n—o0
exists.
(iii) Foreachm > 1, F € C,, if and only if the limit
Jim P(X) = Xe-1y = -+ = Xa—i4+1) > Xa—p) +m)

exists for each | > 2.
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A consequence of this proposition which illuminates fine clustering properties of the extremes
is the following. To simplify notation, define, for r > 0,

Ay forr =0,
D, =
A N\NA_; forr>1.

Proposition 1.6. Consider a distribution F € D, NS for r > 0. Then, for each k > 1 and
1<l<k

PXwy==Xu—t+)=vp,r+r+land X,y = = X(n—k) =V, 1.0.) =1

and
PXu =Xwu—1)=-=Xpu-k) = Unrio)=1

Proof. Forr = 0, if F € D,, then necessarily F ¢ B by Lemma 1.2. Also, for r > 1,
if F € D,, then we must have F ¢ C, by Lemma 1.4, and in particular F ¢ B U A,_; by
Lemma 1.3.

Then, by Proposition 1.5, when F € D, the limit

nlingoP(X(") ==X i41) > X@u-n+71) (1.6)
does not exist for / > 1. However, by Corollary 1.1,
lim P(X), X(u—k) &€ Vin,r) =0, (1.7
n— o0

where of course the diameter of V,, , is r 4+ 1. Hence, using (1.7) to decompose (1.6), we have
that lim,,—, oo P(E, 1 k) does not exist where, forn > k > 1 > 1,

Enikr={Xmy="=Xa-t+1)y=vnr+r+land Xy = = X(u—k) = Un,r}-
Therefore,
P(Ey 1 kr1.0.) > limsupP(E, ;) > 0. (1.8)
n—0oo

Similarly, by Theorem 1.1, as F ¢ A,_1, wehave that P(X(,y € {v,,,+1,..., vy, +r+1})
# 1. But, as F € A, we have P(X(;) € V,,,) — 1 from the positive part of Theorem 1.1.
Therefore, P(X ;) = vs,r) 7 0. Hence, as P(X(,) > X(u—k) € V,,,r) — 1, by Corollary 1.1
we have that

P(Xu) == X@u-k) =vp,r1.0) 2 limsupP(X) =+ = X_p) = v,,) > 0. (1.9)
n—oo
We now argue that the infinitely often events in (1.8) and (1.9) are with full measure. For
each j > 0, let G; = {lim, o0 X(,—j) = oo}. Then, as P(G;) = 1 for j > 0, the events
M=o Gj N {X@y =+ = Xui) = Vnr L0} and (V5_g Gj N {Ey . i.0.} belong to the tail
o-field of the i.i.d. observations {X;}. Then, by Kolmogorov’s 0-1 law and some set-algebra,
we have that P(X(,) = -+ - = X(3—k) = Up,r 1.0.) =P(E, 1 k,1.0) = 1.

The result indicates that the sample extremes X ), X(1—1), - . ., X(n—k), under distributions
F € D, NS, behave quite irregularly, moving on top of each other and as far as the maximum
of r + 1 units away from each other infinitely often. What is not mentioned in the proposition
is if the extremes move to intermediate distances relative to each other infinitely often. It is
interesting to realize that such intermediate movement may not be possible.
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Example 1.1. Let {p,;} € Ag, and consider the distribution {¢g,} given by

(I — o 2)piy2 for t even,
qr =

a@ny2Pe+1/2  fort odd,
where 0 < o; < 1and ), & < oo is a summable sequence of numbers. By Proposition 1.4
for r = 1, we have that {g;} € A| \ Ag. Moreover, the odd and even probabilities g, and
g2+ can be interpreted as the chance of choosing 7 under {p;} and then obtaining heads or tails
respectively in an independent coin-toss Z; with P(Z; = H) = ¢y and P(Z; = T) = 1 — ;.
Then, for the i.i.d. sequence {X;} under {g,}, for each/ > 0, as X(,—;) 1 oo almost surely,

P(X(—pisoddi.o.) = P(X - T 00, X(u—p)isoddi.o.) < P(Z; =Hi.o.) =0.

In particular, the extreme values X (,), . . ., X (z—k) take even values eventually with probability 1.
So, almost surely, the relative intermediate distance of 1 is not achieved infinitely often by these
extremes.

On the other hand, we might believe, under some natural assumptions, that the extremes
under distributions Fx € A, \ A,_{ for » > 1 considered in Proposition 1.4 should achieve all
possible relative intermediate distances between 0 and r 4 1 infinitely almost surely. This is
indeed the case.

Let k&, r > 0, and define a set of ordered vectors,

Clk,r)y={x =(x0,....,xk):r +1>x0>x1>--->x; >0}

Define also for x € C(k, r) the shifted vector x,, , = (x0 + Vnr, ..., Xk + Upr) € Vfﬂ;l.

Proposition 1.7. Let r > 1, and let X be a full (r 4+ 1)-cyclic variable with level Y and
increment Zy satisfying (1.3). Let Fx € A, \ A,_1 and Fy € A be the distributions of X and
Y respectively. Suppose also that Fy € S and that {Z,} satisfies the condition

iminfP(Z, =1) >0 foralll € Z,.1.

n—oo

Then
vn,r(FX) =+ 1)vn,O(FY)~

Also, fork > 0, when x € C(k, 1),
P((X(n)7 Xn—1)s---» X(n—k)) = Xn,r io)=1.

Proof. Letu > 1 and let {Y(,), ..., Y-y} be the first u + 1 sample extremes under Fy in
a sample of size n > u. From (1.8) applied to the {Y;} sample, we have for 1 < m < u that
limsup,,_, oo P(Ey m.u.0) > 0, where

En,m,u,O = {Y(n) == Y(n—m+1) = Y(n—m) +l=-.-= Y(n—u) +1= Un,0 + 1}

On the event E, 4,0, there are exactly m variables which take the maximum value v, o + 1,
and at least ¥ — m + 1 variables exactly one unit less in the {Y¥;} sample. Moreover, as the
{Z,} are Z,1-valued variables, we have {X(), ..., X(u—m+1)} C (r + Dvyo + Zr41 and
{(Xt—m)s - +» Xn—w)} C (r + 1)(vp,0 — 1) + Z, 4 if and only if E,, ,, , 0 occurs.
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Specify now increments ly, ..., l,—1 withr +1 > Iy > --- > [,_1 > 1. As the {Zy,}
variables are independent and lim,,, oo Y(,— j) = 00 almost surely for j > 0,
lim supP(X(n) =T+ Dvo+lo, ..., X(n—m+1) =+ Dvyo+ln-1,
n—oo
{Xt—m)>-+» X—wy} T r + D(wp,0 — 1) + Zr41)

m—1

> lim sup P(Epn m.u.0) 1_[ liminfP(Z, =1;) >0 (1.10)
n—oo

n— o0 .
i=0

since liminf,_, oo P(Z, =) > O for all/ € Z, by assumption.
Let us choose now lp = r + 1. With this choice, as lim,— 0o P(| X () = X(4—u)l > 7+1) =0
from Corollary 1.1, we obtain further that

limsupP(X) = r + D(wpo+ D, X1y = ¢ + Do + 11,

n—oo
cors Xpema) = (0 + Dugo + b1,
X(n—m) == X(n—m—q) =(r+ l)vn,O) > 0.
Moreover, as the stronger claim, lim, 00 P(X @), ..., X(u—u) € Vu,r;) = 1, also holds from

Corollary 1.1, we must have

limsupP(X) = (r + D0+ 1), Xu—1y = (r + Dy o + 11,
n— 00

e, X(n_m+1) = (I" + l)Un’() +lm_1, X(n_m) = ... = X(n—u) = (r + l)vn,o’
X(n) = Up,r +r+1, X(n—m) == X("—N) = U”’r) > 0.

This yields (r + 1)v,,0 = v,,. Substituting this relation into (1.10) and noting once more that
lim, oo P(X (), ..., X(n—u) € V) =1 (from Corollary 1.1) gives that

limsup P(X ) = vur + 1o, X(o—1) = Vnr + 115 oo o, Xamimnt1) = Unir + -1,

n—o00

Xn—my ="+ = X@-uw = vn,) > 0. (1.11)

On the other hand, by (1.9), as the assumptionson Y and {Z,,} imply that Fx € (A, \A,_{)NS,
we have that
limsupP(Xy =+ = X—u) = Vp,r) > 0. (1.12)
n—od
We now associate to each vector x € C(k, r) one of the above limits. When x is such that
xr > 0, we choose (1.11) withm = u =k + 1 and x; = [; for 0 < i < k. However, when x is
suchthatx;_; > O0and x; = --- = x; = 0 fori < k, we choose (1.11) withm =i, u = k, and
xj =1;for0 < j <i— 1. Finally, when x is such that xo = - -- = xx = 0, we choose (1.12).
Taking account of these choices, we have, for each x € C(k, r), that

P((X@uy, .- X(n=k)) = Xn,r 1.0.) = limsupP((X ), ..., X(n—)) = Xn,r) > 0.

n— o0
The argument now is analogous to the part of the proof of Proposition 1.6 following (1.9).

We leave open, however, any more careful investigation of the boundaries in A, \ A,_; for
r > 1 which separate distributions leading to the two extreme value behaviors mentioned in
Example 1.1 and Proposition 1.7.
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1.3. Complements

We comment now on the asymptotic behavior of sample extremes when the underlying
distribution F is notin A, for any r > 0, the contrapositive of Theorem 1.1. In some sense, the
antithesis of clustering occurs. It turns out that the sample maximum, X ), is asymptotically
distinct from the other extremes and strongly so.

The results are most complete when F is a priori restricted to S. We list some of these
results below, focusing on the class B.

Anderson (1970) showed that no law of large numbers is possible for the maximal statistic
since lim, o0 P(| X () — va| < y) = O for any sequence {v,} and any y > 0 if and only if
F e B. Noting Proposition 2.1 below, the same statement can be made to hold for extremes
Xk fork > 1.

Baryshnikov et al. (1995) considered the asymptotic chance of a draw and proved that the
limit lim,, , 0o P(X () > X(,—1)) exists if and only if F € B, and that it equals 1 when it exists.

Athreya and Sethuraman (2001) showed that the maximum is strongly separated asymptot-
ically from the other values, lim;,_, oo P(X(y > X(,—1) +m) = 1 for any m > 0, and no type
of draw is possible with the maximum, lim,, 0o P(X(n) = - - = X(n—k+1) > X(u—k)) = 0 for
any k > 2, if and only if F' € B, among other results.

2. Proof of Theorem 1.1

The proof of Theorem 1.1 follows from a generalization of the method of Anderson (1970).
The strategy is in two steps.

Step 1. We map each distribution function F € A, to a continuous distribution function, F;
say, which satisfies the assumptions of Gnedenko’s law of large numbers.

Step 2. We then unravel the mapping to get the desired statement for F.

There is no problem in finding a map for Step 1. The difficulty, however, is in choosing
this map so that Step 2 can be managed. The contribution here is in finding such a map which
generalizes Anderson’s for the case » = 0.

Letm > 1 be fixed and, forx > 0and 0 </ < m — 1, define |x |, ; to be the largest integer
of the form km 4+ [ less than x for k > 0. Of course, |x] = [x]1,0 represents as usual the
greatest integer less than x.

Let F be a discrete distribution function on the positive integers. For each n > 1, let
h(n) = —log(l — F(n)). Note that & is an increasing function on the positive integers and
lim;,_, o h(n) = co. Define now h,, ; to be an ‘interpolated’ version of s: for x > 0,

P 1 (x) = h(x]m,1) + (h(LxImg +m) — h(x]m,1)).

X = [x|myi
m
Note that h,, ; is continuous, increasing, and also that limy_, s ;1 (x) = co. Define now,
for x > m, the distribution function F,,; by its tail, 1 — Fy, ;(x) = g~ hm1(x) (the definition
for x < m is not relevant for what follows). Define also the distribution function F,, by

Fu(x) = maX{Fm,O(x)’ ceey Fm,m—l(x)}-
Some simple properties seen from the definitions are Fy, ;(|x|m. 1) = F([x]m.) and, as
[xlmt <x < [xlmi+m,

1= F(lxlmi+m) <1 = Fpi(x) <1—=F(x]n0)-
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Also, as [x] = [x]m,1, for some 0 < Iy <m — 1, we have
F(x) = F(lx]) = Fn iy (Ix]m,1) < Fn(lx]) < Fp(x). (2.1)

It will turn out that this last inequality is the key to the unraveling in the second step mentioned
above.
Let us also define the sequence {u,,,}n>1 form > 1 by

1
Upm = sup{z 11— Fp(z) > ;}

As F,, is continuous, 1 — Fy,, (4, m) = 1/n. Also, as Fy,(z) < 1 for z < oo, we have, for fixed
m, that u, ,, increases to infinity as n goes to infinity.
The following two lemmas establish Step 1.

Lemma 2.1. Suppose that F belongs to A, forr > 0. Then, for0 <l <rand(0 <y < %

I 1 —Fryi(x+y)
m =
w500 1= Fryr(x)

Proof. By assumption, we have that [ — F(n 4+ r + 1)]/[1 — F(n)] vanishes as n tends to
infinity. This implies that lim,_, o[k (n +r + 1) — h(n)] = co. We now show that

Lim [Ay11(x +y) — hyy10(x)] = o0,
X—>00

from which Lemma 2.1 easily follows.
We have

hry10(x +y) — hrp1,0(x)
= [h(lx + y]r+1,0) — (X ]r41,0]
xX+y—Ix+ylrs1

+ .. Bz + Vst 47+ 1) = h(Lx + lre1)
A e 4 D = B D) 22)
r+1

Consider now the cases when
r+l1—y<x-—|xlp4y170 <r+1-—y/10,
(i) x — [xJr+10 > 7+ 1—y/10,
(i) x — [x]r410 <r+1—y.
(i) Here, |x + yl,41, = [x]r+1.1 + r + 1 and the right-hand side of (2.2) becomes
(h(|x)rs10+ 7+ 1) —h(x]r1.0]
+x— [x]r410—r—14y

r+1

L Jr LL (h(l_er—H,l r 1) h(Ler+1,1))
r+ l
y

> m[h(LerH,l +r+ 1 —=h(lx]r+1,0]

(h([x)rg10 +2r +2) = h([x)rg10+7+ 1)
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(ii) Here, also |x + y|,4+1.1 = [x]r+1.7 + r + 1 and the right-hand side of (2.2) becomes

(h(lx)re10+7+ 1) —h(lx)r41.0]
+x— lxlry10—r—14+y

(h([x)r10+2r +2) = h(lx)rp10+7+ 1)

r+1
_ M(l’l(l_xjr—}-l,l +r+ 1) — h(l_er+l,l))
r+1
> Tooer Ul + 2 +2) = ML 7+ DL

(iii) Here, |x + y|r+1,; = [x]r+1, and the right-hand side of (2.2) becomes
Y
——"[h(lx 410+ 7+ 1) — h(lx]r1.0)]
r+1
Putting (i)—(iii) together gives that (2.2) is greater than

1()# min{h(|x]ry1+r+1D) —=h(x]r41,0, A(x 41,0 +2r +2) = h (x| 41,0+ + D},
r+1

which diverges with x.

Lemma 2.2. Suppose that F belongs to A, forr > 0. Then, for any y with0 < y < %

. 1_Fr+l(x+y)
Iim —— =0
w200 1= Frpp(x)

Proof. Observe that, for fixed x, 1 — F,41(x) = 1 — Fr41 ,(x) forsome [y withQ < lp <7,
and so

I —Fpi(x+y) 1-Fpx+y)
1—Fp(x) 1= Fry ()
< 1 - Fr+1,lo(x + )
- 1 - Fr+l,lo(x)
{ 1 —Fri(x+y) }
1—Fix) )

< max
I

The proof now follows from Lemma 2.1.

The following result will be useful in showing that the maximum and other extremes all have
the same behavior.

Proposition 2.1. Let x,, be a sequence of numbers tending to infinity, and let ¢ > 0 be fixed.
Then

lim P(|1X @) —xal <€) =1
n—oo

if and only if
lim P(|X(—k) —xnl <€) =1 forallk > 0.
n—oo
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Proof. We first recall a standard way to determine the distribution function of the sample
extremes. Let N, (x) = Z?:l 1;x,>x]- Then the distribution of X (,_x) for k > 0 satisfies

P(X(p—k)y <x) =1—=P(WNp(x) 2 k+1)
= Z ( )(1 — F(0) F"~ (x).

Let now x, be a sequence tending to infinity. The proof now follows once we show that
F"(xy) > 1 ifandonlyif P(X@—p <x,) — 1

and
F"(xy) > 0 ifandonlyif P(X(—p) < x,) — 0.

Observe now that F" (x,) tends to 1 or 0 if and only if n(1 — F (x,)) tends to 0 or co respec-
tively. Correspondingly, P(X,—x) < x,) tends to 1 or O if and only if —logP(X,—x) < x»)
tends to 0 or oo respectively.

We have

—log P(X(n—k) < xu)

k n
= —nlog F(x,) — 10g|:1 + Zn" [E;—?}a — F(xp)' F7! (x,,)i|

i=1

k
1 ,
=n(l = F(x)(1 +o(1) — log[l + Z ;(n(l — FG))'(1+ 0(1))}
i=1 "

as n tends to infinity. In the limit, the ‘log’ term is subordinate to the first term. This proves the
proposition.

We can now prove Theorem 1.1.

Proof of Theorem 1.1. We prove the result for the maximum X,). The result for the other
extremes would then follow from Proposition 2.1.

Sufficiency. From the definition of u, ,41, observe that, for 0 < ¢ < %,

Frp1(un,r1 +€)
I — Frp1(unrt1)

n(l = Fry1(unr41 +¢)) <

and
1 < 1 — Frp1(Un,r+1)

n(l = Fri(nr+1—8) ~ 1= Frp1(Uprg1 — 8)'

Both right-hand sides vanish as n tends to infinity from Lemma 2.1. Therefore, we conclude
that

nllm F +1(14n r+1+& =1 and 11m F +1(14n r+1 —&)=0. (2.3)
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Now observe from (2.1) that F(uy 41 —€) < Fry1(Unr+1 —¢€) and
Froi(upre1 +¢) = mlaX{Fr—H,l(un,r—&-l + )}
< mlaX{Fr+1,z(Lun,r+1 +elrr1i+r+ D}
= max(F (L1 + elrs +7 + D)
= F(lupr+1 +el+r+1)
< Flupys1 +&+7r+1).
From (2.3),
. r+1
lim P{ X)) —Vul< ——+¢) =1
n—o00 2
with V;, = uy, 41 + (r + 1)/2. As the maximum takes only integer values, sufficiency in the
theorem is proved with v, , = |un 41 + %J.
Necessity. Define D, by

r+1
Upr +

for r even,

1
Up.r + r-; -2 for r odd.

For ¢ > 0, we then have

. r+1
lim P\ [X) — Dy| < ——+¢ ] =1 forreven
n—00 2
and
tim (1! L xpy—p, <! Y=1 forrodd
ni)ﬁéo _T_£+Z_ n) — n_T+8+Z = or r odd.

Let us concentrate on the even case for the moment. In this case,

1 1
lim F"(Dn+i+s>=1 and  lim F"<D,,—r_'2_ —g>=

n—00 2 n— 00

From the first limit, we see that D,, must diverge to infinity, and therefore

. r+1 . r+1
lim n|{1—F{D,+ — +¢ =0 and Ilim n(l1—- F{D, — —¢€ = 00.
n— 00 2 n—00 2

We may take {D,} to be monotonically increasing, and so, for any integer a > 1, we may find
n such that D,,_1 < a < D,. Therefore,

1—Fa—-(r+1)/2—-¢) - 1—F(D,—r+1)/2—¢)
1—Fla+@+1/2+e) 1 —=FDu_1+T+D/2+¢)

which diverges to infinity as n tends to infinity. Hence, substituting ¢ = 4—1‘ into the left-hand

side, we have
l—Fla—r/2—-1)

lim
a0 1 —F(a+r/2)
But this last statement is the same as saying that F belongs to A,..
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For r odd, we follow the same steps as for r even to arrive at the statement that

1—Fla—(+D/241/4—8) _ 1= F(Dy—(+1D/2+1/4—¢)
1—Fa+G+1)/2+1/d+e) " 1—FDp_1+ G +1)/2+1/4+¢)

diverges to oo as n 1 oco. Substituting & = % into the left-hand side, we have that

. 1—F@a—-@r+1/2)
lim =
a0l —Fla+ (r+1)/2)

This is equivalent to F belonging to A,.

Appendix A. Proposition 1.4 for r > 1

For the reader’s convenience, we give a sketch proof of Proposition 1.4 for r > 1.

Let {p;} and {g;} be the distributions of ¥ and X respectively. Let (atl, co oy +1) be the
distribution of Z, where 0 < o/ < 1for0 </ < r+1,Y72) o/ = 1,andlim inf,_ oo & ' > 0.
Letalso S ={0,r +1,2(r +1),...}. Then

O[tl P(t+r)/(r+1) fort € S+ 1,
qr =
Oé,r-Hp;/(H_l) forte S+r—+1,
P(t+r)/(r+1) fort € S+ 1,
r+l1
_ (Z a§>P<z+r—1)/(r+1) + Da+2ry/r+1y fort e S+2,
qr = 1=2
O‘;+lpt/(r+1) + D+r+1)/r+1) forte S+r+1
and
,
<Z ai)P(:+r)/(r+1) fort e S+ 1,
r+1
<Z ai)p(t-ﬁ—r—l)/(r-i-l) fort € S+2,
1=2

r—1

Z%H = d I 1

=0 Za; P+r=2)/G+1) + & pa+ar—1)/+1) Tfort € S+3,
=3

r—1

o prjgeny + (Z “5>P(r+r+1>/<r+1> forre S+r+1.
=1
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We now argue that {¢;} € A,_;. We have

Qi e patry 41y

P@+n)/(r+1)

forr e S +1,

+1
Zr_lq 1 o5 Olﬁ)p(z+r—1)/(r+1)
1=0 9t+1 1 _
=1 O aDPadr—1y/e+1) + Pat2r/e+1)

fort € S +2,
qr

1 —1
o pryeany + QCIZ) @D Pasri /et
1 -
atr+ Dt/(r+1) + D+r+1)/(r+1)

forte S+r—+1.

Then, lim SupzeS—H,tToo(er:_(} Gr+)/G < limsup,y oo Y/_ al = 1 — liminfpee ) ™ < 1.

However, on the other hand, by Lemma 1.5, lim Supzes+k,moo(21r:_ol qi+1)/q: = 1for2 <k <

r + 1 as liminf;4o0 er:kl ozf > liminf;4 oz,r+] > 0. Therefore {g;};>1 & A,.
But {g;} € A,. Indeed,

P(t+r)/(r+1) forte §+1,

r+1
(Z af)l?(z+r1)/<r+1) + o pataro+1) fort e S+2,
1=2

’
Z qi+l =
=0

r

atr+1pt/(r+l) + (Z“f)l’(t+r+1)/(r+1) forte S+r+1.
I1=1

Then, using Lemma 1.5, itis not difficult to conclude that lim; _, oo (3_")_ ¢1+1)/G: = 1, meaning
that the distribution of X belongs to A,.
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