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Exclusion interactions
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Zero-range interactions
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Hydrodynamic limit

Consider the d > 1 nearest-neighbor symmetric Exclusion
process on Z9.

—Recall that nl = npe; with 6 = 2, and 1N is an initial ‘local’
equilibrium measure associated to po : R? — [0, 1].

We have ’
T = N ZU{V(X)fo/N = p(t, u)du
X

where
Orp = p(e)Ap.

—Here, p(e) = 1/2d.



Fluctuations from the hydrodynamic limit

One might ask about the scale of the ‘errors’ in the
hydrodynamic limit.

Define the fluctuation field

VN = o 3 (100 — Bl (0] me
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We may look at the evolution of
1
V() = g7z D IO/ N) (i () = Ennt])
X

for a test function J.

As before,

t
YNW) = YY) + / (8 + N°L) YN(J)ds + M) .
0



Compute

0
VLYY = s D2 IO/ N ().

—Also, the time-derivative, using 9PN = N’ PNL:
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If we add these together,
after summing-by-parts,
we obtain

(0 + N°L) Y(J)
= ,I\),(d?l > AJ(x/N) (n?’ (x) = Enint (X)]) +0o(1)

= Y{(ad) +o(1).




However, in the fluctuation field scaling,
the martingale

MY = YN(J) - V() — /O L0+ NOL) YN(U)ds

does not vanish.



Consider the ‘square’ martingale

(M- [ LYW - 2L ds.
0

—Write

2
L2 = g S0 - Elt) )



The difference n(x)(1 — n(x + 1)) (f(n™**") — f(n)) equals

n(x)(1 = n(x +1)) x

(,Vl/z(J((u 1)/N) = J(x/N))
2
+ N;Ij/z ZJ(X/N) (Uzl‘v(x) - Eu"’[n;v])>

1 2
- (Nd/z > Jx/N) (i (x) - EMN[an])) ] .



Then, the time integral can be computed as

Nd NQZZZT]S 1_775 Xiel)

X =1 =+

« (85 J(x/N)) ds + o(1).
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From the ‘GPV replacements’ already proved, this integral
converges to

t
2p(e) [ [ ols.u)(1 = pls. ) VU (e

the quadratic variation of the martingale MY limit.



With these calculations, we may formulate steps:

Step 1:
Show tightness of

{YN:teo,T]} in D([0, T],Sy),

where S}, is the space of tempered distributions.



Initially, at ¢ = 0,

YY) = \}N ST (/N (10(%) — po(x/N))
= Yo(J),

where the mean-zero Gaussian ‘white noise’ field Yy has
covariance

E[Yo() Yo(K)] = [ (@)K (@)ao(u)(1 - po(u))ol



Step 2:

Identify limit points in terms of a unique ‘infinite dimensional
BM'’ process.

—If Y; is a limit point, informally

aY: = p(e)AY; + v/2p(e)p(t, u)(1 — p(t, u) VW,
—Here, for s < t,

if we had started from an invariant measure 1,
(so p(t,u) = p), then

E[Y(d) Yo(K)] = pl1 - p) [ JTe-sK

E[VWi(J) VWs(K)] = min{s, t}/VJ~VKdu



Martingale problem

More carefully, we conclude that
Y: satisfies the martingale problem:

There is a unique distribution Q governing Y;, concentrated on
C([0, T],S}), such that

t
Mi(J) = Yi(J) — Yo(J) — ple) /0 Yo(AJ)ds

t
M) = (M) —2p(e) [ [ ols. u)(1 = (s, )|V *ducs

are martingales.

—goes back to Holley-Stroock '79



Connection to occupation times

To give an application,
we sketch an argument for the fBM3 4 limit

1 Nt
/\/3/2/0 7s(0) — 1/2dls = fBMg)4(1).

One may approximate in d = 1 that

lim lim
e—0 N—oo

Ns/z / ~0)

Z (%/N) (nnes(X) — p)}dsf:o

NP



Indeed, the integral can be written as

eN

N2t
e | e 2 (0~ nx) .
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The sum
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Note the H_4 estimate done before

1 N2t 2
Euly [ sty =1 = ns(n)as| < ct.

and (ay +---ak)? < k) &.

We have, in Order, that the expected difference is bounded by

1 (eN)2
N3 N2

(NZCt)(eN)gg ~ €.



Then, the occupation time

N2t ¢ 2
(N21)3/4 /o (ns(0) — p)ds ~ /0 Né\/lzN Z ie(x/N)(nnes(x) — p)ds

t
:/ YN(i.)ds.
0

where we recall the fluctuation field

YN(i) = & D i(x/N) (mpey(x) = ).



Since, in the N-limit,
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we conclude .
Zf = / Ys(i.)ds
0
satisfies in the e-limit

1

WZCI.

. d
imZf=2<
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But, as Y/ limits to a Gaussian field,
conclude the N, e-limit Z;

is a continuous Gaussian process with stationary increments.

Then, Z; is a fBMj 4(t).

—See Goncalves-Jara 2013; see also SS-Xu ’'95, SS 2000



Fluctuations in Zero-range models

In other models, without the ‘closing’ properties of symmetric
exclusion, some type of ‘replacement’ will be needed.

—The theory is robust, if we start in an invariant measure 1.

—We will also discuss ‘nonequilibrium fluctuations’ for which
there are more recent developments, and open questions.



Consider nearest-neighbor symmetric Zero-range processes,
with initial distribution ..

As before
1
YN () = Nd/2 ZJ(X/N)(M{V(X) - p)
X
satisfies a discrete evolution equation.

—Here,

L) = PO S adix/ g (x0) + o(1).



Before, in the hydrodynamic scaling, g(n¥(x)) could be
replaced by a homogenized function of the empirical measure,

namely ¢(nlV¢(x)).

—The difficulty now is that, in dividing by N9/2, we have less
room to manuever, and have to include more terms in the
approximation.



Boltzmann-Gibbs replacement

Let h(n) be a local function.
Define h(p) = E,, [Al.

Goal: In stationary or nonstationary settings,
we would like to have

t
1
B ‘/o Nd/2 XX:J(N)

x {rxh(nl!) = Blo(s, %)) = F(p(s, 3)) (1 (x) = o(s. %)) }ds)z =0.

—Recall, that p(t, u) = p, if we start from the ‘equilibrium’ 1.
goes back to Brox-Rost 84



In the Zero-range context,
let

7xh(n) = g(n(x)) and h(p) = ¢(p).

Note g(0) = 0 and

1 p
Enlel = 7 2 gtk —1)-—-a(1)

k>0




From the BG replacement, we have

gl (x)) ~ E[ g (x))niy |
~ 9(p(t.x/N)) + &/ (p(t, x/N)) (migs) = ot x/N) ).



In ‘equilibrium’ starting under 1., the associated martingale
MN(J) has expected quadratic variation,

t
/o 2I/)\/(de) EX: VI (x/N)g(nl (x))ds

~ 2p(€)6(p) V|t



With the ‘equilibrium’ or stationary BG principle,
we obtain

dYi(H) = p(e)¢' (p) Yi(AH) + /2p(e)d(p)V W,

more precisely written in the martingale problem format.

—Here, VW, is as before.



Comments

1. The Boltzmann-Gibbs estimate, under ‘equilibrium’ 1., was
proved in Brox-Rost. This proof works for a variety of
processes. Other proofs are also available.

2. There are only few results, with respect to Boltzmann-Gibbs,
starting out of the invariant measure, in more general
symmetric systems.
See Chang-Yau '92, Jara-Menezes 2018,
and Landim-SS 2025+ (in progress).



3. But, for asymmetric systems, in d = 1, there is now a wealth
of results, and different methods to derive KPZ equations and
KPZ class limits, with scalings:

Space 1/N, time N®/2, deviation 1/+/N.
See review Corwin-Shen 2020, Huang-Matetski-Weber 2025

4. For asymmetric systems, in d > 2, there are less results.
Chang-Landim-Olla 2001, Landim-Olla-Varadhan 204,

Caravenna-Sun-Zygouras ‘20, Chatterjee-Dunlap '20, Gu '21,
Cannizzaro-Erhard-Toninelli 21



Some ideas for the BG replacement

Recall that we would like to show that the L' norm of

t
/O ij/z > J(xX/N) (Txh(ngv) — h(p) =1 (p) (N (x) — p)] ds

vanishes in the N 1 co limit.



We can write it as the sum of two terms:

t
SN N) [l — Elreha)] 3 al ()]s

Y€By x

t
n /0 > NTRJ(x/N) [ Elreh(nf)] Y )]

YE€B x
—h(p) = 7 (p))nd(x) - p)} ds = Aj+ A,

—Here, By x is a block of width ¢ around each x
where ¢ << N is another scaling parameter.



A strategy is to try to bound A; in terms of the ‘local density’
around x, and to use ‘local CLT’ type Taylor expansions with A,.

—When in ‘equilibrium’, starting under r,,, as mentioned there
are a few options. Tying into previous development, one way is
to bound the variance or H_{ norm of A;; indeed, see Notes.

—Out of ‘equilibrium’, there are less tools. The idea in
Chang-Yau is to use relative entropy bounds.



From the variational form of relative entropy:
H(k;v) = sup { E[G] — log E,,[eG]}.
G

Of course, when « is absolutely continuous with respect to v,

then J J
K K
H(/{, V) = Elogady

One has

E.[G] < lH(H; v) + l log E, [€7].



When we start out of ‘equilibrium’ in a measure « on T, then
the relative entropy with 1, is

H(r: 1p) = O(NY).

So, to bound Ay, using the relative entropy inequality, we should
take v = cNY.

—But, then, we have to bound a term like

1 t
oNd logE,, [exp {CNO'/Z/0 ;J(X/N)

x |h(nd) = Elrch(nd)| - n(y)]] ds}].

,VEBé,x



The time average helps:
a ‘Feynman-Kac’ estimate can be used.

—Let us call V the expression in the time integral.

—For the operator N°L + V:

t
1
Eu,| /0 Vds| < o8y, [el 5 ves!]

2
<2maxt sup {(iv,f2>up—N—D(f)}.
f:)|fll 2 =1 v

The term (+V, f2>up is further estimated in terms of D(f) using
relative entropy and ‘log-Sobolev’ inegaulities.



In Chang-Yau, dimension is limited to d = 1.

—The ‘log Sobolev’ inequality for the system is

H(ge) < ono(gr).



More recent ideas

A recent idea is to start from a ‘local equilibrium measure’,
say in Exclusion type systems,

fpw = ] Bern(po(x/N)

X€TY,
where pg is smooth.

—A main problem is that we do not know ! the distribution of
the system at time t.

—However, given the hydrodynamic density p(t, u), it might not
be far from
ve= ][ Bem(p(t,x/N)).

d
x€eTy,



In fact, Jara-Menezes 2018 show that

1

d
H(ul; ) < C{ logN d
Ni—2  d

1
2
3

AV

—With such bounds, they are able to show for types of
Exclusion models the Boltzman-Gibbs estimate for d < 3.

—An open problem is understand BG estimates for more
general processes (Landim-SS 2025+ in progress) and
importantly in d > 4 (new ideas are needed)!



Differentiating relative entropy

We end with a useful lemma about the growth of
H(fN) = H(uV; 1), of its own interest.
—Here, N
Fo =
V0

Lemma

;H(ft’\’) < —DN(\/?)+/(L*,3”°1)deO

—We remark when vy = 4, invariant in Exclusion say, then Ly
is the generator of the process with reversed rates, and
Ly'*1 =0.

N

—GPV 1988, Yau 1991, Jara-Menezes 2018



Recall the forward equation

d N

G =L

Here, in terms of (abstract) rates r(-, -) of the process,

Lh(n) = r(1.¢) (h(¢) — h(n)).
¢

The L?(1p) adjoint is
L g(n) = Z( CUEE; (©) — r(n.0)g (c)).

¢



Then, generically,
d d
&H(f) = dt/flogfdz/
- / [(L"F)(log f) + L"F)dlv
:/{L*’”f)-(logf+1)du

:/f-L(Iogf+1)d1/

_ / f(Llog f)dv.



By the inequality

a(log a — log b)
<2/a(Vb-va) = —(Vb— V)’ + b-a

we have

imn /X:nowﬁ,/w+/uw

/fEW1d%

where D(\/f) is the associated Dirichlet form.



