LECTURE 2: EMPIRICAL MEASURES, AND A FIRST LOOK AT
HYDRODYNAMICS OF THE SIMPLE EXCLUSION PROCESSES

We introduce the notion of empirical measures, and after a preliminary discussion
of certain martingales in the Markov chain context, we discuss the hydrodynamics
of simple exclusion processes.

1. EMPIRICAL MEASURES AND VIEW OF ‘HYDRODYNAMICS’ AS A LLN

We now give a similar, but perhaps simpler derivation of ‘hydrodynamics’ in
systems of independent random walks in terms of the empirical distribution

1
TNy = Nd > Saynmo(ne (),

d
z€T4,

which is a probability measure on T¢. Before, we considered what happens nearby
a macroscopic point v € T?¢. However, it will be easier in what follows to consider
the weaker notion of the asymptotic behavior of the empirical distribution. In
this sense, what is meant by ‘hydrodynamics’ is a law of large numbers which
characterizes ‘first-order’ behavior.

Let G be a smooth, bounded function, and write

Gmling) = g X Ga/N (e, (L)
zeTY,

Recall that the distribution of 7,(n); starting from N is a product of Poisson
measures with intensity 1x ,(n)¢(-). Then, in mean-value, we have

EMN [ﬁ EZﬂ; G(l‘/N)’l]U(N)t(JZ)] = Nd ;‘:d x/N uN [nv(N)t(x)]
= Nd Z (z/N)E (N’l(x - Zv(N)t))]'
xETd

Depending on whether m # 0 or m = 0, the last quantity as before tends respec-
tively to

/po(ufmt u)du or /G / w)G(u — w)dwdu. (1.2)

However, the variance of (1.1), since under y”V the occupation numbers No(N)t
are independent Poisson variables with intensity vy ,(n):(2), equals

1 1
Va‘r#N [m Z G(x/N)%(N)t(f)} = N2d Z G2($/N)¢N,U(N)t(x)
zeTg zeTg
= O(N"% = 0.

Hence, (G, 7T{)\€N)t> converges to (1.2) in probability depending on the drift m.
1
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In particular, we have shown, with respect to the initial distribution p~ for the
process 19, the empirical measure Wﬁ N which is a random element of M (T4),
converges in probability to the measure p(¢, u)du corresponding to the macroscopic
space-time mass evolution. Here, the topology on M, (T%) used is as follows: Let

{fx : k > 1} be a dense, countable family of continuous functions on T?¢. Then,
define distance &(u,v) on M (T%) by

[e.9]

_ i | (s fr) — (v, fi)]
6(p,v) = kZ:le1+|</1,7fk>—<V7fk>|.

Hence, capturing the limit behavior (G, 71'1])\2 N) ;) is enough for each continuous func-
tion G.

2. SIMPLE EXCLUSION PROCESSES

We now consider particles on T4 with the simple interaction that no particle
can jump onto another one. Accordingly, a configuration of occupation numbers 7,
belongs to state space = {0, 1}?7\, where () = 0 or 1 depending on whether
r € TY, is empty or occupied at time ¢t > 0. Informally, 7, updates in that each
particle is a continuous time random walk carrying an exponential 1 clock. When
a clock rings, the particle tries to displace with skeleton jump probability p(-).
However, if the site chosen is already occupied, the jump is suppressed, and the
clock resets.

More formally, infinitessimally 7, can change to 17"**¥ when a particle jumps
from z displaces by y where

n(b) when z=a
N (z) = n(a) when z =15
n(z) when z # z,y

with rate n(x)(1 — n(z +y))p(y). The factor ‘n(z)(1 —n(z +y)) is 1 exactly when
x is occupied and the destination = 4 y is unoccupied.
The generator of the process 7; is given by

(LHm) = > > 0@ = +y)p@) [fn™") - fn)]

€Ty yeTd

for bounded functions f : Q@ — R.

In the following, we will assume that p is finite-range, that is p(z) = 0 for
|z| > R for some R. To check calculations, it may be helpful to assume that p is
nearest-neighbor, that is when the range R = 1.

When p is symmetric, the process is called the ‘symmetric simple exclusion pro-
cess’. When p is asymmetric, 7; is termed the ‘asymmetric exclusion process’.

There is a simplification of the form of L when p is symmetric. Namely, since
nw,ery — 779:+y,$’

2 Y (@) - e+ 9) e+ )@ - @)} [0 ) — F)

z€Tg yeTs

= 2 X s o) - sl

we'ﬂ‘?\] yET‘fV

(L))
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The last line follows as the term in curly braces equals |n(z) — n(x + y)| exactly
when the difference in square brackets vanishes.

Let vY be the product measure on ’]I“Iiv with Bernoulli marginals with success
probability a.

Proposition 2.1. The measures {Z/(le : 0 < a <1} are invariant measures for n;.

Proof. Under the change of measure ( = n™Y, which exchanges values n(z) and
n(y), the measure vY remains the same. Hence, for bounded functions f,g, the
term

E,~ [g(mn(x)(1—n(z+y)py) f(""F)] = E,x [g0™ " ) n(z+y) (1—n(x)p(y) f ()]

Hence, by collecting terms,

E,n[gLf] = > E,x[(L*9)f]

z,y€T,

where L* is the exclusion generator corresponding to jump rate ¢(z) = p(—z).
Now, since L*1 = 0, by inspection (here 1 is the constant function 1), we have
that E,~[Lf] = 0 for all bounded f. This shows »/}’ is invariant. O

We remark this proof also shows that /Y is reversible when p is symmetric. Also,
when there are exactly K particles in the system, v (| ZIET% n(z) = K) is the
unique ‘canonical’ invariant measure.

Let pg : T? — R, be a continuous function. We will denote by Vl])\é () as the

product measure with Bernoulli marginal at site « with success probability po(z/N).

Exercise 2.2. When p is symmetric, show that the space of linear combinations of
occupation variables n(z) for x € ']I‘év remains invariant under action by generator
L. Hint: First compute the action on the variable n(z).

3. MARTINGALES AND MARKOV CHAINS

Recall that a martingale M; corresponding to sigma-fields F; is a random process
which satisfies
E[M;|Fs] = Mg and E|M;| < oo

forallt > s> 0.
Exercise 3.1. Let N(t) be a Poisson process with rate A. Then, M; = N(t) — A\t

is a martingale with respect to the ‘natural’ sigma-fields 7; = c{N,, : u < t}. Also,
Q¢ = M? — Xt is also a martingale with respect to F;.

Let X; be a Markov process on a countable state space 2. Let F': Ry x Q - R
be a twice continuously differentiable function whose first and second partial time
derivatives are uniformly bounded. Define

t
ME = PX) - FO.X0) — [ (5 + DF(sX,)ds
0 s

NI = (MtF)Q—/O(LFQ)(s,XS)—2F(s7XS)(LF)(s,XS)ds.
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These two processes, which we show below are martingales, are ubiquitous in
stochastic analysis of Markov systems. Often, the corrector term,

(MFy = /O(LFQ)(S,XS)—2F(s,Xs)(LF)(s,Xs)ds

is referred to as the ‘quadratic variation’ of the martingale M/

Proposition 3.2. With respect to natural sigma-fields Fy = o{X, : u < t}, both
MF and NE are martingales.

Proof. We will show that M/ is a martingale when F does not depend on time.
Generalizations and verification of Nf' as a martingale are left to the reader. We
need only show that

E[FCX)IR] - F(X) - [ E[LF)(X)IF]du = o,

Now, E[F(X})|Fs] = P—sF(Xs) and E[(LF)(Xy,)|Fs] = Pu—s(LF)(X;) from the
Markov property. From the forward equation, the derivative of the left-side of the
above display in t equals

Pi_o(LF)(X,) — P._,(LF)(X,) = 0.

At time t = s, the left-side also vanishes. This concludes the proof. O

4. SKETCH OF THE HYDRODYNAMICS FOR SIMPLE EXCLUSION PROCESSES

Let po : T¢ — R, be a continuous function, and let x”¥ be a local equilibrium
sequence with respect to pg. For instance Vﬁé ) is such a sequence.

Our goal now is to analyze the asymptotic behavior of the empirical measure
with respect simple exclusion process 7,

1
o = wa D M)
zGT%

in time scale v(NN) to be chosen later. Instead of computing the mean and variance,
as with independent particles, we will use the martingale formulation. The variance
with respect to the exclusion interaction is not so easy to handle as before.

Let G : T — R be a smooth function. Treating

(Gl = s O G/ Nmgle)

i
€T}

as a function on the state space 2, we have that
v(N)t
Gl = @)+ [ LG s + Mo
0

where M, is a martingale (cf. Proposition 3.2) with quadratic variation

et N\\2 N N
(M) = /0 LG, 7V))? — 2G, 7N (L(G, 7)) ds.
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Now, the martingale is negligible in the N 1 oo limit: We compute that

v(N)t 1 )
B~ [(MﬁN)t)z] = /0 NE@D Z (Vi\fz_i_yG) p(y)ns(2)(1 —ns(z + 1))
x,y€Tg
v(N)t 2
< % Y (Ve G) py) (4.1)
z,yeTy

= O@(N)N~42).

In the last line, we have used that the occupation variables are bounded by 1 and
that the jump probabilities are finite-range.
A calculation shows that

1

UGw) = N+t Z 1s(2)(1 = ns(z +))p(y) [viv-i-y,wG - (ns(x) = ns(x +9))]
z,yeTd

= ﬁ > ns(@) (1= ns(@+9)p) [ Vi, .G (4.2)
z,yeTq,

where V)Y, G = N[G(u/N) — G(v/N)] ~ (u —v) - VG(v/N).
Exercise 4.1. Verify the form of the quadratic variation given in (4.1).

4.1. Symmetric case. When p is symmetric, a further summation by parts is
possible and we obtain in this case that

1
L<G77T£v> = oNd+L Z (775(95)—ﬁs($+y))p(y)viv+y,zG
z,ye'ﬂ'fl\,
1
= INd+2 Z p(y)ns(x)ﬁi\fyG
z,y€TY,

where AY, G = N?[G(z +y/N) — 2G(z/N) + G(z — y/N)].
Now, AY, G = AcG(z/N) + o(1) where
2
Ne = C;.j=—=—, and covariances C; ; = 2:2;p(2).
Z J@miax]— J Z 7

1<ij<d 2€TY,

Hence, if v(N) = N2, we have that

v(N)t
Gorlipn) = G+ N2 [ (A0 s+ 1af

Putting these estimates together, for symmetric p, we have ‘closed’ the equation:

t
N N N
Gmlipn) = (Gor) + [ (Bl s + o).
This suggests in the N 1 oo limit that the empirical measure 7}¥ converges in a
sense to a solution of the Heat equation 0;p = Acp.
The goal of the next lecture is to make precise this statement for symmetric
simple exclusion.
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4.2. Drift case. When p is asymmetric, say m = ), zp(z) # 0, we choose v(N) =
N. But, one cannot ‘close’ the equation. One has to deal with the term

a2 @ e y)p() V2,6

z,y€TY,

composed of ‘two-point’ functions n(x)n(x + y). In the limit, such a term due to
‘local averaging’ should be replaced by a quadratic function of the empirical density.
Formally, one would obtain the Burger’s equation

O +m-Vp(l—p) = 0.

4.3. Asymmetric, mean-zero case. In the final case when p is asymmetric, but
mean-zero, that is p(z) # p(—z) for some z, but ) xp(x) = 0, things are more com-
plicated. Although, we should speed up time by v(NN) = N2, a second summation-
by-parts as in the symmetric situation cannot be done. Namely, multiplying (4.2)
by N2, we have

2
% > VG(@/N) - {n(@) (1 = ns(z +v)yp(y) — ns(@ +y)(1 = ns(2))yp(—y) }
z,y€eTY,
2
o S VG@/N) - {nale — p)uply) — @) (e + ) + e — ))up(v)}
m,yeT‘Il\,

The second term in braces would vanish if p were symmetric, closing the equation.
However, another factor of N has to be squeezed from it in some way. In some
sense, it can be shown that the second term can be written as the difference of a
function and its translate, namely a ‘gradient’. The hydrodynamic equation, after
local averaging of this function, could be written down as a certain nonlinear Heat
equation. Even to write down the equation is beyond the scope of the course, and
we refer to [10] and [3].

5. NOTES

The material on Martingales can be found in [1] for instance, and other places.
Similar treatments of the hydrodynamics of simple exclusion can be found in [3]
and [10].

The simple exclusion process, introduced in [9] (see [2] for a retrospective), has
many properties which make it amenable to calculation. It has proved to be a
versatile model, which can be defined on very general graphs, in applications and
theoretical studies as a web search reveals. See [5], [6], [7], [8] for detailed studies.

As one can see in the sketch of the hydrodynamics for symmetric simple exclusion
processes, one can weaken requirements on the initial measure. In fact, what is
needed is a guarantee of a law of large numbers at time 0. The concept of ‘very
weak local equilibrium’ given below is sufficient and somewhat general.

Let po : T¢ — R, be a function. We say that a sequence of probability measures
uN on 'I[‘ﬁlv is a ‘very weak local equilibrium’ according to profile pq if

lim H;dm; Gla/Ny(a) = [ Glupo(wi]]| = o.

for all bounded, continuous G : T¢ — R.
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We remark that ¥ may be degenerate, that is supported on a single configura-

tion, and that the sequence {y”V } may consist of deterministic configurations which
satisfy the law of large numbers in the definition above.
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