LECTURE 1: PRELIMINARIES AND HYDRODYNAMICS OF
INDEPENDENT RANDOM WALKS

Before discussing a basic example, illustrating possibilities in the study of ‘hy-
drodynamics of stochastic particle systems’, we recall some basic notions in Markov
chains.

1. MARKOV CHAINS

1.1. Construction. A family of random variables {X,, : n > 0} taking values on
a countable state space F is called a ‘discrete time Markov chain’ if the ‘stationary
Markov property’ is satisfied:

P(X, =z, X0o=20,.. ., Xn =2Zm) = P(Xn=2,|Xm=2om)
P(anm = xn|X0 = xm)

for all zg,..., 2, € Eand n > m > 0. When n =1 and m = 0, the last quantity
on the right-side represents a ‘transition probability’ of the Markov chain, denoted
p(z,y) = P(X1 = y|Xo = ).

We now construct a ‘continuous time Markov chain’ on E with ‘skeleton’ {X, :
n > 0} and transition probability vanishing on the diagonal, that is p(x,z) = 0
for all z € E. Let {\; : x € E} be a collection of positive numbers, and let
{W,, : n > 0} be a collection of independent identically distributed exponential
random variables with rate 1, independent in particular the skeleton discrete time
chain. Define now the process {Z; : t > 0} as follows: Initially, Zo = Xy € E. After

time )\)_((1) Wy, the process jumps to value X1, and after a subsequent time )\2 Wh,
k

the process jumps to value X5, and so on. Let T, = >, )\2 W; for k > 0. Then,
x for0<t<Ty

X1 for Tp <t< Ty
Zy = .

X, forT,_1<t<T,

for 0 <t < T = limy400 15, Sufficient conditions for T, = oo include the cases if
the state space E is finite, or if sup,cp Az < 0o. We will assume from now on that
the process is ‘regular’, that is T,, = 00, so that the process Z; is defined for all
time ¢ > 0.

One can show that {Z; : t > 0} satisfies the stationary Markov property, which
in this context is equivalent to

P(Zy =yl Zsy = %0,y Zt,, = Tm, Zs =2) = P(Zy=y|Zs; =x)
= P(Zi—s=ylZo=12) (1.1)
for all x,y,zg,...,2m €E E,0<tg < -ty <s<tand m > 0.

Conversely, given a process {Z; : t > 0} satisfying (1.1) and also the ‘jump
property’ that there exists a sequence of strictly increasing stopping times {7, :
n > 0} such that Ty > 0 = T_; and Z; is constant on intervals [T,,,T,+1) and
Zp- # Z, for n > 0, one can determine a unique skeleton discrete time Markov
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chain {X,, : n > 0} and positive jump parameters {\, : x € E} such that X,, = Zr_,
p(z,y) = P(Zr,., = y|Zr, = x), and T}, = T),_; are independent exponentials with
rates Ax, for n > 0. Chains with the same skeleton and jump parameters have
the same joint distributions. The condition Z;— # Zr, ensures p vanishes on the
diagonal.

1.2. Generators, Chapman-Komogorov equations. In the discrete time set-
ting, we can define the transition operator P = (p(x,y) : z,y € E), which is a
matrix when F is finite. Then, the nth powers give the nth step probabilities,
P"(z,y) = P(X,, = y|Xo = x).

Computing the t-time probabilities for the continuous time Markov chain Z; is
more complicated. Define the transition probability

Pyz,y) = P(Zi =y|Zo = ).
Then, by the Markov property we have
Pt+s(x7y) = Z Pt<w7 Z)Ps(zvy)
zER

or in terms of operators Py, s = P, Ps.
Given regularity of the process, the transition functions are differentiable in time,
and satisfy the backward equation

SRy = 3 Al 2)[A0) — Play)
Po(z,y) = 0zy.

Similarly, one has the forward equation

d
@Pt(xay) = Z Pt(wv Z))‘zp(zay) - Pt(xa y)/\y

zeE
Integral versions of both the backward and forward equations can be rigorously
derived from decomposing the transition probability on first and last jump times
respectively, or analytically.

Exercise 1.1. Review this deriviation.
Define the operator

_ [ dup(zy) fory#a
L(z,y) = { —A;  fory=u=x.

Then, compactly expressed, the backward and forward equations become

%Pt :LPt and %Pt :PtL
Also, limy ot~ [P; — I] = L and Py(x,y) = 04 + tL(z,y) + o(t).

When the space E is finite, L is a ‘generator’ matrix, that is L(z,y) > 0 for
x # y and L(z,x) = —Zy;éz L(z,y), and by solving the ODE’s, one obtains
P, = e'! which can be computed in some cases. More generally, the ‘Trotter-Kato’
formula holds P; = limy,400 (1 + %L)”

Let f : E — R be a bounded function on the state space. In the discrete time
case, define Pf(x) = ZyeEp(x,y)f(y), which is the conditional expectation of
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f(X1) given Xg = . Then, P"f(x) = ZyeEp(") (z,y) f(y) is the conditional expec-
tation of f(X,) given Xy = x, where p(™) (z,y) is the n-fold convolution, or nth step
transition probability. In the continuous case, define P f(z) = >° . p Pi(z,y) f(y)
which is the conditional distribution of f(Z;) given Z; = =.

In this framework, the generator L is often expressed in terms of its action on f:

(LH) = Y Llxy)lfy) - f(@)]

yeE

Z:Aﬂﬁ%yﬂf@)*fﬁﬂy

yelE

1.3. Invariant measures. Let p be a probability measure on E. In the discrete
time situation, define uP(z) = > p u(y)p(y, ). Hence, we see that uP" is the
distribution at time n when the initial state is distributed according to pu.

In the continuous model, define

pPi(x) = > p(y)Pi(y @), and pL(z) = Y u(y)L(y, o).
yekE yeE

We say that p is an ‘invariant measure’ for discrete time chains if uP = pu,
and for continuous time chains if pP;, = p for all ¢ > 0. We also say that p is a
‘reversible’ invariant measure in discrete time chains if p(z)p(z,y) = w(y)p(y, )
for all z,y € E. In continuous time chains, p is ‘reversible’ when P, is self-adjoint
in L?(p), that is 35, (@) f(2) Pe(z,9)9(y) = X ,cp p(2)g(2) Piz,y) f(y), or in
terms of the inner product on L?(w), (f, Prg), = (Pif, g), for all f,g € L*(p).

One can verify that in the continuous time setting that p is invariant is equivalent
to uL = 0, and p is reversible is equivalent to p(x)L(z,y) = p(y)L(y,x) for all
z,y € E, or in terms of inner products (f, Lg), = (Lf,g), for all f,g € L?*(p).

Exercise 1.2. Review these equivalences. Hint: The Trotter-Kano formula is
useful in this exercise.

In the finite state space case, invariant measures always exist, and if the skeleton
chain can reach every state from any state in finite time, that is p is irreducible,
the invariant measure is unique. However, in the countable state case there may be
no invariant measures.

Reversibility has the following interesting implication. Fix a time ¢ > 0, and
consider Ry = Z;_ for 0 < s < t. Suppose that initially 7 is distributed according
to an invariant measure p. Then, it can be seen that R, is a continuous time Markov
chain with transition probability Q:(z,y) = (u(y)/p(z))Pi(y,z). In particular,
when p is reversible, Q¢(z,y) = P:(x,y) and in this case the ‘forward in time’ and
‘backward in time’ chains have the same distribution!

We remark that it is sometimes easier to find directly a reversible measure and
therefore an invariant measure by checking the reversibility conditions.

1.4. Examples. We will content ourselves for the moment with two basic contin-
uous time examples, the two-state Markov chain, and random walk.

Example 1.3. Let E = {0,1} correspond to states ‘on’ and ‘off’, or sometimes
‘empty’ and ‘occupied’. Here, state 0 can transition to state 1 and vice versa. Let
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Ao and A; be the corresponding jump rates. The skeleton chain probabilities are
p(0,1) = p(1,0) = 1. The generator matrix is

| A Ao
L_[Al _Al].

L

and correspondingly, it is an exercise in diagonalization to compute P, = e** and

to find the unique invariant measure.
Exercise 1.4. Compute the invariant measure and P;.

Example 1.5. Let £ = 'I[‘ﬁlv the d-dimensional torus where Ty = Z \ NZ, or
integers modulo N. Let also A\, = 1, and p be a finite-range, translation-invariant
transition probability: For all z,y € E, p(x,y) = 0 if |x — y| > R some R < oo,
and p(z,y) = p(0,y —x) =: p(y — x). We will also assume that p is irreducible. For
instance, the nearest-neighbor, symmetric case is one possibility.

Then, L(z,y) = p(z,y) for x # y and L(z,2) = —>_ ,, L(z,y). In particular,
the uniform distribution p(x) = N1 is the unique invariant measure. Moreover, p
is reversible exactly when p(z) = p(—x) for all x € E.

Now let R; be the number of jumps before time ¢. Since the jump rates are all
1, we see that R; is a Poisson process with rate 1. In particular, the transition
probability

-1
Py —x) = Pila,y) = Ep"™(@,y)] = > —p" ().
n>0

We now consider a sequence of chains {Zt(N) :t > 0}n>1 on a sequence of torii.
Define m = ) xp(x) be the mean displacement of the position. Then, it is
not difficult to extablish the following law of large numbers,

(N)
Alfl%n % = m in probability.

Here, m € T whre T is the unit circle.

Exercise 1.6. Show this LLN by say variance computations. Noting Rl(kN) is
Poisson with variance ¢ is useful. One can do it also by regeneration, and other
methods.

Also, if m = 0, let o be the matrix of covariances, o;; = > x;x;p(x) for
0 <i,j5 < d. We have the central limit theorem,

(N)

]Iyt = N(0,0t).

Exercise 1.7. There are a few ways to show this CLT. One way is to write

o
N
Z(N)N — Rg\rl\;)t . REVQ)t

N2
! NN N
N2t

and to use a random index CLT. For instance, in this case, RgN) is independent of
the displacements.
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Finally, when m = )~ ap(xz) # 0, we say the walk is asymmetric, and when
m = 0 and p(-) is not symmetric, we say the walk is mean-zero asymmetric, and
when p(+) is symmetric, we say the walk is symmetric.

2. HYDRODYNAMICS OF INDEPENDENT RANDOM WALKS

We would like to understand the space-time evolution of the mass in a system
of particles with a conservation law. Perhaps the simplest model is that of non-
interacting random walks on a d-dimensional torus with IV locations. When N is
large, and one looks at the system from afar, after long times, one can more discern
the motion of the bulk of the mass rather than individual components. The goal
is to make precise the evolution of the mass in this scale in terms of a continuum
equation.

We will be working with a Markov chain on E = NT% | where N = {0,1,2,...},
which govern the motion of K independent random walks on Tjdv as in Example 1.5.
Since we are interested in the ‘mass’ of particles, we will consider the occupation
numbers at each location on the lattice T4,. That is, let Z; be the position of the
ith particle at time ¢. Define

ne(x) = ZI(ZZ =z).
i=1
We now observe that the process n; = {n(z) : = € T} is a Markov chain.
Indeed, given independence and the Markov property of the individual particle
movement, by splitting over all possibilities, the Markov property of 7; can be
deduced.

2.1. Associated invariant measures. What are the invariant measures for the
process? Since the process 7, corresponding to K particles, is irreducible, there is
a unique invariant measure. It is not so easy to characterize it immediately. We
will come back to this question later.

In fact, the following analysis will be easier if we relax the assumption there are
K particles in the system. If we do not specify the initial number of particles, then
7; is no longer irreducible, since there is no birth or death present: For instance, a
system with 10 particles cannot evolve into one with 20 random walks. However,
we can more easily specify in nice form several invariant measures for this ‘relaxed’
system.

Recall the Poisson distribution with parameter o, g, (k) = e~“a* /k! for k > 0.
Its moment generating function is given by

k
_, O A
E eAke a — eoz(e 1).
k!
E>0

For a positive function p : T¢ — R, define the product measure z/é\é.) on NT% by

Vﬁ)(n(x) =k) = qp(ac/N)(k)'

When p(-) = « is constant, we denote V;\é_) =vl.

The process {n: : t > 0} belongs to the space of right-continuous paths with left
limits in B = NT%, D([0,00); NT%). We will denote by P, and E,, the probability
measure and expectation with respect to the evolution of the process when initially
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1o is distributed according to p. On the other hand, E,, will refer to the expectation
with respect to p on E.

N

Proposition 2.1. The measures v are invariant for the Markov chain n.

Proof. We need only compute the moment generating function of n;. Write

10 (y)
Z Z 1(ZVF =
yeTd, k=1
and
10 (y) no(y)
Do 0@mle) = 30 >0 Y 0@ =a) = 3 Y 0z
zeT%, z€TY yeTd, k=1 y€Ty, k=1

where Z} * denotes the position at time ¢ of the kth particle initially at location y.
Since particles move independently, and initially there are a Poisson number of
particles on each site of the lattice,

Eyév[exp Z 9907715(33)} = H E N[eXpnoz(y o( Zy, }
wET% yETd
_ H EVN( epr(Zy’ )])no(y)
yeTy
= H exp [oz 0(y+Zt)] - 1)}
yeTy

where Z, is the position of a random walk on T4, starting at the origin.
Now,
E[ee(y+Zf Z PNz - 0(1)
wer
and
E[ee(“'zt)] -1 = sumxeT%PtN(aj — ) (@ —1).

Hence, after a calculation,

E,,év[exp Z H(x)nt(x)} = exp Z a Z PNz —y) (ee(az) —1)

wET% yETd xer
= exp Z ‘9(“” -1)
mETd
which finishes the proof. O

We now remark that the measure v/} can be decomposed in terms of its restric-

tions to the sets {n € F : Zmer n(xz) = K} for K > 0 which are invariant for
the motion. Then, each of these restrictions, vpa g = 1) N(. |ZIEW n(z) = K),

is invariant, and does not depend on «. In physics terminology, v
canonical” measure and vpa_ g is the ‘canonical” one.

N'is the ‘grand

Since the mean of n(z) under v equals «, it makes sense to call a the ‘mass
density’ of the process. In this way, {vY : a > 0} is a family of invariant measures
indexed by density a. Moreover, we may interpret the measure Vl])\é () asa ‘local
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equilibrium’ measure in the following sense: Let u € T¢ be a continuity point of
po(+). Then, since pg(-) is continuous at u, l/l])V () distributes nearby |Nu] almost

like the invariant measure v/ o(u)" More precisely, for fixed [, we have

Jm By Jesp 3 0@n(a+ [wN D] = lim TT exppo(N 7} e+ [uN ) - 1)
|z|<t || <t

= By e Y 0@n@)].

| <l

In fact, we will say that a sequence of probabiliy measures u”v on NT% is a ‘local
equilibrium’ of profile py : T¢ — R if

Jm By exp Y 0@n(a+ [N )] = By [exp Y 0@)n(a)

|z|<1 lz| <1
for all [ > 1 and 6(-).

2.2. Hydrodynamics. The question now is if we start with a local equilibrium
measure l/pNO 4, how to characterize the distribution at a later time? Initially, the
‘density profile’ is given by pg. Is there a function which captures the density profile
at future times?

The answers depend on the particular time and space scales chosen in the prob-
lem. We will think of T¢ as embedded in T¢ where grid points on T4, are separated
by distance N~'. In this way, a ‘macroscopic’ point u on T? corresponds to the
‘microscopic’ point |uN|. As we will see, time should now be appropriately speeded
up to see movement of the system. How fast will depend on the structure of the
underlying jump probability p(-).

Following the computations above, the moment generating function, starting
from I/é\g ()7 satisfies

By Low X 0@m@)] =TT e {ooly/N) (B[] - 1)}

zeT% yeT%
= oxp > po(y/N) > PN(x—y)(e™ 1)
yETd J;ETd
= expz ’3)_11/}]\”()
z€T4

where
Y (T Z PN (z —y)po(y/N) = Z PN(2)po(N~H(z = 2))
y€eTY z€TY,
= Elpo(N" 'z -2M)].

Hence, the distribution at time ¢ is still a product measure with varying intensity
N ()

When ¢t is fixed, the t-time distributions {PN(-) : N > 1} are tight, that is for
all € > 0, there exists A such that >4 PN (z) > 1 —e. Hence, at a continuity
point u for po(-), we have limpyqoo ¥t ([uN]) = po(u), the same limit we obtained
earlier when ¢t = 0. So, if we do not speed up time at all, in this time scale, the
system does not move.
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When m = Y ap(z) # 0, the asymmetric case, since N~'ZX, — mt in proba-
bility, we have

ZN

: N _ : P Nt _

J%IlToo Z Pin(2) J\ll'lToo H N mt‘ = 6} L
|z/N—mt|<e

In this case, when the initial profile py is continuous,
lim Yy ni([uN]) = po(u—mt) = p(t,u).
N*Too

Therefore, if we speed up time by a factor of N, we see that the density profile has
translated by mt. In this sense Nt is referred to as the ‘microscopic’ time, and ¢ as
the ‘macroscopic’ time. The density p(¢,u) satisfies

Op+m-Vp = 0. (2.1)

This makes sense as individual particles displace an order N microscopic locations
at microscopic time Nt.

However, when m = 0, particles do not displace as much, but follow the ‘square
root’ law, in that displacements are on order v/N at time Nt, or alternatively on
order N at times N2t. The latter version fits in nicely with our space scaling. By
the central limit theorem for random walks in this case, N_lZﬁzt = N(0, ot), we
have

A NNz ([Nu)) = A, 2 Py (2)po (N~H([Nu) — 2))
= AlfiTrgoE[po(u - N_lZﬁzt)} = /Rd po(2)Ge(u — x)dx.

Here, pg is the periodic extension of py with period T¢, and G, is the Gaussian
density with covariance to. It follows that p(t,u) := [p4 po(x)Gi(u — z)dz, as a
convolution with the pg, satisfies the heat equation

ap = Y 000
1<i,5<d
p(0,u) = po(u). (2.2)

As terminology, we call the equations (2.1) and (2.2) and their solutions p(¢,u)
as ‘hydrodynamic’ equations and ‘hydrodynamic’ solutions for the space-time evo-
lution of the macroscopic density. What we have proved is the following:

Theorem 2.2. Suppose pg : T¢ — R, is continuous. Let v(N) = N if m # 0
and v(N) = N? if m = 0. Then, starting from the sequence 1//])\;(.), the distri-
bution at time v(N)t is a local equilibrium sequence with respect to profile p(t, u)
corresponding to equation (2.1) if m # 0 and equation (2.2) if m = 0.

3. NOTES

The material on Markov chains was based on the development in [3], [8] and [4,
Appendix 1]. The discussion about hydrodynamics of independent walks follows
closely that in [4, Chapter 1] and [5].

Recent work on invariant measures and hydrodynamics of systems of indepen-
dent particles includes [2], [6], [7]. The first rigorous work on hydrodynamics of
independent particle systems, on which the above development rests, is [1].
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