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Abstract

We present in these notes two methods to derive the hydrodynamic
equation of conservative interacting particle systems. The intention is
to present the main ideas in the simplest possible context and refer
to [5] for details and references.
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1 Independent Random Walks

1.1 Equilibrium States

In this chapter we investigate in detail the case of indistinguishable particles
moving as discrete time independent random walks. Denote by Z the set
of integers and by Z¢ the d-dimensional lattice. For a positive integer N,
denote by Ty the torus with N points: Ty = Z/NZ and let T4 = (Ty ).
The points of ']Tﬁiv, called sites, are represented by the last characters of the
alphabet (z, y and z).

To describe the evolution of the system, we begin by distinguishing all
particles. Let K denote the total number of particles at time 0 and let
T1,...,ZTx denote their initial positions. Particles evolve as independent
translation invariant discrete time random walks on the torus. Fix a trans-
lation invariant transition probability p(z,y) on Z%: p(z,y) = p(0,y — ) =:
p(y — z) for some probability p(-) on Z¢ called the elementary transition
probability of the system.

Let py(x,y) represent the probability of being at time ¢ on site y for a dis-
crete time random walk with elementary transition probability p(-) starting
from z. p¢(-, -) inherits the translation invariance property from p(-, -):
pi(z,y) = pe(0,y — z) = pu(y — ).

We are now in a position to describe the motion of each particle. Denote
by {Z}, 1 <i < K} K independent copies of a discrete time random walk
with elementary transition probability p(-) and initially at the origin. For
1 <i < K, let X} represent the position at time ¢ of the i-th particle. We
set

X! = z; + Z} mod N .

Since particles are considered indistinguishable, we are not interested
in the individual position of each particle but only in the total number of
particles at each site. In particular, the state space of the system, also called
configuration space, is NT#. Configurations are denoted by Greek letters
n, € and (. In this way, for a site = of T%, n(z) represents the number of
particles at site = for the configuration 7. Therefore, if the initial positions

are ry,...,Tg, for every = € ']T?V:
K
() = Y YHai=a}.
i=1

Inversely, given {n(z); = € T4}, to define the evolution of the system, we can
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first label all particles and then let them evolve according to the stochastic
dynamics described above.

Clearly, if we denote by 7; the configuration at time ¢, we have

K

m(z) = Y YX{=z}.

=1

The process (7;)¢>0 inherits the Markov property from the random walks
{X}, 1 <i < K} because all particles have the same elementary transition
probability and they do not interact with each other.

The first question raised in the study of Markov processes is the char-
acterization of all invariant measures. Since the state space is finite and
since the total number of particles is the unique quantity conserved by the
dynamics, for every positive integer K representing the total number of
particles, there is only one invariant measure, as long as the support of the
elementary transition probability p(-) generates Z¢. The Poisson measures
will, however, play a central role.

Recall that a Poisson distribution of parameter o > 0 is the probability
measure {pq ; = Pk, k > 1} on N given by

o ak

pk:e_ Ea kENa

and its Laplace transform is equal to
ad ak -a
e @ Ze*)‘k o e %e® " = exp afe ) —1)
k=0 )

for all positive .

For a fixed positive function p: 'JF?V — R, we call Poisson measure on
']I'?V associated to the function p a probability on the configuration space
NT?V, denoted by Z/l])\g_), having the following two properties. Under Z/l])\g_), the
random variables {n(z), = € T%} representing the number of particles at
each site are independent and, for every fixed site = € T%, n(z) is distributed
according to a Poisson distribution of parameter p(z). In the case where the
function p is constant equal to a, we denote ué\(]_) just by vY. Throughout
these note, expectation with respect to a measure v will be denoted by E,.
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The measure 1/[]:{_) is characterized by its multidimensional Laplace trans-
form:
= -2
By, [eXp{ SDIRC) "(x)}] = [yere exp p(z) (e 1)

d
ze€Tg

= exp Yperd p(x) (M) — 1)

for all positive sequences {\(z); = € T4} (cf. [3], Chap. VII).

The first result consists in proving that the Poisson measures associ-
ated to constant functions are invariant for a system of independent random
walks.

Proposition 1.1 If particles are initially distributed according to a Poisson
measure associated to a constant function equal to o then the distribution at
time t is exactly the same Poisson measure.

Proof: Denote by P~ the probability measure on the path space 1y =
N'% x N'% x --- induced by the independent random walks dynamics and
the initial measure v2. Expectation with respect to P, is denoted by FE, v .
Notice the difference between E, v and E,v. The first expectation is an
expectation with respect to the probability measure I/év defined on NT%’,
while the second is an expectation with respect to the probability measure
P v defined on the path space Qn. In particular, E,~ [F(no)] = E,~[F(n)]
for all bounded continuous function F on NT% .

Since a probability measure on NT% is characterized by its multidimen-
sional Laplace transform, we are naturally led to compute the expectation

Ey [exp— D M) m(a)]

d
z€Tg

for all positive sequences {\(z); = € T4 }. For a site y in T%,, we will denote
by X,ff”k the position at time ¢ of the k-th particle initially at y. In this way,
the number of particles at site = at time ¢ is equal to

no(y)
m(z) = > Y XY =a}.

yeT4, k=1
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From this formula and inverting the order of summations we obtain the

identity
n0(y) B
Do M@ mlz) =Y D AXT)
z€Td, yerd, k=1

Since each particle evolves independently and the total number of parti-
cles at each site at time 0 is distributed according to a Poisson distribution
of parameter a,

o(
]EI/(‘;V [eXP_ Z /\(.’E) ’I]t(iL‘)] — H E [exp{ % )\ Xi'/a }]
mET% yET% e
- H (dﬂ)( [exP{ — (XY 1)}])"0(11)
yeTS,
= H exp {a(E[e )\(KH-Xt)] 1)},
yeTS,

where X; is the position at time ¢ of a random walk on the torus T% starting
from the origin and with transition probability p}¥(-) defined by

pp (z,y) = Zpt(:c,y+Nz)

2€Z4
for z and y in ']I';jv. Since
E[ “Ay+X: ] Z PN (z — y)e @),
z€T4

inverting the order of summation, we obtain that

E,nv [exp— Z A(z) nt(:(;)] = exp{ Z ! (e_’\(w) — 1)} .

xeT% mET%

Remark 1.2 Since the total number of particles EIET?V n(z) is conserved by
the stochastic dynamics it might seem more natural to consider as reference
probability measures the extremal invariant measures that are concentrated
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on the “hyper—planes” of all configurations with a fixed total number of par-
ticles. These measures are given by

vpa () 1 = Vg(‘ > n(w)zK)-

d
€T

Besides the fact that they enable easier computations, the Poisson distri-
butions present other intrinsic advantages that will be seen in the forthcom-
ing sections.

Notice that only one quantity is conserved by the dynamics: the total
number of particles. On the other hand, Poisson distributions are such that
their expectation is equal to

k
Dok =a

k>0

The Poisson measures are in this way naturally parametrized by the density
of particles. Furthermore, by the weak law of large numbers, if the number
of sites of the set T4 is denoted by |T4 |,

]\}gnoo"]r | 2 @) = a

€T,

in probablhty with respect to v/)Y. The parameter o describes therefore the
“mean” density of particles in a “large” box.
In conclusion, we obtained above in Proposition (1.1) a one-parameter
family of invariant and translation invariant measures indexed by the density
of particles, which is the unique quantity conserved by the time evolution.

1.2 Local Equilibrium

We said that the passage from microscopic to macroscopic would be done
performing a limit in which the distance between particles converges to zero.
This point does not present any difficulty in formalization. We just have to
consider the torus T¢, as embedded in the d-dimensional torus T¢ = [0, 1),
that is, taking the lattlce T¢ with “vertices” /N, z € T‘fv. In this way the
distances between molecules is 1/N and tends to zero as N 1 oco.

We shall refer to T% as the macroscopic space and to ']I“]iV as the micro-
scopic space. In this way each macroscopic point u in T% is associated to a



66 C. Landim

microscopic site z = [uN] in '[[“}V and, reciprocally, each site x is associated
to a macroscopic point z/N in T¢. Here and below, for a d-dimensional real
r=(ri,...,rq), [r] denotes the integer part of r: [r] = ([r1],...,[rd])-

On the other hand, since we have a one-parameter family of invari-
ant measures, one way to describe a local equilibrium with density profile
po: T — R, is the following. We distribute particles according to a Poisson
measure with slowly varying parameter on 'JT‘}V, that is, for each positive N
we fix the parameter of the Poisson distribution at site x to be equal to
po(z/N). Since this type of measure will appear frequently in these notes,
we introduce the following terminology.

Definition 1.3 For each smooth function pg: T¢ — R, , we represent by

I/é\(/;(_) the measure on the state space ET% = NI'% having the following two

properties. Under 1/;\;(,) the variables {n(x); = € T%} are independent and,
for a site x € ’]I‘;iv, n(z) is distributed according to a Poisson distribution of
parameter po(x/N):

Voo i n(@) =k} = vy {m n(0) = k}
for all z in T‘fv and k in N.

We have thus associated to each profile pg: T — R, and each positive
integer N a Poisson measure on the torus ']I‘?V.

As the parameter N increases to infinity, the discrete torus T4, tends to
the full lattice Z%. We can also define a Poisson measure on the space of
configurations over Z%. For each o > 0 we will denote by v, the probability
on NZ* that makes the variables {n(z); = € Z% independent and under
which, for every z in Z%, n(z) is distributed according to a Poisson law of
parameter «.

With the definition we have given of I/é\; () and since pg : T¢ — R, is
assumed to be smooth, as N 1 co and we look “close” to a point u € T¢ — that
is “around” z = [Nu] — we observe a Poisson measure of parameter (almost)
constant equal to po(u). In fact, since the function py(-) is smooth, for every
positive integer £ and for every positive family of parameters {A(z); |z| < £},

lim E [elez\sz)‘(cv)"([uNHw)] - B

NS00 Yao() Yoo (w)

[e, E|m|gM(“)"(‘”)] . (1)

In this formula and throughout these notes, for u = (u1,...,uq) in R%, ||jul|
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denotes the Euclidean norm of « and |u| the max norm:

lall> = 3" uf,  Jul = max |uil .

- 1<i<d
1<i<d

In this sense the sequence l/]\é  describes an example of local equilibrium.
This definition of product measure with slowly varying parameter is of course
too restrictive. We refer to [5] for some generalization.

In the configuration space NTLIiV endowed with its natural discrete topol-
ogy, we denote by {7;, = € T4 %} the group of translations. Thus, for a site
x, Tyn is the configuration that, at site y, has n(x + y) particles:

(ra)(y) = n(y+z), yeTE.

The action of the translation group extends in a natural way to the space
of functions and to the space of probability measures on NT% . In fact, for a
site  and a probability measure p, (7,4) is the measure such that

/f (Tzp2)(dn) /fﬂm (dn),

for every bounded continuous function f.

To perform the limit N 1 co we embed the space NT% in N&“ identifying
a configuration on the torus to a periodic configuration on the full lattice.
We will endow the configuration space NZ* with its natural topology, the
product topology. By Ml(NZd) or simply by My, we represent the space of
probability measures on N2 endowed with the weak topology.

In this topological setting, formula (1.1) establishes that for all points u
of T% the sequence Tl N]u% () converges weakly to the measure v, ().

1.3 Hydrodynamic Equation

We turn now to the study of the distribution of particles at a later time ¢
starting from a product measure with slowly varying parameter. Repeating
the computations we did to prove Proposition (1.1) we see that if we start
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from a Poisson measure with slowly varying parameter then

Enx (exp— 3 Mo)ml))

po ()

zeT4,
= exp Z po(z/N) Z Y (y — ) (e—A(y) ~1)
z€T4, yeTY
= exp Z (e*)‘(y) — 1) Z P{:V(y —z) po(z/N)
yeTy €T
= exp Y (e 1) yYwu(y) -
yeTY,

Therefore, at time ¢, we still have a Poisson measure with slowly varying
parameter, which is now 1y (-) instead of po(-/N). Up to this point we
have not used the particular form of p;(-) besides the fact that it makes
p¢(+,+) translation invariant and thus bistochastic: ) ps(z,y) = 1 for every
1. We shall now see what happens when ¢ is fixed and N increases to infinity.
In this case py(-) is a function with essentially finite support, that is, for all
g > 0, there exists A = A(t,e) > 0 so that

From the explicit form of 1)y ;, we have that for every continuity point u of
P0;

lim n([ulN]) = po(u) .

N—oco

The profile remained unchanged. The system did not have time to evolve
and this reflects the fact that at the macroscopic scale particles did not move.
Indeed, consider a test particle initially at the origin. Since it evolves as a
discrete time random walk, if X; denotes its position at time ¢, for every
e > 0, there exists A = A(t,e) > 0 such that P[|X;| > A] < e. Therefore,
with probability close to 1, in the macroscopic scale, the test particle at time
t is at distance of order N~! from the origin. In a fluid, however, a “test”
particle traverses a macroscopic distance in a macroscopic time.

We solve this problem distinguishing between two time scales (as we have
two space scales: T¢ and N1 T‘]i\,): a microscopic time ¢ and a macroscopic
time which is infinitely large with respect to ¢.
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To introduce the macroscopic time scale, notice that the transition prob-
abilities p;(-) are equal to

where p’ stands for the k-th convolution power of the elementary transition
probability of each particle.

Assume that the elementary transition probability p(-) has finite ex-
pectation: m := > zp(z) € R%. We say that the random walk is asymmetric
if m # 0, that it is mean—zero asymmetric if p(-) is not symmetric but m =0
and that it is symmetric if p(-) is symmetric. Recall that X; stands for the
position at time ¢ of a discrete time random walk with transition probability
p(-) and initially at the origin. By the law of large numbers for random
walks, for all € > 0,

Xin
lim z) = lim P[——mt‘<e]=1.
N—-oo Z ptN( ) N—oo N -

z; |x/N—mt|<e
In particular, from the explicit expression for 1y :n and since we assumed
the initial profile to be smooth, we have that

Jim g ([uN]) = pofu—mt) = : plt,u)

for every v in T¢.

We obtained in this way a new time scale, {N, in which we observe a
new macroscopic profile: the original one translated by mt. More precisely,
in this macroscopic scale tN we observe a local equilibrium profile that has
been translated by mt since 1y is itself slowly varying in the macroscopic
scale.

Of course, the profile p(t,u) satisfies the partial differential equation

Op + m-Vp =0 (1.2)

if Vp denotes the gradient of p: Vp = (0y,p, - -, 0u,p)-

In conclusion, if we restrict ourselves to a particular class of initial mea-
sures, we have established the existence of a time and space scales in which
the particles density evolves according to the linear partial differential equa-
tion (1.2). We have thus derived from the microscopic stochastic dynamics
a macroscopic deterministic evolution for the unique conserved quantity.
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An interacting particle system for which there exists a time and space
macroscopic scales in which the conserved quantities evolve according to
some partial differential equation is said to have a hydrodynamic description.
Moreover, the P.D.E. is called the hydrodynamic equation associated to the
system.

We summarize this result in the following proposition.

Proposition 1.4 A system of particles evolving as independent asymmet-
ric random walks with finite first moment on a d-dimensional torus has a
hydrodynamic description. The evolution of the density profile is described
by the solution of the differential equation

Op + m-Vp = 0.

When the expectation m vanishes, the solution of this differential equa-
tion is constant, which means that the profile didn’t change in the time scale
tN. Nothing imposed, however, the choice of ¢N as macroscopic time scale.
In fact, when the mean displacement m vanishes, to observe an interesting
time evolution, we need to consider a larger time scale, times of order N?2.

Assume that the elementary transition probability that describes the
displacement of each particle has a second moment. Let o = (0;;)1<i,j<d be
the covariance matrix of this distribution:

oij= Y wmixjp(z), 1<i,j<d.
wET%

By the central limit theorem for random walks, we see that

Jim e ((Na]) = Tim 3 p (Vu] — 2)po(w/N)
mET%

= Jim Blpou—N"Xp)] = [ 7(0)Gu—0)d0.

N—oxo

where py: RY — R, is the periodic function, with period T¢ and equal to
po on the torus T¢ and G is the density of the Gaussian distribution with
covariance matrix to.

Since the Gaussian distribution is the fundamental solution of the heat
equation (which can be checked by a simple computation) we obtain the
following result.
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Proposition 1.5 A system of particles evolving as independent mean—zero
asymmetric random walks with finite second moment on a d-dimensional
torus has a hydrodynamic description. The evolution of the density profile
1s described by the solution of the differential equation

{ O = Yicij<a%ii O »
p(0,u) = po(u) .

Let {SN(t), + > 0} be the semigroup on M associated to the Markov
process (1¢)¢>0. In Propositions (1.4) and (1.5), we have proved that there
is a time renormalization 8y such that

. N N
i STEON) TNy Vo) = V()

for all £ > 0 and all continuity points u of p(t, -).

Usually p(t,-) is the solution of a Cauchy problem with initial condition
po(+). As we said earlier, this differential equation is called the hydrodynamic
equation of the interacting particle system.

In this section we took advantage of several special features of the evo-
Iution of independent random walks to obtain an explicit formula for the
profile p(t,-). The type of result, however, is characteristic of the subject.
We have proved:

1. Description of the equilibrium states of the system.
2. Conservation of the local equilibrium in time evolution.

3. Characterization at a later time of the new parameters describing the
local equilibrium and derivation of a partial differential equation that
determines how the parameters evolve in time.

The aim of these notes is to present some general methods which lead
to the derivation of a weak version of the conservation of local equilibrium
for a class of interacting particle systems. We would like in fact to prove
a more general result, that is, one for initial states that are not product
measures with slowly varying parameter — thus without assuming a strong
form of local equilibrium at time 0 — but for initial states having a density
profile and imposing that it is not too far, in a sense to be defined later, from
a local equilibrium; the process establishing by itself a local equilibrium at
later times.
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2 Exclusion Processes

2.1 Exclusion Processes

We present in these notes the theory of the hydrodynamic behavior of in-
teracting particle system in the context of exclusion processes. In contrast
with superpositions of random walks presented in Chapter 1, the exclusion
process allows at most one particle per site.

The state space is therefore {0, 1}T(11V.

Fix a positive integer A and a finite collection of local strictly positive
functions {a, : |z| < A}. Consider the Markov process on {0, 1}1?3{, with
generator Ly given by

(I = D @)1 —nlz+ 2)] aewr=n) [F (@) = f()], (2.1)
m,zET?V

where az z4,(n) = a,(7zn) and o™¥n is the configuration obtained from 7
exchanging the occupation variables 7(z) and 7(y):

n(z) ifz# .y,
(@™n)(z) = § nly) fz=uz, (2.2)
n(z) ifz=y.

The exclusion processes can be divided in two types. The first ones, in
which the rates a,(n) do not depend on the configurations, are called simple
exclusion processes and may be themselves subdivided in three categories:

1. Symmetric simple exclusion process: a,(n) = p(z), where p :
Z4 — R, is a positive finite range symmetric function.

2. Zero-mean asymmetric simple exclusion process: a,(n) = p(z)
and p : Z¢ — Ry is a positive finite range asymmetric function such

that >, 4 2p(2) = 0.

3. Asymmetric simple exclusion process: a,(n) = p(z) and p :
Z¢ — R, is a positive finite range asymmetric function such that

> eezazp(2) # 0.

We will only consider a sub-class of the second category of exclusion
processes, interacting systems in which the rates

ax(n) = a—,(7,n) for all z, 2.3
a,(n) does not depend on 7(0), n(z). '
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Notice that a_,(7,m) = a,0(n) is the rate at which a particle jumps from z
to the origin when the configuration is 7. This formula is thus saying that
a,(n), the rate at which a particle is jumping from the origin to z, is equal
to the rate at which a particle jumps from z to the origin.

We always assume the process to be irreducible, which means that the
set {z ,a,(n) > 0} generates Z, i.e., for any pair of sites z, y in Z¢, there
exists M > 1 and a sequence = = xg,...,xn = y such that ay, , 4 > 0 for
0<i<M-1.

We denote by {SV (), t > 0} the semigroup of the Markov process with
generator Ly. We use the same notation for semigroups acting on continuous
functions or on the space M1 ({0, 1}T%) of probability measures on {0, 1}T%.

For 0 < a < 1, we denote by v, = v the Bernoulli product measure
of parameter «, that is, the product measure on {0, 1}T7V with density o.
Under v,, the variables {n(z), z € T%} are independent with marginals
given by

va{n(z) =1} = a = 1 -va{n(z) =0} .

Proposition 2.1 The Bernoulli measures {vo ,0 < a < 1} are invariant
for simple exclusion processes. With respect to each v,, simple exclusion
processes with elementary jump probability p(z) := p(—z) are adjoint to pro-
cesses with elementary jump probability p(z). Symmetric simple exclusion
processes and exclusion processes satisfying (2.3) are self-adjoint with re-
spect to each v,,.

The proof is elementary and can be found in [5]. Notice that the family
of invariant measures v, is parametrized by the density, for

E,,[n0)] = va{n(0) =1} = a.

Since the total number of particles is conserved by the dynamics the
measures

vn k() == Va ‘ Z n(r) =K
zeT4,

are invariant and it could have seemed more natural to consider them instead
of the Bernoulli product measures v,. Nevertheless, a simple computation
on binomials shows that for all finite subsets E of Z¢, for all sequences
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{€z; x € E} with values in {0,1} and for all 0 < a <1,

Jim Va{n(a:) €r,TEE ‘ > n(y) =[eoNY
yeTg

= Voo {n(z) = €1, € E}

uniformly in «g. Therefore, the Bernoulli product measures are obtained as
limits of the invariant measures vk, as the total number of sites increases
to infinity.

For each 0 < K < N¢, denote by Z}V, x the “hyperplanes” of all configu-
rations with K particles:

Shi = {ne{0, 1™ Y n@) =K}

d
ze€T4

Invariant measures of density preserving particle systems that are concen-
trated on hyperplanes with a fixed total number of particles are called canon-
ical measures (the family {vy x, 0 < K < N d} in the context of simple ex-
clusion processes, for instance). In contrast, the measures obtained as weak
limits of the canonical measures, as the number of sites increases to infinity,
are called the grand canonical measures (here the Bernoulli measures as we
have just seen above).

2.2 Hydrodynamic Limit

In Chapter 1 we presented a quite restrictive definition of local equilibrium
associated to a density profile. We required the marginal probabilities of
the state of the system at a macroscopic time ¢, that is, of SY (t0x)u”, to
converge to one of the extremal invariant and translation invariant measures
of the infinite system at each continuity point of the profile. Even if this
definition is “physically” natural, it is difficult to prove it. With this in
mind, we introduce a weaker notion of local equilibrium. We first recall the
notion of product measures with slowly varying parameter associated to a
profile.

Definition 2.2 Given a continuous profile pg: T — R, , we denote by V%(.)

the product measure on {0, l}T‘}V with marginals given by

ooy dms n(@) =k} = v} o wy{n, 0(0) = &}
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for all x in 'JI‘?V, k = 0,1. This measure is called the product measure with
slowly varying parameter associated to po(-).

Measures on {0, l}Zd are characterized by the way they integrate cylinder
functions. In order to keep notation simple, to each cylinder function ¥ in
{0,1}2% we associate the real bounded function ¥ : R, — R that at o is
equal to the expected value of ¥ under v,:

B(a) : = B, [7] = / () valdn) (2.4)

Since ¥ is a local function, ¥ is a polynomial.

In the same way that we have defined in Chapter 1 translations of con-
figurations, for all continuous functions ¥, we denote by 7, ¥ the translation
of ¥ by z units:

(Tz‘l’)(ﬂ) = \P(Twn)
for every configuration 7.

By Chebychev inequality and the dominated convergence theorem, for
every smooth profile pg: ¢ — Ry and every sequence 1/1\; , of Poisson
measures with slowly varying parameter associated to this profile,

lim
N—oc
1 -
ol ya X cem mnm - [ 6w Hm)d > 6] = o

d
zeTq

for all continuous functions G: T¢ — R, all bounded cylinder functions ¥
and all strictly positive §.
This last statement asserts that the sequence of measures u/])\g 0 integrates

the cylinder function ¥ around the macroscopic point v in T¢ in the same
way as an equilibrium measure of density po(u) would do. We do not re-
quire anymore the marginals of the sequence of measures to converge to an
extremal equilibrium measure at every continuity point of the profile py. We
only impose that its spatial mean converges to the corresponding spatial
mean. This notion is therefore weaker than the one of local equilibrium in-
troduced in Chapter 1. The main difference is the spatial average over small
macroscopic boxes of volume of order N¢ that is implicit in this new concept
and absent in the definition of local equilibrium.

The function ¥(n) = n(0) plays a special role in the whole study of hy-
drodynamics being closely related to the conserved quantity. The definition
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that follows is a particularly weak notion since it demands only convergence
for this cylinder function.
Definition 2.3 A sequence (u)n>1 of probability measures on {0, 1}T31V is
associated to a profile py: T¢ — Ry if for every continuous function G: T¢ —
R, and for every 6 > 0 we have

Jim N[N Gla/Nn) /TdG(u) polu) du| > 5] = 0.

d
ze€T4,

The quantity just introduced in the definition above can be reformulated
in terms of empirical measures. Let 77V be the positive measure on the torus
T? obtained by assigning to each particle a mass N~¢:

¥ (n,du) 2 = N~ 0(z) §4/n (du). (2.5)

d
ze€Tg

In this formula, for a d-dimensional vector u, §, represents the Dirac mea-
sure concentrated on u. The measure 7'V (n,du) is called the empirical
measure associated to the configuration 7. The dependence in 7 will fre-
quently be omitted to keep notation as simple as possible. With this notation
N EzeT;{, G(z/N)n(z) is the integral of G with respect to the empirical
measure 7V, denoted by < 7V, G >.

Let M, (T?) be the space of finite positive measures on the torus T¢
endowed with the weak topology. Notice that for each N, 7% is a continuous
function from NT% to M. For a probability measure y on NT?V, throughout
these notes, we also denote by u the measure p(7™)~! on M, induced by
p and 7 (u(rwN)71[A] = u[rY € A]). With this convention, a sequence of
probability measures (uV)y>1 in NT% is associated to a density profile pg
if the sequence of random measures 7'V (du) converges in probability to the
deterministic measure pg(u)du.

In the study of the hydrodynamic behavior of interacting particle sys-
tems we will sometimes be forced to reduce our goals and to content ourselves
in proving that starting from a sequence of measures associated to a den-
sity profile py then, at a later suitably renormalized time, we obtain a state
(SN (t0x) Y in the notation of Chapter 1) associated to a new density pro-
file p(t,-) which is the solution of some partial differential equation. More
precisely, we want to prove that for all sequences of probability measures
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u? associated to a profile pg : T — R, and not too far, in a sense to be
specified later, from a global equilibrium v/,
: N —d
Jim V[N sz Gl/Nmay (7) — | Gl pltsw) du| > 5] =0
zely

for a suitable renormalization @, for every continuous function G: T¢ — R
and every § strictly positive. As in the case of local equilibrium, in this
formula p(-, -) will be the solution of a Cauchy problem with initial condition
po(+). This constitutes the program of the next chapters.

2.3 The Approach

In this section we prove the hydrodynamic behavior of nearest neighbor sym-
metric simple exclusion processes and show that the hydrodynamic equation
is the heat equation:

Op = (1/2) Ap.

In this formula, Ap stands for the Laplacian of p: Ap =73, 4 Bﬁip.

We briefly present the strategy of the proof. We first show that the
empirical measure solves the heat equation in a weak sense in an integral
form. More precisely, for a positive measure m on T¢ of finite total mass and
for a continuous function G: T¢ — R, denote by < m, G > the integral of G
with respect to

<m,G>= dG(u) m(du) .
T

We shall prove that the empirical measure 7} associated to the symmet-

ric simple exclusion process converges, in a way to be specified later, to a
measure m; absolutely continuous with respect to the Lebesgue measure and
satisfying:

t
<7, G>=<m,G> + (1/2)/ < s, AG > ds (2.6)
0

for a sufficiently large class of functions G : T¢ — R and for every ¢ in an
interval [0, T'] fixed in advance.

Recall that we denoted by M, = M (T¢) the space of finite positive
measures on T¢ endowed with the weak topology. In order to work in a
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fixed space as N increases, we consider the time evolution of the empirical

measure 7}’ associated to the particle system defined by:

N (du) = 7 (s, du) = % S () by () - (2.7)

d
€T,

Notice that there is a one to one correspondence between configurations 7
and empirical measures 7 (1, du). In particular, 7" inherits the Markov
property from 7.

We consider the distribution of the empirical measure as a sequence of
probability measures on a fixed space. Since there are jumps this space
must be D([0,T], M), the space of right continuous functions with left
limits taking values in M.

Fix a profile pg : T¢ — [0,1] and denote by u¥ a sequence of probability
measures associated to pg. For each N > 1, let Q¥ be the probability mea-
sure on D([0,T], M) corresponding to the Markov process 7}’ speeded up
by N? and starting from V. We speeded up the process by N? because we
have seen in Chapter 1 that to obtain a non trivial hydrodynamic evolution
for mean-zero processes we need to consider time scales of order N2.

Our goal is to prove that, for each fixed time ¢, the empirical measure
7V converges in probability to p(t,u)du where p(t,u) is the solution of the
heat equation with initial condition py. We shall proceed in two steps. We
first prove that the process 7}¥ converges in distribution to the probability
measure concentrated on the deterministic path {p(t,u)du, 0 < t < T}
and then argue that convergence in distribution to a deterministic weakly
continuous trajectory implies convergence in probability at any fixed time
0<t<T.

A deterministic trajectory can be interpreted as the support of a Dirac
probability measure on D([0,7], M) concentrated on this trajectory. The
proof of the hydrodynamic behavior of symmetric simple exclusion processes
is therefore reduced to show the convergence of the sequence of probability
measures Q¥ to the Dirac measure concentrated on the solution of the heat
equation.

An indirect standard method to prove the convergence of a sequence is
to show that this sequence is relatively compact and then to show that all
converging subsequences converge to the same limit. To show the relative
compactness we will use Prohorov’s criterion. At this point it will remain
the identification of all limit points of subsequences.
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To characterize all limit points of the sequence Q" , we have to investigate
how we may use the random evolution to make an equation of type (2.6)
appear. Notice first that, under QV, for every function G: T — R, the
quantities

<rN.G>— % S Gla/N)m(a) (2.8)
IET%

verify the identity
! G,N
<N, G>=<7),G> + / N2 Ly <alN,G > ds + M
0

where MtG "N are martingales with respect to the natural filiration F; =
o(ns, s < t). The factor N2 in front of the generator Ly appears because
we speeded up the process by N2. In the particular case of nearest neighbor
symmetric simple exclusion processes, the second term on the right hand side
may be rewritten as a function of the empirical measure. Indeed, applying
the generator to the function n — n(x) we have:

Lyn(z) = (1/2) Z[ (z+ej) +n(r—e) —2n(z )]
j=1

After two summations by parts we obtain that under Q"
t G,N
<mN,G>=<7{,G> + (1/2)/ <N, ANG > ds + M,”
0

where Ay is the discrete Laplacian:

(ANG)(z/N) = N?

M-

(G((@+¢))/N) +G((w = ¢)/N) = 2G(x/N)] .
1

Il

J

To conclude the proof of the hydrodynamic behavior of symmetric simple
exclusion processes, it remains to show, on the one hand, an uniqueness
theorem for solutions of equations (2.6); uniqueness theorem that will require
to prove identity (2.6) for a certain class of functions G; and, on the other
hand, to prove that the martingales MtG N vanish in the limit as N T oo
for this family of functions G. From these two results it follows that the
sequence Q" has a unique limit point Q* which is the probability measure
concentrated on the unique solution of (2.6).
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2.4 A Rigorous Proof

We may now turn to a rigorous proof.

Theorem 2.4 Fiz a profile pg : T¢ — [0,1] and let pV be the sequence
of Bernoulli product measures of slowly varying parameter associated to the

profile p:
pN{n; n(z) =1} = po(z/N), =z €Tk .

Then, for every t > 0, the sequence of random measures
1
' (du) = Né > m(z) 5y (du)
z€T4,

converges in probability to the absolutely continuous measure my(du) = p(t, u)
du whose density is the solution of the heat equation:

Op = (1/2) Ap
2.9
L Y 29
We start fixing a time T' > 0 and considering the sequence of probability

measures @~ on D([0,T], M) corresponding to the Markov process 7},

defined by (2.7), speeded up by N? and starting from p’.

First step: Relative compactness. The first step in the proof of the hy-
drodynamic behavior consists in showing that the sequence Q" is relatively
compact. We skip this step here and refer the reader to [5] for details.

Second step: Uniqueness of limit points. Now that we know that
the sequence Q" is weakly relatively compact, it remains to characterize all
limit points of Q. Let Q* be a limit point and let Q™* be a sub-sequence
converging to Q*.

We first prove that Q* is concentrated on absolutely continuous measures
with respect to the Lebesgue measure. Since there is at most one particle
per site,

sup | <7 ,G > ‘ < N7¢ Z |G(z/N)| .

0<t<T d
z€T%

Since, on the other hand, for fixed continuous functions G, the application
which associates to a trajectory 7 the value supg<;<p | < 7, G > | is contin-
uous, by weak convergence, all limit points are concentrated on trajectories
7 such that

‘<7rt,G>‘ < /|G(u)|du
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for all continuous function G and for all 0 < ¢t < T. All limit points are
thus concentrated on absolutely continuous trajectories with respect to the
Lebesgue measure:

Q" s mildu) = m(w)du] = 1

All limit points of the sequence QY are concentrated on trajectories that
at time 0 are equal to pg(u)du. Indeed, by weak convergence, for every € > 0,

HN Z G(z/N)no(x /G u)po (u )du‘ >8]

mETd
.. Ny,
Shkrgng HN ZG$/N770 /G u)po(u du‘>6]
zeT4,
:kli)rgou HN ZTde/N /G u)po (u )du‘>e] =0.
€

We now prove that Q* is concentrated on paths 7(t,du) = p(t,u)du
whose density is a weak solution of the heat equation. For positive integers
m and n, denote by C™"([0, T] x T?) the space of continuous functions with
m continuous derivatives in time and n continuous derivatives in space. For
G : [0,T] x T¢ — R of class C2, consider the martingale M¥ = MtG’N given
by

ME =<aN. G > — <ay,Go > —/(6 + N2Ly) < 7N, G, > ds.
0

It is well known (cf. Appendix 1 in [5]) that the process N& = NV defined
by

¢
NE = (MtG)Q—NQ/0 Ag(s)ds
with Ag(s) = Ly <al,G,>? —2<7),Gy, > Ly <7l,G, >

is a martingale with respect to the natural filtration. Straightforward com-
putations show that

A6(s) =~y o [Goly/N) = Gla/N) (&)1 = mu(a)

|z—y|=1
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In particular, by Chebychev and Doob inequality,

QN[ sup ‘MtG‘ > e] < 46_2EQN [(MF)F]
0<t<T
T
= 45_2EQN[/0 Ag(s) ds] < %-

If we now observe that the difference between 2N2Ly < 7V,G; >= <
7V, ANG > and < 7', AG > is of order oy(1) because the total mass of
7V is bounded by 1 and G is of class C?, we may conclude that every limit
point Q* is concentrated on trajectories such that

t

<m, Gy > =< m,Go > + / < 7w, 0sGs — (1/2)AGs > ds,  (2.10)
0

for all 0 < ¢t < T because the application from D([0,7], M) to R which

associates to a trajectory {m,0 <t < T} the number

t
sup <7rt,G>—<7r0,G>—(1/2)/ < g, AG > ds
t<T 0

is continuous as long as G is of class C2.

In conclusion, all limit points are concentrated on absolutely continuous
trajectories mi(du) = m(u)du that are weak solutions of the heat equation
in the sense of (2.10) and whose density at time 0 is po(-).

Third step: Uniqueness of weak solutions of the heat equation. We
just proved that every limit point of the sequence Q¥ is concentrated on
weak solutions of the heat equation with initial profile pg. To conclude the
proof of the uniqueness of limit points, it remains to show that there exists
only one weak solution of this equation.

There exists many methods. Brezis and Crandall (1979) proved such a
result for a class of quasi-linear second order equations. Their theorem gives
us immediately the uniqueness result we need.

We present in Appendix A2.4 [5] a uniqueness result based on the investiga-
tion of the time evolution of the H_; norm. This method requires, however,
supplementary properties of weak solutions that are not difficult to check in
the case of symmetric simple exclusion processes.

Finally, since the hydrodynamic equation of symmetric simple exclusion
is linear, the methods developed by Oelschlager (1985) give a third possible
approach.
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Note that for any bounded profile py the heat equation admits a strong
solution given by

plt,u) = / po(v) Gi(u — v) dv

if 5o : R® — R represents the T¢periodic function identically equal to pg
on T¢ and if G¢(w) is the usual d-dimensional Gaussian kernel: G;(w) =
(2nt) =42 exp{—(1/2t)|w|?>}. In particular the weak solution is in fact a
strong solution.

In conclusion, with any of these uniqueness results, we proved that the
sequence @ converges to the Dirac measure concentrated on this strong
solution.

Fourth step (Convergence in probability at fixed time). Even if in
general it is false that the application from D([0,T], M) to M obtained
by taking the value at time 0 < ¢t < T of the process is continuous, this
statement is true if the process is almost surely continuous at time ¢ for the
limiting probability measure. In the present context, the limiting proba-
bility measure is concentrated on weakly continuous trajectories. Thus 7Y
converges in distribution to the deterministic measure 7m¢(u)du. Since con-
vergence in distribution to a deterministic variable implies convergence in

probability, the theorem is proved.

In the previous proof, the initial state u" appeared only in the second
step. It was necessary to show that the limit points (* were concentrated
on trajectories m;(du) that at time 0 were given by

mo(du) = po(u)du .

Therefore, the special structure of the measure p? did not play any par-
ticular role in the proof and the hypothesis of Theorem 2.4 concerning the
initial state can be considerably relaxed:

Theorem 2.5 For py: T¢ — [0, 1], consider a sequence of measures {u” :

N > 1} on {0, 1}T3iv associated to the profile py:

N—oo

limsupuNHN_dZG(w/N)n(:c) — /G(u)po(u) du‘ > 5] =0.

for every § > 0 and every continuous function G: T¢ — R. The conclusions
of Theorem 2.4 remain in force.
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In conclusion, under the hypothesis of a weak law of large numbers at

N

time 0 for the empirical measure 7', we have proved a law of large numbers

for any later time ¢.

3 The Entropy Method for Gradient Systems

There are essentially two general methods to prove the hydrodynamic be-
havior of an interacting particle system. We present here the first one, called
the entropy method, due to Guo, Papanicolaou and Varadhan [4].

To illustrate this method, we prove in this chapter the hydrodynamic
behavior of an exclusion process satisfying assumptions (2.3). We have seen
in Chapter 1 that to address such a question, we need first to describe the
equilibrium states of the process. The next result shows that the Bernoulli
product measures are reversible for exclusion processes satisfying assump-
tions (2.3), explaining also the interest of this set of hypotheses.

Lemma 3.1 Consider an ezclusion process with generator given by (2.1)
and rates {a,(n)} satisfying (2.3). Then, the Bernoulli product measures
vl are reversible.

Proof: By assumption ag ;1,(n) = az4,4(n) and both functions do not
depend on 7(z), n(z+z). Fix two local functions f, g. A change of variables
£ = o2y gives that

/ Gaa=(m) (@) [1 = (@ + 2)] F(07+n) g(n) dv
- / Qoo 2 (05 0) n(a + 2) [ — ()] f(n) (™) v
/ Qo =(m) (@ + 2) [1 = ()] £(1) g(o™ ) v

- / Grtza (1) (5 + 2) [1 = 0(@)] £ (1) 9(0®n) v |

N

This identity proves that the measures v, are reversible. |

For z in T%, denote by W z+. the current over the bond {z,z + z}.
This is the rate at which a particle jumps from x to  + z minus the rate
at which a particle jumps from x + z to . With the notation introduced in
the definition of the exclusion process,

Wiz, = az,z+z("7) n(z) [1 —n(z + Z)] - aw+z,z(77) n(z + z) [1 - 77(37)] .
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We will say that an interacting particle system is gradient if the current can
be written as a local function minus its translation:

Definition 3.2 An ezclusion process with jump rates {a,(n)} is said to be
gradient if for each z there exist a positive integer n, > 1, local functions
hyi, 1 <i<n,, and sites x,;, 1 <i < n,, such that

Nz

WO,z = Z{sz,ihz,i - hz,z} .

=1

We will see below the reason and the importance of this terminology.

3.1 A Gradient Exclusion Process

Everything presented in this chapter relies on the assumptions that the pro-
cess is gradient and that the one-parameter family of invariant states is
explicitly known. However, to fix ideas and keep notation simple, we focus
hereafter on a one-dimensional gradient exclusion process satisfying assump-
tions (2.3).
Consider the one-dimensional exclusion process with rates {a,(n)} given
by
1+ a[n(-1) +n(2)] for z =1,
a:(n) = { 1+alp(-2)+n()] forz=—1,
0 if 2] > 1

for some a > —1/2. These rates satisfy assumption (2.3) so that the product
Bernoulli measures are reversible. An elementary computation shows that
the current Wy ; is given by

Woi = {m@m) =} + {hotn) - nhom}, @)

where,

hi(n) = n(0) —an(=1)n(1) and ha(n) = an(=1)n(0) .

This process is thus gradient and reversible with respect to the Bernoulli
product measures. Of course, since the process is translation invariant, the
current over the bond {z,z + 1}, denoted by W;, ;11, is just the current over
the bond {0, 1} translated by z:

Ww,w—H = TzWO,l .
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Our goal is to prove that under some assumptions on the initial state,
the empirical measure converges to some absolutely continuous measure
p(t,u)du, whose density is the solution of some partial differential equa-
tion. For gradient systems, it is easy to anticipate the PDE which describes
the evolution of the density.

Here is the heuristic derivation of the PDE. Assume that the conserva-
tion of local equilibrium holds and that the empirical measure 7}’ converges
to some p(t,u)du. Fix a smooth function G : T — R and consider the

martingale M associated to the empirical measure:
t
MEF =<mN.G> - <7, G> — / N?Ly <7l,G > ds .
0

By definition of the empirical measure,

N’Ly <7,G>= N7' )" G(z/N)N’Lyn(=) .
€T N

Lyn(x) is the rate at which n(z) changes. In our example this happens
only if a particle jumps from a neighbor site to = or from z to one of the
neighbors. By definition of the current, this may be written as

LN??(iU) = Wa:—l,a: - Wa:,a:+1 .

Replacing in the previous sum Lyn(z) by this expression and performing a
summation by parts, we obtain that the integral term in the martingale M”
is equal to
NP> (VNG)(@/N)NWo g1
z€T N

where V is the discrete derivative given by
(VNG)(z/N) = N{G(z+1/N) —G(z/N)} .

This first summation by parts, always possible, canceled one of the fac-
tors V. A second summation by parts is also possible because we assumed
the current to be itself the difference of two local functions. Here enters
the gradient assumptions which, as you can see, simplifies considerably the
problem. Without a second integration by parts, we will have to estimate
an expression of order V.
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By (3.1) and a summation by parts, the previous sum is equal to

N7 Y N{(VNG)(z/N) = (VNG)(z — 1/N)}rpha

€T N
+ N1 Y N{(VnG)(z/N) — (VNG)(z — 2/N)}rphs
z€T N
= N1 ) G"(@/N)reht + 2N71 Y G"(&/N)rehy + O(N7H).

$€TN Q}ETN

We now return to the martingale. Since the martingale vanishes at time
0, its expectation is constant equal to 0. In particular,

IE:HN[<7r,{V,G> - <7réV,G>] (3.2)
t
= B | / dsN Y G"(a/Nyrshn,)] + ONT)
0 z€eT N
where
h = hi+2hy.

Recall that we are assuming that the empirical measure converges to
p(t,u)du. In particular, the left hand side of this expression converges to

/TG(u)p(t,u) du — /TG(u)po(u) du .

On the other hand, the right hand side is equal to

t
/0 dsNL S G"(a/N)E,x [rah(ns)]

z€T N

Under the assumption of conservation of local equilibrium, for any fixed
macroscopic time 0 < s < ¢ and any local function f,

Byw [1af(ns)] ~ By [f]

Yo(s,2/N)

By (2.4), this last expression can be written as f(p(s,z/N)). Therefore,
under the assumption of conservation of local equilibrium, the right hand
side of (3.2) is close, as N 1 oo, to

t
/ ds N1 G"(a/N)h(p(s,5/N)) -

0 z€T N
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In conclusion, we proved that if there is conservation of local equilibrium
and if the empirical measure converges, it must converges to a measure
p(t,u)du whose density satisfies the identity

t ~
/ Glu)p(t,u) du — / G ) po(u) du = / ds / du G (w)Fu(p(s, 1)
T T 0 T
for all smooth functions G and all time ¢. This means that p is a weak

solution of the PDE ~
8tﬂ = Ah(p) )
3.3
{ p(0,) = po(-) - (3:3)

A simple computation shows that in our example, h(a) = a + aa? so
that the equation is

Op = 0y (D(p)0up)
with D(a) =1+ 2ac.

3.2 The Hydrodynamic Behavior

We may now turn to a sketch of a rigorous proof. Technical details can be
find in Chapter 5 of [5]. We presented in Chapter 2 a general method to
prove the hydrodynamic behavior of an interacting particle system, which
consisted in three steps.

Denote by Q' the probability measure on the path space D([0,T], M)
corresponding to the Markov process 7", speeded up by N2, and starting
from some measure py. We first prove that QV is tight. This step is
technical and omitted.

We then need to characterize all limit points of the sequence Q”. This
step is divided in three statements. We show that all limit points Q* are
concentrated on

1. absolutely continuous trajectories m(t,du) = p(t,u)du;
2. weak solutions of the PDE (3.3);

3. trajectories m(t,du) = p(t,u)du whose density satisfy an energy esti-
mate.

Just as in Chapter 2, since there is at most one particle per site, all limit
points are concentrated on paths 7(¢,du) which are absolutely continuous
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with respect to the Lebesgue measure and whose density p(t,u) is positive
and bounded by 1. The first statement is thus trivial.

To prove that all limit points are concentrated on weak solutions, we
follow again the strategy proposed in Chapter 2. For a smooth function
G : T — R, consider the martingale M introduced in the previous section.
An elementary estimate shows that this martingale vanishes in L? as N 1 oc.
Therefore, by Doob’s inequality, for every § > 0,

lim P,y [ sup |ME| > 5] = 0. (3.4)
N—o0 0<t<T

Here appears the first main difference between this gradient exclusion process
and the symmetric simple exclusion process. While in the simple symmetric
case the martingale M could be written as a function of the empirical
measure, here M, given by

t
<mN,G> - <7),G> — / dsN~' )" G"(x/N)rah(ns) ,
0 z€T N

is not a function of the empirical measure because product terms as 7(0)n(1)
appear in the definition of h(n). If we want to proceed as in Chapter 2, we
need to “close” this equation in terms of the empirical measure. This is done
by the replacement lemma, below due to Guo, Papanicolaou and Varadhan.
To state this result, we need to introduce some notation.

For a probability measure g on {0,1}T~, denote by H(u™|vY) the

entropy of uy with respect to v):

N, N dp™ oy
H(p"|vy) = /log & ap”
dvy
The reader can find in Appendix 1 of [5] the main properties of the entropy in

the context of Markov processes. Just observe that for any local equilibrium
N

v

po()

: -1 N N
Jim N )

B /d“ {0l log 20) 11— po(u)]log %O(iu)} '

(67

Thus, the entropy of a local equilibrium state with respect to any non-
degenerate invariant state is of order V.
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For each positive integer £ and integer x, denote by 7¢(z) the empirical
density of particles in a box of length 2¢ 4+ 1 centered at z:

1'e) = G S - (3.5)
ly—z|<f

Lemma 3.3 Fiz a sequence p of probability measures u™ on {0,1}T~.
Assume that H(p™N|vY) < CoN for some finite constant Cy. Then, for
every § > 0 and every local function g,

T
lim sup lim sup P~ [/ Nt Z T Ven(ns) ds > 5] =0,
0

e—0 N—o0 z€Tn

where

Vi) = |G 2 et - 3 (1) .

ly|<e

We claim that this lemma permits to express the martingale M in terms
of the the empirical measure 7)¥. For ¢ > 0, denote by . the approximation
of the identity

w(u) = 21—61{\u| <e}.

In particular,

1 1
ly <eN y|<eN

Recall the expression for the integral part of the martingale M and fix
a smooth function H : T — R. Since H is a smooth function, a second order
Taylor expansion shows that

1N H(z/N)rsh(ns)

JJETN

=N s Y H/Nmh) + 0@).

z€TN ly—z|<eN

A summation by parts shows that the previous term can be written as

N H@/N) N1+1 S nh(n) + O

z€T N ly—z|<eN
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By Lemma 3.3 and identity (3.6), this expression is equal to
N=' > H(z/N)mph(< n),1e >) + R,

z€T N
where Ry . is an expression which vanishes in probability as N 1 oo and
then ¢ | 0.
In conclusion, it follows from Lemma 3.3 that the martingale M can be
written as

<tN.G> - <7, G >

/ ds N1 Z G"(z/N)1ph(< 7,1 >) + Ry,
z€T N
where Ry is an expression which vanishes in probability as NV 1 co and then
¢ } 0. This fact, together with (3.4) and the strategy presented in Chapter 2
shows that all limit points Q* of the sequence Q" are concentrated on paths
7(t,du) = p(t,u)du such that

Gu)p(t,u)du — [ G(u)po(u)du = tds du G" (u)h(p(s,u))
J; e J oo .

for all smooth functions G and all times ¢. Thus all limit points are concen-
trated on weak solutions of (3.3).

In contrast with the symmetric simple exclusion process, whose macro-
scopic evolution is described by the heat equation, we have here a non-linear
parabolic equation and some further properties are needed in order to ensure
uniqueness of weak solutions.

One classical proof of uniqueness relies on the time evolution of the H_;
norm and requires properties on the space derivative of the solution. Such
result is summarized in the next lemma.

Definition 3.4 A measurable function p: [0,T] x T — Ry is said to be a
weak solution in Hy of (3.3) provided

1. p(t,-) belongs to L*(T?) for every 0 <t < T and supges<r ||ptll 11 < 00.

2. There ezists a function in L*([0,T] x T), denoted by 8,h(p(s,u)), such
that for every smooth function G: [0,T] x T — R

/OT ds /Tdu (0,G) (s, w)F(p(s, u)

_ /0 " ds /T du G (s, u)duh(p(s,u)) -
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3. For every smooth function G: R — R and for every 0 <t < T,

/T dup(t,wG() — [ dupo(u)G(w)

T

S /Otds/TduG'(u)auﬁ(p(s,u))-

Lemma 3.5 There ezists a unique weak solution in Hi of (3.3).

In view of this result, to conclude the proof of the uniqueness of limit
points of the sequence Q, we need to prove the following lemma:

Lemma 3.6 All limit points Q* of the sequence QY are concentrated on
paths p(t, u)du~ with the property that there exists an L?([0,T] x T?) function
denoted by Oyh(p(s,u)) such that

/onS /Tddu(au(;)(s,u)iz(p(s,u)) = —/OTdS /TddUG(S’u)aump(s’U))

for all smooth functions G. Moreover,

/onS /Tdd“ (Buh(p(s,u)))” < oo.

These results together show that the sequence Q" converges to the mea-
sure ) concentrated on the unique weak solution in H; of (3.3) provided
the entropy of uV with respect to a reference invariant state v} is bounded
by CyN, for some finite constant Cy, and provided the empirical measure
converges in probability, under pV, to pg(u)du.

To conclude the proof of the convergence of 7{¥ to p(t,u)du, we need to
argue, as in Chapter 2, that convergence in the Skorohod space to a con-
tinuous path implies convergence in the uniform norm and that convergence
in distribution to a Dirac measure implies convergence in probability. In
summary, we have proved in this chapter the following result.

Theorem 3.7 Let ;Y be a sequence of probability measures on the path
space {0,1}~. Assume there erists a finite constant Cy and a density 0 <
a < 1 such that H(uN|vY) < CoN. Suppose furthermore that for every
continuous functions H : T — R and every 6 > 0,

lim uN{‘<7TN,H>—/TduH(u)po(u)‘ >6} =0.

N—ox



Hydrodynamic Limit of Interacting Particle Systems 93

Then, for every t > 0, every continuous functions H : T — R and every
0>0
lim P, { ‘ <N H> —/duH(u)p(t,u)‘ >6} =0,

T

N—oo

where p(t,u) is the unique weak solution in Hy of (3.3).

4 The Relative Entropy Method

We present in this lecture the second general method to prove the hydro-
dynamic behavior of an interacting particle system. Known as the relative
entropy method, it is due to Yau [9]. While the entropy method presented
in the previous chapter relies on the uniqueness of weak solutions of the hy-
drodynamic equation, the relative entropy method relies on the existence of
a smooth solution.

As in the previous chapters, all proofs omitted here can be found in
Chapter 6 of [5].

To fix ideas, consider the one-dimensional exclusion process with rates

{az(n)} given by

1+ap(-1) +n(2)] for z=1,
az(n) = ¢ 1+an(=2) +n(1)]  forz= -1,
0 if |z| > 1

for some a > —1/2. We have seen that the hydrodynamic equation of this
model is the non-linear parabolic equation

Oyp = 0u(D(p)0up) ,

with D(a) = 1 + 2ac. This equation admits a smooth solution, denoted
by p(t,u), twice continuously differentiable in space and once continuously
differentiable in time (cf. [8]).

To avoid uninteresting technical difficulties, we assume that the initial
profile pg(-) is bounded below and above by strictly positive and finite con-
stants:

0<a<po(u)<al.

Hereafter, for ¢ > 0, we denote by ué\(’ ’

varying parameter associated to the proﬁle p(t,-):

 the product measure with slowly

vy imn(@) =1} = vouem{n,n(0) =1}, for zeTy.

We may now state the main result of this chapter.
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Theorem 4.1 Let (uV)n>1 be a sequence of measures on {0,1}T~ whose
entropy with respect to 1/]\(7 . 15 of order o(N):

H(uN|vpo,)) = o(N).

Then, the relative entropy of the state of the process at the macroscopic time
t with respect to V[])\(]t ) 8 also of order o(N):
H(MNStN|Vé\(Tt,_)) = o(N) for every t>0.

In this formula, S stands for the semi-group associated to the generator
Ly speeded up by N2.

It is not difficult to deduce from this result a strong version of the hy-
drodynamic limit behavior of the interacting particle system:

Corollary 4.2 Under the assumptions of the theorem, for every cylinder
function U and every continuous function H: T - R ,

lim Byxgy [|[N71 2 H(w/N)m /H By (¥ du| | = 0.

N—oo
zeT N

The proof of Theorem 4.1 is divided in several lemmas. We start intro-
ducing some notation. For 0 < a < 1, Y stands for a reference invariant
measure and ¥y (t) for the Radon-Nikodym derivative of I/p( £) with respect

to v}Y:
dvN
. p(t,-) .
I/JN(t) - dl/év

A simple computation allows to obtain an explicit formula for 9y (t) because
the measures Vﬁt,_), vl are product and the profile p(t,-) is bounded below
by a strictly positive constant uniformly in time:

p(t,z/N) 1- p(t,w/N)} '

gn(t) = exp { 3 n() log + [1 = (@) log —

IETN
Denote by u} the measure pV at macroscopic time t:

WY = sy
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by fn(t) = f the Radon-Nikodym derivative of uf’ with respect to the
reference measure v :

dui _ duNSY

vy Al

fn(t) =
and by Hy(t) the relative entropy of u) with respect to V/])\(’t Y
Hy(t) = H(u?ll/ﬁt,.)) .

Since u} is absolutely continuous with respect to Vé\(]t Y by the explicit
formula for the relative entropy

d N
Hy(t) = / log ot dplY

- o [f]

We turn now to the proof of Theorem 4.1. The strategy consists in

estimating the relative entropy Hy(t) by a term of order o(N) and the time
integral of the entropy multiplied by a constant:

Hy(t) < o(N) + v71 /O tHN(s) ds

and apply Gronwall lemma to conclude. The first step stated in Lemma, 4.3
below gives an upper bound for the entropy production.

Lemma 4.3 For everyt > 0,
1 *
o) < [ o (NLRY - oY} Y v
t

where LY is the adjoint of Ly in L2(vY).

Proof: It is easy to check that fn(t) is the solution of the Kolmogorov
forward equation

Oifn(t) = N°Lyfa(t) -

Since the profile p(t,-) is smooth, a simple computation shows that

N
OHN(t) = /N2 WY log [%] dvlY
o N
+ / {NZLfvftN—ftN j;tfé }dygy :
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Since L%, is the adjoint of Ly in L%(v,),

[Tty = 0.

By the same reason, the first expression on the right hand side may be

rewritten as f s
NQ/th (logt)dz/.
Lo pN)

The elementary inequality
allog b—1loga] < (b—a)

that holds for positive reals a, b, shows that for every positive function h
and for every generator L of a jump process,

hL(log h) < Lh.

In particular, the last integral is bounded above by

NQ//lpt (ft)dN_NQ/ft *N,lpiNdV(]lV

We claim that

N2 Lty — O’
v

= 0(1) (4.1)

N-1

+ 3 1Y @/N){reho(n) — holp(t, /N)) — Bi(p(t, 5/N))n(z) — plt,z/N)]}

z=0

+ZHt 2/ N { g0 () — o (ot 2/ N)) = G5 (p(t, 5/ N)) (@) — plt, 2/N)]

where O(1) is an expression bounded by a constant uniformly in N and
p(t,z/N)

&1 ot,z/N)’

ho(n) = 2an(0)n(1) — an(=1)n(1),

go(n) = —n(0)n(1) + an(0)n(1) + an(=1)n(1) — 2an(-1)n(0)n(1) .

Hy(z/N) = 1
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To obtain the above simple formulas, we need to perform some integration
by parts. For instance, instead of obtaining 2an(0)n(1) in hy, one gets

uz n(z +1)
TEZL

for some positive, finite-supported function r such that }° r(z) = 2. We
can rewrite this sum as

2an(0)n(1) + & r(z){n(@)n(z + 1) —n(0)n(1)}
TEL
and integrate by parts the second expression to incorporate it in the order
1 term. This procedure has been done repeatedly to almost all terms.
To prove formula (4.1), first observe that L} = Ly because the process is

reversible. Moreover, since az 511(1) = az+1,2(n), we can write the generator
Ly as

(LNf Z Qg :1:+1 o® $+Z77) - f(Tl)] .

mETd

A straightforward computation shows that

N2L ,lp ¢N( z,z+1 )
= Zaww+1 {W—l}

N-1
= Z "(@/N)Tsh(n) + > [Hi(@/N)P1sg(n) + O(1),
=0

where O(1) is an expression bounded by a constant uniformly in N, h =
h1 4+ 2hs is the local function introduced in the previous chapter and

g(n) = n(0)[1 —n(1)] + an(0)n(1) + an(—=1)n(1) — 2an(—1)n(0)n(1) .

Since

L@t de = = [ autiw . w) @u)()
T
= - [ @l ).

we obtain that
N2Lyypl
Pi

=
L

= Hél(.’E/N){Twh(n) - iL(p(t,.’E/N))}

T
LL

+ Y H /NP rg(n) - §et,a/N) | + 0(1),

8
Il
o
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On the other hand an elementary computation shows that

I o N Ah(p(t,z/N)) o) = ol
o = RN = 2 S — plea] " /)

because p(t,u) is the solution of the hydrodynamic equation. Adding the
previous two expressions we get that
N2Lyi’ — onpi
o’

N-1
+ 3 H @) {rehtn) = hlptt, /) = R ott.o/M)a) = plt /N

= 0(1)

+Z[H' £/N){ rag(n) = o(t,5/N)) = G (p(t, 2/ N)) () = p(t,5/N)]}

It remains to observe that all linear terms cancel to deduce (4.1).

A microscopic Taylor expansion up to the second order appeared in the
formula (4.1). To take advantage of this expansion, we apply the one block
estimate to replace the cylinder functions kg, go by ho(né(z)), o(nf(z)).

In view of Lemma 4.3 and after the one block estimate, since Hy(0) =
o(N), we obtain that

NT'Hy(t) < G /Ot dSEuNSéV[ NZ { ols m/N)}Q]

+ o(N,¢),

for some finite constant Cy which depends only on the solution p(t,u) of
the hydrodynamic equation. In this formula, o(N, ) is an expression which
vanishes as N 1 oo and then £ 1 0o and comes from the one block estimate.

By the entropy inequality, the main term on the right hand side of the
previous expression is bounded above by

CO/OtdsH;v / dslog E, wy [exp{ Z[n p(s w/N)] }]

(4.2)
5) is a product measure, by Holder inequality, the

for every v > 0. Since v

second term is less than or equal to
N-1

m/ dleogE vy [exp{ (2¢ +1)[n(z) — p(s,z/N)]Q}] .
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As N 7 oo this expression converges to

o [ fanony e (et 100 - )]

By the large deviations for i.i.d. Bernoulli random variables and Laplace-
Varadhan lemma, as £ 1 0o, this expression converges to

/ ds/du sup 1[0 — p(t,u)]? — (t,u)(e)},

9601

where I,,(-) is the large deviations rate functional given by

0 -

0 1-—
I1,(0) = Gloga + [1—9]log1_

Since [0 — p(t,u)]? is quadratic around p(t,u), it is not difficult to show that
there exists 79 > 0, depending only on the solution of the hydrodynamic
equation, such that

sup {716 —pl? = 1,(6)} < 0
0€[0,1]

for all v < -y and all p in the interval [inf, po(u),sup, po(u)]. This proves
that the second term in (4.2) vanishes as N 1 oo and then £ 1 oo, provide
we choose 7 small enough.

Putting all previous estimates together, we obtain that

1
H
N 'Hy(t) < CO/ ds WN(‘S)
0

+ o(N,¥¢)

for v small enough. Theorem 4.1 follows now from Gronwall inequality.
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